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In this work, a homogenisation method for the prediction of the effective properties of composite mate-
rials with multi-coated reinforcements is presented. Based on Green’s function techniques as well as inte-
rior and exterior-point Eshelby tensors for an ellipsoidal inclusion embedded in an infinite medium, a
new micromechanical approach applied to the multi-coated inclusion problem is developed. The case
of multi-coated spherical inclusion and isotropic materials is presented in order to provide analytical
expressions of the local strains and stresses through concentration equations. Using Generalized Self-
Consistent Scheme, the effective elastic properties of homothetic particle-reinforced materials are
obtained. The model is applied to three-phase materials and results are compared to exact analytical
solutions. The results are also presented regarding the influence of the interphase on the effective moduli
and compared with those of other models including numerical investigations.
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1. Introduction rigorous evaluation of these effective properties might take into
Over the last few decades, the use of composite materials
has significantly increased and become widespread. Indeed, by
judicious combinations, this type of materials can reach high per-
formances while remaining light weight. Generally, these materials
consist of a continuous phase (matrix) into which reinforcements
(inclusions) of one or several phases are distributed randomly or
periodically. Due to heterogeneous nature of composite materials,
their mechanical properties depend on component characteristics
and spatial distribution. The use of an adapted scale transition
method allows to establish a relation between local and effective
properties of these materials.

As is evident from the experimental observations, producing
composite materials involves the presence of an interphase layer
surrounding the reinforcements. In some configurations, the layer,
considering as a different phase, results from sizing [1], chemical
reaction between the reinforcements and the matrix [2] or
diffusion process [3] during the manufacturing of the composite
material. Otherwise, the layer is a thin interphase introduced to
protect the reinforcement or to insure a better adhesion at
matrix-reinforcement interface. Due to its major role in the load
transfer between the reinforcements and the matrix, the
interphase layer has a significant effect on local stress fields and
effective properties of the composite material. Consequently, a
account the mechanical characteristics of this interphase.
Using mean-field homogenisation schemes, micromechanical

models predict the overall properties of composite materials from
the constituent characteristics (reinforcement, interphase and
matrix) and the microstructural morphology of a representative
volume element (RVE). From the inclusion problem of Eshelby
[4], the different models address the coated inclusion problem by
considering an inclusion surrounded by a layer (interphase) and
its corresponding composite inclusion embedded in an infinite
matrix. According to Eshelby’s model, the strain field inside an
ellipsoidal inclusion is uniform and the infinite matrix undergoes
uniform strain at infinity. Thanks to these conditions, analytical
expressions of mechanical responses are implemented in the
general framework of composite materials, providing a valuable
tool for research and development. In the coated inclusion consid-
eration, the presence of the interphase has a disturbing effect on
the strain fields inside the inclusion. Furthermore, due to complex
inclusion-interphase and interphase-matrix interactions, the local
strain fields are heterogeneous inside both interphase and inclu-
sion. Generally, the solution of the coated inclusion problem
remains a arduous achievement. To deal with this challenging
problem, most existing micromechanical models are developed
using two main approaches.

On the one hand, a first approach is based on the displacement
potentials method of Papkovich–Neuber, which provides the
general solution of fundamental differential equations in elasticity.
This solution is expressed in terms of the spherical harmonic

http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2014.04.011&domain=pdf
http://dx.doi.org/10.1016/j.compstruct.2014.04.011
mailto:bonfoh@enim.fr
http://dx.doi.org/10.1016/j.compstruct.2014.04.011
http://www.sciencedirect.com/science/journal/02638223
http://www.elsevier.com/locate/compstruct


112 N. Bonfoh et al. / Composite Structures 115 (2014) 111–119
functions. In the cases of spherical or cylindrical symmetry, exact
analytical expressions of the displacements and local stresses have
been formalised by Love [5]. This exact approach was used to
treat the coated-inclusion problem with spherical or cylindrical
homothetic and concentric inclusions. Some notable resulting
micromechanical contributions are the composite sphere assembly
model [6], the generalized self-consistent model [7], the n-layered
spherical inclusion model [8] and n-layered cylindrical inclusion
model [9]. From the latter reference models, other investigations
were also achieved to study the interphase influence on the
effective behaviour of composite materials [10–17]. In spite of
the relevance of these micromechanical models, applications
remain limited to the cases of the spherical or cylindrical inclu-
sions, isotropic or transversally isotropic elasticity and some
specific loadings.

On the second hand, another class of approaches deals with
the Green function’s techniques, which leads to a Lippmann–
Schwinger type integral equation from the field equations of the
heterogeneous elastic problem. Among these models, Hori and
Nemat–Nasser’s double inclusion one [18] gives the solution of
the coated-inclusion problem in the case of ellipsoidal inclusions
and anisotropic behaviour. However, this model assumes the uni-
formity of the strain field inside the coating, so that interactions
between local phases are partially taken into account and obtained
results are then different from the exact solution [8]. Within this
framework, another model was also developed in the case of
ellipsoidal inclusions and for anisotropic media by introducing
the concept of interfacial operators for very thin coatings [19,20].
The resulting solution is relevant only in the particular case of an
interphase with a small thickness.

Recently, an approach proposed by Bonfoh et al. [21] is based on
the concept of interior and exterior-point Eshelby tensors for an
Fig. 1. Topology of the multi-c
ellipsoidal inclusion embedded in an infinite matrix. The integral
equation is solved without simplifying assumptions and analytical
obtained results are compared with the exact solution in the
case of a coated spherical inclusion in an isotropic infinite medium.

In this paper, the general formulation of multi-coated inclu-
sion problem is proposed in a first part, by considering n-phase
multi-coated ellipsoidal inclusion. The second part of this work
focuses on the application of the proposed model in the case
of an inclusion coated with two layers. Analytical results coin-
cide with the exact solution of Hervé and Zaoui [8]. The third
section is devoted to the evaluation of the effective properties
of composite materials with doubly coated reinforcements, using
the Generalized Self-Consistent Scheme (GSCS). Predictions of
the proposed model are compared with numerical results issued
from finite-element method (FEM). The developed model is then
applied to a three-phase material in order to analyse the effects
of the interphase on the effective properties of composite
material.
2. Micromechanical model

Fig. 1 shows the topology of the multi-coated inclusion
problem, in which an n-phase multi-coated composite inclusion
of volume Xn is embedded in an infinite reference medium
denoted ‘0’. The so-called ‘composite inclusion’ consists of an
inclusion of volume V1 = X1 surrounded by n � 1 coating layers
with volume Vk (k = 2, . . . ,n). Each phase ‘k’ (k = 1, . . . ,n) has a linear
elastic behaviour described by moduli Ck, while the reference
medium ‘0’ designates a additional phase characterised by C0. In
the present analysis, we assume small deformations and perfect
interfaces between the different phases.
oated inclusion problem.
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2.1. Integral equation

Let us consider an elastic heterogeneous medium with the
volume V and local elastic moduli C(r) and subjected to homoge-
neous boundary conditions u0

i ðrÞ ¼ e0
ijxj. Here, e0 is a uniform strain

imposed on the boundary @V of V. Solving the problem thus con-
sists, on the one hand, in determining displacements ui(r), strains
eij(r) and stresses rij(r) fields of an arbitrary point r (x1,x2,x3) in
the volume V, and on the other hand, in estimating the effective
properties of the RVE through the homogenisation step.

The field equations of such a heterogeneous problem read as:

� Constitutive law
rijðrÞ ¼ CijpqðrÞepqðrÞ ð1Þ
� Quasi-static equilibrium conditions:
rij;jðrÞ ¼ 0 ð2Þ
� Compatibility relations:
eijðrÞ ¼
1
2
ðui;jðrÞ þ uj;iðrÞÞ ð3Þ
� Kinematic boundary conditions:
u0
i ðrÞ ¼ e0

ijxj ð4Þ
Local moduli C (r) is decomposed into the uniform tensor C0

corresponding to the reference medium and fluctuations dC (r) as

CijpqðrÞ ¼ C0
ijpq þ dCijpqðrÞ ð5Þ

Using the Green’s function techniques, an integral equation
deduced from Eqs. (1)–(5) links the local displacements u(r) with
the imposed field u0 (r) as proposed by Dederichs and Zeller [22]
and Kröner [23]:

uiðrÞ ¼ u0
i ðrÞ þ

Z
V 0

Gip;qðr � r0ÞdCpquvðr0Þeuvðr0ÞdV 0 ð6Þ

where G is the Green’s tensor of the reference medium C0.
From Eq. (3), the strain field is determined:

eijðrÞ ¼ e0
ij �

Z
V 0
Cijpqðr � r0ÞdCpquvðr0Þeuvðr0ÞdV 0 ð7Þ

where C is the modified Green tensor:

Cijpqðr � r0Þ ¼ �1
2
ðGip;qjðr � r0Þ þ Gjp;qiðr � r0ÞÞ ð8Þ

The first order spatial variations dC (r) of the elastic properties are
expressed as

dCijpqðrÞ ¼
Xn

k¼1

DCk
ijpqh

kðrÞ with DCk
ijpq ¼ Ck

ijpq � C0
ijpq ð9Þ

where the characteristic function hk (r) of the phase k occupying the
volume Vk is

hkðrÞ ¼
1; if r 2 Vk

0; if r R Vk

�
for k ¼ 1;2; . . . ;n ð10Þ

In the following, the composite inclusion of volume Xn consists of
the inclusion ‘1’ and the n � 1 coatings. For each level ‘J ’, XJ denotes
the volume of the composite inclusion which is made up of the
inclusion ‘1’ and the J � 1 coatings. /k represents the volume
fraction of phase ‘k’ in the composite inclusion Xn:

Xn ¼
Xn

k¼1

Vk; XJ ¼
XJ

k¼1

Vk; /k ¼
Vk

Xn
for k ¼ 1;2; . . . ;n ð11Þ
Averaging a field F (r) (strain or stress) over volumes Vk and XJ

respectively yields

Fk ¼ 1
Vk

Z
Vk

FðrÞdV ; FXJ ¼ 1
XJ

Z
XJ

FðrÞdV ð12Þ

Substituting Eq. (9) in Eq. (7) and using function hk(r) in Eq. (10)
lead to

eijðrÞ ¼ e0
ij �

Xn

k¼1

Z
V 0k

Cijpqðr � r0ÞDCk
pquveuvðr0ÞdV 0 ð13Þ

It should be noted that determining field e(r) at each position r
implies complicated evaluation. Therefore, for the sake of simplic-
ity, C(r) being uniform in each phase, we reasonably consider aver-
aged strain field. Accordingly, expression of the average strain field
eXJ over the composite inclusion XJ (J = 1,2, . . . ,n) is obtained from
Eqs. (12) and (13):

eXJ

ij ¼ e0
ij �

1
XJ

Xn

k¼1

Z
XJ

Z
V 0k

Cijpqðr � r0ÞDCk
pquveuvðr0ÞdV 0dV ð14Þ

In Eq. (14), the Eshelby tensor associated to the composite inclusion
XJ reads as

TJ
ijpqðr

0Þ ¼
Z

XJ

Cijpqðr � r0ÞdV for r0 2 Vk ð15Þ

From Eq. (15), the Eshelby tensor depends on the position r0 in the
phase Vk. Eq. (14) is thus rewritten as

eXJ

ij ¼ e0
ij �

1
XJ

Xn

k¼1

Z
V 0k

TJ
ijpqðr

0ÞDCk
pquveuvðr0ÞdV 0 ð16Þ
2.2. Solution of the multi-coated inclusion problem

As Eshelby tensor TJ(r) is uniform inside an ellipsoidal inclusion
XJ and non-uniform outside, the integral term in Eq. (16) can be
evaluated by considering two configurations:

– for r0 2XJ, TJ(r0) corresponds to the interior-point Eshelby ten-
sor TInt/J [4]:
TInt=J
ijpq ¼

Z
XJ

Cijpqðr � r0ÞdV for r0 2 XJ ð17Þ
– for r0 R XJ, TJ(r0) depends on the position r0 and corresponds to
the exterior-point Eshelby tensor TExt/J(r0) [24]:
TExt=J
ijpq ðr

0Þ ¼
Z

XJ

Cijpqðr � r0ÞdV for r0 R XJ ð18Þ
Thus, Eq. (16) becomes:

eXJ

ij ¼ e0
ij �

Xn

XJ

XJ

k¼1

/kTInt=J
ijpq DCk

pquve
k
uv �

1
XJ

Xn

k¼Jþ1

Z
V 0k

TExt=J
ijpq ðr

0ÞDCk
pquveuvðr0ÞdV 0

ð19Þ

Due to the non-uniformity of TJ(r0) outside XJ and the strong inter-
actions between phases of the multi-coated inclusion, the local
strain field e(r0) is also non-uniform inside each phase Vk

(k = 2, . . . ,n). From the latter fact, determining the integral term in
Eq. (19) points out the difficulty encountered to solve the multi-
coated inclusion problem.

For the sake of simplicity, Eq. (19) is rewritten as

eXJ

ij ¼ e0
ij �

Xn

XJ

XJ

k¼1

/kTInt=k
ijpq DCk

pquve
k
uv �

Xn

k¼Jþ1

ek=J
ij ð20Þ

with ek=J
ij ¼ 1

XJ

R
Vk

TExt=J
ijpq ðrÞDCk

pquveuvðrÞdV .
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Tensor ek/J remains difficult to be evaluated since TExt/J(r) and e
(r) both depend on the position r and are heterogeneous inside each
coating layer Vk. The aim of the present study is then about to com-
pute ek/J and to provide the exact solution of the multi-coated inclu-
sion problem. In order to test the relevance of the proposed
formulation and to determine explicit analytical expressions, the
present work is conducted in isotropic elasticity. In this case, the
elastic moduli Ck of each phase ‘k’ (k = 0,1, . . . ,n) are decomposed as

Ck
ijpq ¼ 3jkJ1

ijpq þ 2lkJ2
ijpq for k ¼ 0;1; . . . ;n ð21Þ

with jk ¼ 2lkð1þ mkÞ=ð3ð1� 2mkÞÞ; J1
ijpq ¼ dijdpq=3; J2

ijpq ¼ Iijpq � J1
ijpq

and Iijpq ¼ ðdipdjq þ diqdjpÞ=2.
lk and mk are respectively the shear modulus and the Poisson’s

ratio of the phase ‘k’.
For isotropic elasticity case, Green’s tensor G is provided by

Mura [25]:

GijðrÞ ¼
dij

4pl0r
� 1

16pl0ð1� m0Þ
r;ij with r ¼

ffiffiffiffiffiffiffiffi
xixi
p

ð22Þ

Using Eqs. (8), (18) and (22), TExt/J reads as

TExt=J
ijpq ðrÞ ¼ �

1
8pl0

dipuExt=J
;jq ðrÞ þ djpuExt=J

;iq ðrÞ �
1

2ð1� m0Þ
wExt=J
;ijpq ðrÞ

� �
ð23Þ

uExt/J (r) and wExt/J (r) are respectively the harmonic and
bi-harmonic potentials outside the composite inclusion XJ:

uExt=JðrÞ ¼
Z

XJ

1
jr � r0jdV 0; wExt=JðrÞ ¼

Z
XJ

jr � r0jdV 0 for r R XJ

ð24Þ
From Eq. (23), ek=J

ij is obtained:

ek=J
ij ¼ �

1
8pl0XJ

Z
Vk

ðDCk
piuvu

Ext=J
;pj ðrÞ þ DCk

qjuvu
Ext=J
;qi ðrÞÞeuvðrÞdV

þ 1
16pl0ð1� m0ÞXJ

Z
Vk

wExt=J
;ijpq ðrÞDCk

pquveuvðrÞdV ð25Þ

In the case of an ellipsoidal inclusion, we can express potentials
uExt/J(r) and wExt/J(r) in terms of elliptic integrals (see [25]). In order
to clearly explicit the method, the present work focuses on the
particular case of the multi-coated spherical inclusion. As
illustrated in Fig. 1, the outer radius of the composite inclusion
XJ is denoted aJ (a0 = 0 and an+1 ?1) and harmonic functions
uExt/J(r) and wExt/J(r) are given by Mura [25]:

uExt=JðrÞ ¼ XJ

r
; wExt=J

;i ðrÞ ¼ XJ

5
5

xi

r
� a2

J
xi

r3

� �
ð26Þ

In the case of concentric and homothetic spherical inclusions, inte-
rior-point Eshelby tensors satisfy

TInt=JðC0Þ ¼ TInt=nðC0Þ for J ¼ 1;2; . . . ; n ð27Þ

In addition, in isotropic elasticity, TInt/n is specified by Kröner [26]:

TInt=n
ijpq ðC

0Þ ¼ a0

3
J1

ijpq þ
b0

2
J2

ijpq ð28Þ

with ak = (1 � 2mk)/(2lk(1 � mk)) for k = 0,1, . . . ,n and
b0 = (2(4 � 5m0))/(15l0(1 � m0)).

Using Eqs. (21), (26) and (28), ek/J becomes

ek=J
ij ¼

Dlk

15l0ð1� m0Þ
ð5þ 5m0Þ eXk

ij þ eXk
qq dij � eXk�1

ij � eXk�1
qq dij

� �h
þ 6qJ

k�1 2eXk�1
ij þ eXk�1

qq dij

� �
� 6qJ

k 2eXk
ij þ eXk

qq dij

� �i
þ lkðm0 � mkÞ

l0ð1� m0Þð1� 2mkÞ
Pk

ij þ
2Dlk

l0ð1� m0Þ

qJ
k � 1

� �
Q k

ij � qJ
k�1 � 1

� �
Qk�1

ij

h i
ð29Þ
hence the following expression of eXJ from Eq. (20):

eXJ

ij ¼ e0
ij � qn

J

� �3=2XJ

k¼1

/kTInt=J
ijpq DCk

pquve
k
uv �

Xn

k¼Jþ1

lkðm0 � mkÞ
l0ð1� m0Þð1� 2mkÞ

Pk
ij

�
Xn

k¼Jþ1

Dlk

15l0ð1� m0Þ
ð5þ 5m0Þ eXk

ij þ eXk
qq dij � eXk�1

ij � eXk�1
qq dij

� �h

� 6qJ
k 2eXk

ij þ eXk
qq dij

� �
þ 6qJ

k�1 2eXk�1
ij þ eXk�1

qq dij

� �

þ 30 qJ
k � 1

� �
Q k

ij � 30 qJ
k�1 � 1

� �
Q k�1

ij

i
ð30Þ

with qm
n ¼ ðam=anÞ2. Tensors Pk and Qk are defined as

Pk
ij ¼

1
4p

Z
Vk

1
r

� �
;ij

eppðrÞdV for k ¼ 2; . . . ;n

Q k
ij ¼

1
a2

kXk

Z
Xk

ðxixjupðrÞÞ;pdV for k ¼ 1; . . . ;n
ð31Þ

Calculation of unknown tensors Pk and Qk implies a complex
implement, since the local displacements u(r) and strains e(r) are
heterogeneous respectively within each domain Xk (k = 1, . . . ,n)
and each phase Vk (k = 2,3, . . . ,n).

Within the context of isotropic elasticity, the formulation is
carried out by decomposing the average strain ek inside each phase
k (k = 1,2, . . . ,n) into spherical ek

s and deviatoric ek parts.

2.2.1. Average spherical strains
From Bonfoh et al. [21], performing some calculations leads to

the spherical parts of tensors Pk, Qk and ek/J:

Pk
s ¼ 0; Q k

s ¼ eXk
s ; ek=J

s ¼ �
4
3
a0Dlk eXk

s � eXk�1
s

� 	
ð32Þ

According to Eq. (32), spherical part eXJ
s is deduced from Eq. (20):

eXJ
s ¼ e0

s � qn
J

� �3=2
a0

XJ

k¼1

/kDjkek
s þ

4
3
a0

Xn

k¼Jþ1

Dlk eXk
s � eXk�1

s

� 	
for k ¼ 1;2; . . . ;n ð33Þ

Eq. (33) is an exact formula and provides a system of n equations
from which the spherical part ek

s of the average strain inside each
phase ‘k’ can be specified.

2.2.2. Average deviatoric strains
Using Eq. (30), the deviatoric part eXJ of average strain eXJ inside

XJ reads as

eXJ

ij ¼ e0
ij � qn

J

� �3=2
b0

XJ

k¼1

/kDlkek
ij �

Xn

k¼Jþ1

lkðm0 � mkÞ
l0ð1� m0Þð1� 2mkÞ

Pd=k
ij

�
Xn

k¼Jþ1

Dlk

15l0ð1� m0Þ
5þ 5m0 � 12qJ

k

� �
eXk

ij

h

� 5þ 5m0 � 12qJ
k�1

� �
eXk�1

ij þ 30 qJ
k � 1

� �
Q d=k

ij

� 30 qJ
k�1 � 1

� �
Q d=k�1

ij

i
ð34Þ

where Pd/k and Qd/k are respectively the deviatoric parts of Pk and
Qk. eXJ cannot be directly evaluated since tensors Pk and Qk remain
to be determined. To overcome this difficulty, these tensors can be
expressed from integral terms of local displacements and strain
fields provided respectively in Eqs. (6) and (7). In this manner, Eq.
(7) allows to rewrite Pd/k:

Pd=k
ij ¼

1
4p

Z
Vk

1
r

� �
;ij
e0

qqdVk�
1

4p
Xn

p¼1

Z
Vp

Z
Vk

1
r

� �
;ij
Cqquvðr�r0ÞdVk

 !

�DCp
uvmoemoðr0ÞdV 0p ð35Þ
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It should be noted that the first integral term in Eq. (35) vanishes.
Let us now introduce fourth-order tensors H⁄:

H�ijuvðr0Þ ¼
Z

Vk

1
r

� �
;ij

Cqquvðr � r0ÞdVk for � ¼ 1;2;3 ð36Þ

r0 is the position of the phase ‘p’ in the composite inclusion Xn. To
determine the second integral term of Eq. (35), Xn is decomposed
into three independent volumes: Xk�1 (0 6 r0 6 ak�1), Vk (ak�1 6

r0 6 ak) and Xn �Xk (ak 6 r0 6 an). Thanks to this decomposition,
Eq. (35) can be rewritten as

Pd=k
ij ¼ �

1
4p
Xk�1

p¼1

Z
Vp

H1
ijuvðrÞDCp

uvmoemoðrÞdVp

� 1
4p

Z
Vk

H2
ijuvðrÞDCk

uvmoemoðrÞdVk

� 1
4p

Xn

p¼kþ1

Z
Vp

H3
ijuvðrÞDCp

uvmoemoðrÞdVP ð37Þ

Based on Fourier’s Transform, we can express tensors H⁄ (⁄ = 1,2,3)
as

H1
ijuv ðrÞ¼

2a0

5a3
k�1

qk�1
k

� 	3=2�1
� �

J2
ijuv

H2
ijuv ðrÞ¼

a0

40pa3
k�1

�10dijuExt=k�1
;uv ðrÞþ15wExt=k�1

;ijuv ðrÞþ16p qk�1
k

� 	3=2
J2

ijuv

� �

H3
ijuv ðrÞ¼�

a0

10
a2

k �a2
k�1

� 	 1
r

� �
;ijuv

ð38Þ

After proceeding to some integral calculations, we express tensors
Pd/k (k = J + 1, . . . ,n):

Pd=k
ij ¼ �

4ak

15
qJ

k

� �3=2
� 1

� �Xk�1

p¼1

Dlp qp
J

� �3=2
� qp�1

J

� �3=2
� �

ep
ij




� 4ak

15
Dlk 1� qJ

k

� �
6eXk

ij � 15Q d=k
ij þ 15Q d=k�1

ij

� ��
þ 6qJ

k�1 � 5� qk�1
k

� �
eXk�1

ij

��
þ 4ak

5
1� qk�1

k

� 	
�
Xn

p¼kþ1

Dlp �2qk
peXp

ij þ 2qk
p�1eXp�1

ij þ 5qk
pQ d=p

ij � 5qk
p�1Qd=p�1

ij

� �
ð39Þ

By executing the same procedure as the latter one from
Eqs. (37)–(39), we can also determine the tensor Qk defined in Eq.
(31). The overall volume Xn is thus decomposed into Xk (0 6 r0 6 ak)
and Xn �Xk (ak 6 r0 6 an). Qk becomes

Q k
ij ¼

2
5

e0
ij þ

1
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kXk
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p¼1

Z
Vp
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kXk
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with K�ijuvðr0Þ ¼
Z

Xk

ðxixjGqu;vðr � r0ÞÞ
;qdVk for � ¼ 1;2 ð41Þ

Fourier’s Transform technique allows to explicit tensors K⁄:

K1
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In each phase k = 1,2, . . . ,n, Qd/k therefore reads as

Qd=k
ij ¼

2
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with Dkp = kp � k0,kk = 2lk mk/(1 � 2mk) for k = 0,1, . . . ,n and
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Eqs. (43) and (44) highlight a supplementary unknown tensor Rk:

Rk
ij ¼

1
a2

kXk

Z
Vk

xixjeppdVk ð45Þ

In order to explicit deviatoric part of tensor Rk, we now decompose
the composite inclusion Xn into three independent domains in the
same way as to obtain Eq. (37):
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with L�ijkl ¼
R
Vk

xixjCppklðr � r0ÞdVk for ⁄ = 1,2,3.
Still using Fourier’s Transform, tensors L⁄ are also deduced:
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It should be observed that the following integral term is a pure
spherical tensor:Z

Vk

xixjdVk ¼
4p
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dij ð48Þ
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According to the latter consideration from Eq. (48), the deviatoric
part Rd/k (k = 1,2, . . . ,n) can be formulated as
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From expressions (39), (43) and (49) respectively of tensors Pd/k, Qd/k

and Rd/k, developing Eq. (34) for J = 1, . . . ,n provides a system of n
equations from which we determine the deviatoric part of strain
field inside each of the n phases of the composite inclusion, know-
ing the imposed deviatoric strain e0.

In the next part, concentration relations obtained from the
strain localisation are used to predict the effective elastic proper-
ties of composite materials with multi-coated spherical inclusions.
These effective properties are evaluated according to a homogeni-
sation method based on the GSCS.

2.3. (n + 1)-Phase self-consistent model

The GSCS is a homogenisation scheme initially developed by
Christensen and Lo [7] for the estimation of effective properties
of two-phase materials called the ‘(2 + 1)-phase’ self-consistent
model. According to the model, the material consists of an inclu-
sion coated by the matrix set as the layer and embedded in an infi-
nite medium having the elastic properties of the homogeneous
equivalent medium (HEM). This model is extended to the
‘(n + 1)-phase’ model (see [8,9]).

As shown by Fig. 1, the materials are modelled by an inclusion
‘1’ with elastic moduli C1, surrounded by n � 2 coating layers with
elastic moduli Ck (k = 2, . . . ,n � 1) and placed in a matrix ‘n’ with
elastic moduli Cn. The fictitious phase ‘n + 1’ considered in the
scheme designates the HEM, which corresponds to the reference
medium ‘0’ (Cn+1 = C0).

From the localisation Eqs. (33) and (34), the GSCS is performed
to estimate the effective elastic moduli Ceff of the HEM. When the
composite material is subjected to a homogeneous displacement
u0

i ¼ Eijxj at boundaries, averaging the local strain and stress fields
over V respectively leads to uniform macroscopic fields E and R:

Eij ¼
1
V

Z
V
eijðrÞdV ¼

Xn

k¼1

fkek
ij; Rij ¼

1
V

Z
V
rijðrÞdV ¼

Xn

k¼1

fkrk
ij ð50Þ

where fk denotes the volume fraction of each phase k (k = 1, . . . ,n).
The macroscopic fields are then used to define the effective

elastic behaviour:

Rij ¼ Ceff
ijpqEpq ð51Þ

According to the intrinsic assumption of self-consistent scheme,
replacing strain e0 and moduli C0 in concentration Eqs. (33) and
(34) respectively by E and Ceff yields

eXJ
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where Djk = jk � jeff,Dlk = lk � leff. Still from self-consistent
assumption, we also define scalars aeff,beff by replacing subscript
‘0’ (reference medium) by ‘eff’’ (HEM). Tensors Ped=k

ij ; Qed=k
ij are

deduced from Eqs. (39), (43) and (49).
The system of Eq. (52) for J = 1,2, . . . ,n provides the average

strain ek in each phase ‘k’ of the composite inclusion as a function
of the macroscopic strain E:

ek
ij ¼ Ak

ijpqEpq for k ¼ 1;2; . . . ;n ð53Þ
where Ak is the strain localisation tensor of the phase ‘k’.

Using Eqs. (50), (51) and (53) allow to obtain

Ceff
ijpq ¼ Cn

ijpq þ
Xn�1

k¼1

fk Ck
ijuv � Cn

ijuv

� �
Ak

uvpq ð54Þ

From Eq. (54), the isotropic property of elastic moduli tensors leads to

leff ¼ ln þ
Xn�1

k¼1

fkðlk � lnÞA
k
d

jeff ¼ jn þ
Xn�1

k¼1

fkðjk � jnÞAk
s

ð55Þ

In Eq. (55), we can note that the evaluation of Ceff only requires
calculation of the spherical part Ak

s and deviatoric part Ak
d of Ak.

The latter terms are determined using Eqs. (52) and (53).
It should be emphasised that the solution of multi-coated inclu-

sion problem is acquired for an arbitrary number of coatings. This
achievement is rigorous without any restrictive assumption and
provides analytical concentration equations. Performing then the
GSCS enables to predict the local stress and strain fields in each
phase and the effective behaviour of the composite material.

In the next section, the general analytical solution is applied to
predict the effective behaviour of the three-phase composite material.

3. Application to three-phase materials with homothetic
spherical inclusions

In this section, the model is applied to the particular case of a
three-phase composite material. In this case, the ‘(3 + 1)-phase’
model is performed. Spherical parts of local strain fields are
deduced from Eq. (52):

A1
s ¼
ðf1þ f2Þð3jeff þ4leff Þð3j2þ4l2Þð3j3þ4l3Þ

D
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ð56Þ

with:
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Applying the deviatoric parts of local strain fields expressed in Eq.
(52) to the ‘(3 + 1)-phase’ model enables to obtain a system of three
equations:
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for J ¼ 1;2;3 ð57Þ



0.6 

0.7 

0.8 

0.9 

1 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

0 0.05 0.1 0.15 0.2 

 = 0.01 

 = 0.1 

 = 1 

 = 6 

 = 10 

 = 100 

 = 1000 

µ e
ff

/ µ
3

Volume fraction f2 of interphase 

Fig. 2. Normalised effective shear modulus leff/l3 versus volume fraction f2 of the
interphase for different values of f = l2/l3 from 0.01 to 1000. m1 = m2 = m3 = 0.3 and
f1 + f2 = 0.2.

0 

0.05 

0.1 

0.15 

0.2 

0.25 

0.3 

0.35 

0 0.05 0.1 0.15 0.2 

 = 0.01 

 = 0.1 

 = 1 

 = 6 

 = 10 

 = 100 

 = 1000 

A
d1

Volume fraction f2 of interphase 

Fig. 3. Deviatoric part of strain localisation tensor A1
d in the inclusion (phase ‘1’)

versus volume fraction f2 of the interphase for different values of f = l2/l3 from 0.01
to 1000. m1 = m2 = m3 = 0.3 and f1 + f2 = 0.2.

0.8 

0.85 

0.9 

0.95 

1 

1.05 

1.1 

1.15 

1.2 

1.25 

0 0.05 0.1 0.15 0.2 

 = 0.01 

 = 0.1 

 = 1 

 = 6 

 = 10 

 = 100 

 = 1000 

A
d3

Volume fraction f2 of interphase 

Fig. 4. Deviatoric part of strain localisation tensor A3
d in the matrix (phase ‘3’) versus

volume fraction f2 of the interphase for different values of f = l2/l3 from 0.01 to
1000. m1 = m2 = m3 = 0.3 and f1 + f2 = 0.2.

0.8 

0.85 

0.9 

0.95 

1 

1.05 

1.1 

0 0.02 0.04 0.06 0.08 0.1 

Present model 

Kari et al. [28] 

E
ef

f /
 E

3

Volume fraction f2 of interphase 

Fig. 5. Normalised effective Young modulus Eeff/E3 versus volume fraction f2 of
interphase for a volume fraction of inclusion f1 = 0.15.

N. Bonfoh et al. / Composite Structures 115 (2014) 111–119 117
According to this model, Eqs. (39), (43) and (49) provide a system of
8 equations from which we can deduce the expressions of effective
tensors Pd/k (for k = 2,3), Qd/k (for k = 1,2,3) and Rd/k (for k = 1,2,3).
After substituting the latter expressions in the system of equations
defined in Eq. (57), we proceed to the system solving by using the
formal calculation software ‘Wolfram Mathematica’. Therefore,
we achieve the evaluation of the local deviatoric strain fields of
the three considered phases:

ek
ij ¼ Ak

dEd
ij for k ¼ 1;2;3 ð58Þ

To verify the accuracy of the present model, the obtained results are
compared with the exact solution and some outcomes of numerical
investigations.

3.1. Comparison with the exact solution

First, it is important to note that strain concentration relations
obtained in this work correspond exactly to those deduced from
the approach suggested by Hervé and Zaoui [8]. The general analyt-
ical expressions of localisation tensors are then implemented for
the estimation of the effective properties of a composite material
using GSCS. In Fig. 2, all curves of the normalised effective shear
modulus versus the volume fraction f2 of the interphase strictly
coincide with those of Hervé and Zaoui’s model [8], whatever the
value of the parameter f = l2/l3. The results displayed in Fig. 2
thus allow to verify that the proposed model leads to the exact
solution of the multi-coated inclusion problem.

Figs. 3 and 4 show the dependence of the deviatoric part of
strain localisation tensors on the interphase volume fraction f2,
respectively inside the inclusion A1

d and the matrix A3
d . Since the

volume fraction of the composite inclusion f1 + f2 is constant and
equal to 0.2 in this case, A1

d and A3
d versus f2 also remain constant

for f = 6(l2 = l1 = 6l3). When the interphase material is set to be
softer than the matrix ðf < 6Þ; A3

d decreases with f2. Due to the con-
dition l2 < l1 and l1 ¼ 6 l3; A1

d follows a similar trend to A3
d when

f < 6. On the other hand, when the interphase is more rigid than
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Table 1
Properties of the three-phase composite material used for applications and compar-
ison with numerical model of Kari et al. [28].

Material Young’s modulus (GPa) Poisson’s ratio

Particle (tungsten) E1 = 345 v1 = 0.28
Interphase (carbon) E2 = 34.48 v2 = 0.2
Matrix (nickel) E3 = 214 v3 = 0.31

1 

1.5 

2 

2.5 

3 

3.5 

4 

4.5 

5 

5.5 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

Present model 

Bardella et al. [29] 

µ e
ff

/ µ
3

Volume fraction of the composite inclusion 

Fig. 7. Normalised effective shear modulus leff/l3 versus volume fraction of the
composite inclusion (f1 + f2).

0.6 

1.1 

1.6 

2.1 

2.6 

3.1 

3.6 

0 0.05 0.1 0.15 0.2 

Volume fraction f2 of interphase 

E
ef

f /
 E

3

 = 0.1 

 = 1 

 = 10 

Fig. 8. Normalised effective Young modulus Eeff/E3 versus volume fraction f2 of the
interphase for three values of c = E2/E3 (0.1,1,10). m1 = 0.2,m2 = 0.3, m3 = 0.499 and
f1 + f2 = 0.2.

118 N. Bonfoh et al. / Composite Structures 115 (2014) 111–119
the core ðf > 6Þ; A1
d still decreases with f2 while A3

d is driven by an
opposite trend and increases with respect to f2. We also note that
A3

d varies much more sensitively with the ratio f when the inter-
phase is softer than the matrix. Consequently, manufacturing com-
posite materials seems to be more efficient with softer coating
layers to increase damping than with stiffer ones to improve
stiffening.

Besides, spherical local strains are explicitly given by analytical
expressions (see Eq. (56)).
Finally, setting C1 equal to C2 from the localisation equations
above leads to the ‘(2 + 1)-phase’ model and provides results that
match those of Bonfoh et al.’s initial model [21].

3.2. Applications and comparison with numerical models

For further examination, predictions of the effective properties
of a three-phase composite material are given through compari-
sons between the present model and numerical achievements. In
Figs. 5 and 6, the results concern the comparison with Kari
et al.’s investigation [27], for which material properties considered
are listed in Table 1. Kari et al.’s results [27] have been obtained
through numerical homogenisation techniques based on the FEM.
Fig. 5 illustrates predictive curves regarding the effective Young’s
modulus dependency on f2. A good agreement is observed between
the curves of both models for a range of f2 from 0.01 to 0.1.

Since the interphase is softer than the inclusion and the matrix,
increasing f2 leads to a decrease of the effective Young’s modulus.
Indeed, by increasing f2 from 0.01 to 0.1, the normalised effective
Young’s modulus drops from 1.027 to 0.84. The interphase thus
seems to significantly influence the effective behaviour of compos-
ite material.

Fig. 6 shows the evolution of the effective Young’s modulus
with respect to the interphase Young’s modulus in terms of norma-
lised values. A good agreement is also noted between the present
model and Kari et al.’s one [27]. Even for a small value of f2 (e.g.
0.0378), the effective Young’s modulus is enhanced by increasing
the ratio E2/E3.

By presenting a critical analysis of different micromechanical
approaches, Bardella et al. [28] propose a numerical finite-element
prediction of the effective elastic properties of composite materials
in the case of syntactic foam. Fig. 7 displays the dependence of nor-
malised effective shear modulus on the volume fraction of compos-
ite inclusion, according to the present model and the computer
implement FEM of Bardella et al. [28]. Predictions of both models
appear to be in good agreement with each other.

3.3. Influence of the interphase characteristics

This section is devoted to an in-depth examination of the effec-
tive elastic modulus Eeff dependence on the volume fraction f2 and
the Young modulus E2 of the interphase. In this last study, f2 and E2
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are selected in order to emphasise how they can enhance the over-
all behaviour of corresponding coated inclusion composite. In this
study, the normalised Young modulus of inclusion E1/E3 is taken to
be 100, while parameter c = E2/E3 defines that of the coating layer
(interphase). Fig. 8 provides the normalised effective Young modu-
lus Eeff/E3 versus f2. For c taken from 0.1 up to 1, it is noticeable that
Eeff/E3 decreases with f2. On the other side, from c set quite above 1,
the equivalent properties are significantly improved by the pres-
ence of the interphase material, as it is shown when c is equal to
10. Eeff/E3 versus c curves displayed in Fig. 9 confirm the latter
observations. Indeed, we can clearly observe that from c > 1,
increasing the volume fraction f2 between 0.05 and 0.15 results
in an enhancement of the effective elastic properties Eeff/E3.

These last results thus provide the extent to which a judicious
choice of the interphase material could reinforce a coated inclusion
composite.

4. Conclusion

In this paper, we propose a new achievement of the ‘(n + 1)-
phase’ GSCS to predict the effective properties of elastic composite
materials with multi-coated reinforcements. The topology of the
problem is described by a n-phase multi-coated composite inclu-
sion embedded in an infinite reference medium. Based on the inte-
gral equation and thanks to the interior and exterior-point
Eshelby’s tensors, a general micromechanical formulation of the
multi-coated inclusion problem is achieved in the general case of
ellipsoidal inclusions and anisotropic elasticity. In order to exam-
ine the relevance of the proposed approach, the present model
has been performed in isotropic elasticity and spherical multi-
coated inclusions. Analytical development provides the expres-
sions of local averaged strains inside inclusion and each coating
layer. These analytical results match the exact solution of Hervé
and Zaoui [8]. The strain concentration relations are then applied
to a three-phase composite material. The accuracy of the obtained
‘(3 + 1)-phase’ model is verified by comparison with numerical
results based on FEM. Thereafter, the latter model is used to
describe the influence of the interphase between inclusions and
matrix on the effective behaviour of the composite material. The
resulting curves show that interphase characteristics have a signif-
icant influence on the effective behaviour.
Although the only specific resolution of isotropic multi-coated
spherical inclusion problem is performed in this work, extending
the achievement to the general case of anisotropic and ellipsoidal
composite inclusion does not point out any tricky substantial con-
tribution, since no further micromechanical consideration is
needed. This generalisation remains a challenging task and the
main prospect of this promising method.
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