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Abstract

A numerical approach is proposed to evaluate the effective properties of piezoelectric fibers embedded in a nonpiezo-

electric matrix, considering imperfect contact between fiber and matrix. Firstly, a Representative Volume Element is

analyzed via Finite Element Method for different loadings with suitable boundary conditions applied in a unique way.

Transversely, isotropic piezoelectric materials with circular and square cross-section fibers are analyzed for square

arrangements with different fiber volume fractions as well as with perfect and imperfect contact conditions. The results

for circular and square cross-section fibers with perfect contact are compared to the literature data in order to verify the

consistency of proposed numerical approach. After that, the results with imperfect contact are discussed, observing the

influence of the fiber volume fraction and the level of the imperfection in the fiber–matrix adhesion. Results show that

the imperfect contact not only influences the elastic constants, but also the piezoelectric effective values.
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Introduction

Smart composite materials present great potential for
applications in aerospace industry as sensors and/or
actuators for noise and vibration control, flow control,
energy harvesting, and structural health monitoring
(SHM). Regarding these applications, there are differ-
ent types of smart composites, such as active fiber com-
posite (AFC)1 and macro fiber composite (MFCTM).2

These smart composites are made of piezoelectric
materials (also denoted as PZT), which have the prop-
erty of converting electrical energy into mechanical
energy, and vice-versa. It is important to mention that
either AFC or MFC consist on fibers of piezoelectric
materials, which are embedded in a polymer matrix
(conductive or not) polarized by electrodes
(Figure 1(a) and (b)). Therefore, these smart composite
materials show a high potential for application in
engineering problems involving structural composite
laminates, because they can be integrated in the struc-
ture as a single ply or reinforcements. Thus, problems
involving piezoelectric materials (i.e. electromechanical
coupling) have been investigated during last years.

In fact, researchers have shown different approaches
(analytical,3–14 experimental,15–17 and numerical18–27)
to predict the mechanical, dielectric, and piezoelectric
behavior of smart composite materials, which have
been considered the perfect adhesion between fiber
and matrix (perfect contact).

However, experimental results show that local or
partial debonding in the interfaces is a rule rather
than the exception in materials such as reinforced com-
posites.28 Thus, the existence of a rigid region is an
idealization of the complex phenomenon, which
occurs in the interface, where a transition zone (inter-
phase) between the fiber and the matrix is omnipresent.
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This third phase may result from the manufacturing
process (chemical treatments of fiber surfaces, resin
crystallization and other effects) for the most fiber rein-
forced composites.29 Although the thickness of inter-
phase is small, this third phase plays a crucial role in
the functionality and reliability of the composite mater-
ials and affects the overall mechanical properties of
composites significantly. For instance, if the fiber–
matrix adhesion is imperfect, then the continuity con-
ditions for stresses and displacements are not satisfied.
In fact, those phenomena30–32 were shown in a model,
where there is a bond between the reinforcements and
the matrix, which is represented by an interphase with
specified thickness and elastic properties different from
those of the constituents. Then, in the interphase, stres-
ses field is continuous, but displacements field is not.
Caporale et al.33 investigated the behavior of unidirec-
tional fiber reinforced composites with imperfect inter-
facial bonding by the finite element method (FEM).
In that work, an interfacial failure model was simulated
by normal and tangential elastic springs, which
connect the fiber nodes to the surrounded matrix
nodes. Furthermore, Rodrı́guez-Ramos et al.,34 Lópes-
Realpozo et al.,35 and Sabina et al.36 obtained a com-
plete set of effective elastic moduli, considering a linear
elastic composite material reinforced by parallel long
circular fibers with a periodic arrangement. Also, an
imperfect linear elastic fiber–matrix interphase was eval-
uated by the authors. More recently, Xu et al.37 have
predicted the effective elastic properties of long fiber
reinforced composites, which had transversely isotropic
material behavior by using a representative volume
element (RVE). Hence, a model with three phases
(fibers, matrix, and interphases between fibers and
matrix) was applied to study the effects of the interphase
on the effective elastic properties of composites.
Rodrı́guez-Ramos et al.38 presented the accuracy of dif-
ferent approaches, such as asymptotic homogenization
method (AHM), semi-analytic method (SAM) and RVE
solved by FEM, defined as FEM–RVE. All the models
had imperfect contact for nonpiezoelectric materials.

In the literature, there are important scientific contri-
butions about the determination of effective properties
for smart composites, mainly with piezoceramic fibers
embedded in a no-conductive matrix and imperfect

contact for nonpiezoelectric materials. Observing those
articles, based on numerical approaches, it is not
common to find a detailed description of the models,
how the boundary conditions are applied to obtain the
effective properties, including imperfect contact condi-
tion. Considering this scenario, in this paper, finite elem-
ent analyses are carried out for predicting the behavior
of piezoelectric fibers (e.g. PZT) embedded in a nonpie-
zoelectric matrix (e.g. epoxy resin), regarding the influ-
ence of the imperfect contact. Thus, the effective
properties for unidirectional periodic piezoelectric fiber
composite, using individual properties of the constituent
materials (fiber and matrix) and composite characteris-
tics (e.g. geometry of the fiber, fiber volume fraction and
imperfect contact) can be calculated. Thus, firstly, a
RVE (unit cell) is analyzed via FEM for different load-
ings with suitable boundary conditions applied in a
unique way, considering imperfect contact. After that,
based on the theorem of average and on the numerical
results, the effective properties are determined. This
theory leads that the average mechanical, piezoelectric
and dielectric properties of a unit cell are equal to the
average properties of the composite material. For eval-
uating limitations and advantages of the proposed
approach, different case studies are analyzed. Hence,
transversely isotropic piezoelectric materials with circu-
lar and square cross-sectional fibers are investigated for
square arrangements with different fiber volume frac-
tions. The results for circular and square cross-section
fibers with perfect contact are compared to the literature
data in order to verify the consistency of the results
obtained via proposed approach. And, the results for
circular and square cross-section fibers with imperfect
contact are discussed, observing the influence of the
fiber volume fraction and the level of the imperfection
in the fiber–matrix adhesion. It is very important tomen-
tion that these last results are the greatest novelty of the
present paper.

Constitutive equations, Representative
Volume Element (RVE), and imperfect
condition

The constitutive equations for electro-mechanical
behavior with piezoelectric coupling in smart composite

Figure 1. (a) AFC and (b) MFCTM with electrodes.
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depend on the effective properties, which are evaluated
in this work by using homogenization method taking
into account a unit cell given by a RVE.

Constitutive equations for smart composite material

The elastic and the dielectric behaviors are coupled in
piezoelectric materials, where the mechanical stress and
strain variables are related to the electric field and dis-
placement variables. The coupling between mechanical
and electric fields is obtained by piezoelectric coeffi-
cients. The constitutive equations of piezoelectric
materials are assumed linear and can be written in the
following form

Tij ¼ cEijkl Skl � ekij Ek

Di ¼ eikl Skl þ "
S
ik Ek

ð1Þ

where Tij and Sij denotes the second rank stress and
strain tensors, respectively, Ek and Di are, respectively,
the electric potential field and the electrical displace-
ment vectors, cEijkl denotes fourth-order elasticity
tensor at constant electric field, ekij is the third-order
piezoelectric coupling tensor, and "Sik is the second-
order dielectric tensor at constant strain field.

Equation (1) can be written as a constitutive effective
matrix format by Voigt’s notation as

Tf g
Df g

� �
¼

c½ �E � e½ �
e½ �t "½ �S

� �
Sf g
Ef g

� �
ð2Þ

where the superscript t indicates transpose matrix,
E constant electric field, and S constant strain field.

For an orthotropic (direction 3 aligned to the piezo-
electric fibers) and transversely isotropic piezoelectric
solid, the stiffness, the piezoelectric, and the dielectric
matrices present 11 independent coefficients.
Consequently, the constitutive relations in equation
(2) can be written in terms of the following expanded
matrix form

The smart composites effective properties can be
defined by the average fields in the same form as equa-
tion (2), which can be written in a compact matrix form

�T
� �

�D
� �� �

¼
c½ �Eeff � e½ �eff
e½ �Teff "½ �Seff

" #
�S

� �
�E

� �� �
ð4Þ

where the subscript eff denotes effective property.
The homogenization approach for composite mater-

ials refers to find a functional dependence between the
average variables of the material model, which can rep-
resent the coherent physical behavior. Based on the
theorem of average with a homogenized model, mech-
anical and electrical properties of a unit cell, or RVE,
are taken from average properties of the composite
material. It is assumed that the average mechanical
and electrical properties of a unit cell are equal to the
average properties of the composite material as follows

Tij

� 	
¼ Tij, Dkh i ¼ Dk, Sij

� 	
¼ Sij, Ekh i ¼ Ek ð5Þ

The average stresses, strains, electric fields, and elec-
trical displacements in the RVE are defined by

Tij ¼
1

Vj j

Z
jV

T0
ijdV, Sij ¼

1

Vj j

Z
V

S0
ijdV

Di ¼
1

Vj j

Z
V

D0
i dV, Ei ¼

1

Vj j

Z
V

E0
i dV

ð6Þ

where jVj is the unit cell volume and Tij, Sij, Di, and Ei

denote stress, electrical displacement, strain, and elec-
tric potential average values, respectively.

Using the FEM, the average values can be
calculated by

Tij ¼
1

V

Xnel
n¼1

T
ðnÞ
ij V

ðnÞ, Sij ¼
1

V

Xnel
n¼1

S
ðnÞ
ij V

ðnÞ

Di ¼
1

V

Xnel
n¼1

D
ðnÞ
i VðnÞ, Ei ¼

1

V

Xnel
n¼1

E
ðnÞ
i VðnÞ

ð7Þ
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where jVj is the volume of the unit cell, nel is the
number of elements of the complete unit cell, V(n) is
the volume of the nth element, and T

ðnÞ
ij , S

ðnÞ
ij , D

ðnÞ
i , and

E
ðnÞ
i are the respective tensors evaluated in the nth

element.

Representative volume element (RVE)

In this work, the RVE is assumed as combinations of
piezoelectric fibers embedded in a polymer matrix,
including an interface, obeying a specified fiber
volume fraction. This RVE is modeled by solid finite
elements. Thus, the numerical model is used to deter-
mine a homogeneous medium equivalent to the original
composite and comprises the smallest portion of the
smart composite, which keeps the most representative
combination of its main materials. It is important to
notice that several types of fibers arrangements can be
used, as discussed by Kar-Gupta and Venkatesh.21

Figure 2 illustrates a unit cell, considering square
arrangement of fibers in the composite material. This
unit cell can represent the behavior of smart composite
material as a whole, assuming that it has infinite length
(or much larger than the diameter of fiber) in the three
orthotropic directions, since suitable symmetry condi-
tions are imposed in the RVE model. Thus, this
hypothesis requires that the material has the same
properties in both directions normal to the length of
the fiber (directions 1 and 2, Figure 2). In order to
attend this requirement, transversal isotropy is adopted
in the present work.

Knowing the material properties of each constituent
and through combinations of loads and appropriate
boundary conditions, it is possible to obtain the consti-
tutive matrix parameters. Whereas the smart composite
is made of composite piezoelectric stacked in layers
(multilayer), and the polarization could occur between
each layer or between the outer faces of the laminate. It

is important to notice that the present approach can be
extended to other types of smart composites, for
instance, materials with only a single layer, such as
MFCTM.

In Figure 3, it can be observed details of the circular
cross-section RVE (square arrangement), including the
representation for each of the cube faces (denoted as
Xþ, X�, Yþ, Y�, Zþ, and Z�) and the local reference
system (1-2-3). It is worth to mention that for all
further analyses, the piezoelectric fibers are considered
continuous and orientated to the z-axis (or in direc-
tion 3). In addition, as commented earlier, the unit
cell shows three phases: matrix, fiber, and interphase
(Figure 3).

The spatial periodicity in a RVE demands compati-
bility conditions with respect to the opposite edges in
the faces shown by Figure 3. Adjacent RVEs must have
identical deformations, while neither overlapping nor
separation may occur. Considering composite materials
as a periodical array of unit cells, the periodical bound-
ary conditions described by Jin et al.39 and Xia et al.40

must be applied to ensure the repeatability of the RVE.
Moreover, this compatibility condition is used to
avoid separation or overlap between the neighboring
RVE and it is defined as condition of parallelism
given by

uþji � u�ji ¼ cji ði, j ¼ x, y, zÞ ð8Þ

where uji denotes the displacement along the i-direction
of one node located at the boundary face whose normal
vector is along the j-direction. The plus sign in super-
script means the normal vector of the boundary face,
which is in positive j-direction, while the minus sign
means the opposite.

Actually, uþji and u�ji are displacements of one pair
of nodes at opposite boundary faces, with identical
coordinates in the other two directions except the j-
direction. The parameter cji is constant, so all node

Figure 2. (a) Composite with unidirectional fibers in square arrangement; (b) correspondent unit cell.
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pairs defined in equation (8) have the same difference of
displacement in the i-direction.40 Figure 4 shows a sche-
matic illustration of these periodical boundary condi-
tions under transversal tensile and longitudinal shear
loadings. In fact, for the proposed approach, it is not
necessary to specify these conditions for some loading
cases, where the displacement and electrical boundary
conditions already ensure the parallelism restriction.
Automatic procedures to search opposite nodes and
applying restrictions are used by the implementation
of subroutines in Python language to avoid selection
errors of node pairs.

Imperfect fiber–matrix adhesion

Regarding fiber-reinforced composite, it is important to
mention that themicromechanicalmodels can be applied
to determine the response of fiber reinforced composites
with perfect fiber–matrix adhesion (perfect contact) as
function only of the fiber and the matrix behaviors.

However, for imperfect contact fiber–matrix, it is neces-
sary to evaluate the influence of the interface. In this
present work, the hypothesis that there are no disconti-
nuities in the physical model was assumed. The inter-
phase degraded physically or chemically is simulated by
a set of element with degraded properties. Thus, the
interphase properties are considered isotropic and
calculated by

C11 ¼ C22 ¼ C33 ¼ lþ 2�

C12 ¼ C23 ¼ C13 ¼ l

C44 ¼ C55 ¼ C66 ¼ � ¼
ðC11 � C12Þ

2

l ¼ tðKn � 2KtÞ

� ¼ G ¼ tKt

ð9Þ

as a consequence of the formulation provided by
Hashin,32 where Kn and Kt are spring constants per unit
of area (i.e. material parameters) and t is the thickness of

Figure 3. (a) Notation for different surfaces of the unit cell and (b) three phases in details.

Figure 4. Illustration of periodical boundary conditions for 1-2 longitudinal shear loading (symmetric BCs for direction 3).
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the interphase. It is important to highlight that Kn is
related to normal direction contact behavior and Kt is
related to tangential direction contact behavior. Other
formulations show another parameter for tangential dir-
ection contact behavior defined as Ks, but in the present
work, where the interface is modeled as isotropic mater-
ial, the values for Kt and Ks will be assumed equal as
implicitly shown by equation (9). Moreover, the thick-
ness of interphase can be calculated in function of the
dimension of the fiber, for example ‘‘a’’ is equal the
radius for circular fiber multiplied by a factor �.32 In
this work, for the proposed RVE, the radius for circular
and the edge for square cross-section fibers are variable
according to the fiber volume fraction to be investigated,
but the edge of the cube is constant. In addition, the cube
has volume equal 1.0mm3 and the ratio between the fiber
radius and thickness of the interphase is constant and
equal to 0.001 (t/a¼ 0.001) in all analyses.

Different case studies can be investigated, considering
not only perfect contact, i.e. Kn,Kt !1, but also com-
plete decohesion of the piezoelectric fibers, i.e.
Kn,Kt! 0, as well as different levels of mechanical
imperfections between fiber and matrix. Therefore,
the simulation of the imperfect interface was modeled
by degraded the properties of the interphase, and
contact algorithms were not used as approached by
other authors.Thus, theproposedRVEhas conventional
connections between the nodes of the finite
element mesh. In addition, for numerical analyses of
the perfect contact, finite values of stiffness constants K
were arbitrarily defined equal to 1� 1010

(N/mm�mm�2).

Effective properties evaluation via finite

element analysis

Different case studies were investigated in order to
determine the effective properties via finite element ana-
lysis (FEA). Therefore, RVE transversely isotropic
finite element models with square arrangement,

showing perfect or imperfect contact conditions, were
developed and analyzed.

Circular and square cross-section piezoelectric
fibers: RVE models

Square arrangement is applied for circular and square
cross sections as shown by Figure 5. In the FEA carried
out by using AbaqusTM version 6.10,42 as commented
earlier, the cube has volume equaling 1.0 mm3 and the
ratio between the fiber radius and thickness of the inter-
phase is constant and equal to 0.001 in all analyses. For
real PZT fibers, the square cross sections are not per-
fectly square or circular, but all models15–27 presented
this hypothesis. Different fiber volume fractions from
10% to 70% are imposed in the unit cell (Figure 6). For
meshing the unit cell three-dimensional multi-field
20-node elements are used. These quadratic piezoelec-
tric brick elements (C3D20E – AbaqusTM nomencla-
ture for the element42) have three mechanical
displacement degrees of freedom (DOF) and an add-
itional electric potential DOF. Thus, it is possible to
perform fully coupled electromechanical analyses.

Material properties

The smart composite material is made of circular or
square piezoceramic fiber (PZT-5A) and epoxy matrix
is separated by an interphase. The material properties
of the epoxy resin and piezoelectric fiber are taken from
Berger et al.19 as shown in Table 1, according to ortho-
tropic directions (1, 2, and 3).

Loadings and boundary conditions applied on the
RVE models

The simplified set of constitutive equations (cf. equa-
tion (2)), with prescribed boundary conditions allow
the evaluation of the effective material properties.
Owing to the boundary conditions applied in the
RVE, more than one coefficient is obtained for each

Figure 5. Square arrangement with: (a) circular and (b) square cross sections.
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analysis. Therefore, to evaluate all 11 effective coeffi-
cients, only six analyses are necessary. More accurate
results are obtained when loading is applied in fiber
longitudinal direction, denoted here as z-direction
(or direction 3), as well as x-direction and y-direction,
which are aligned with directions 1 and 2, respectively.
Table 2 shows the summarized boundary conditions
and loadings used in this work.

The first and second analyses involve the loading
applied in z-direction (fiber direction), the first one
with mechanical loading and the second one with elec-
trical loading. The applied boundary conditions already
ensure the parallelism conditions; so they do not need
to be specified again by constraint equations. Third and
fourth analyses are similar to the first set, but the mech-
anical and electrical loadings are applied in x-direction.
Again, the constraint equations are already ensured by
the boundary conditions.

However, the last two analyses related earlier
involve the RVE subjected to shear loading. In the
fifth analysis, the shear loading is performed in
plane x-y and in the sixth, in plane y-z. Both cases
require explicit implementation of constraining equa-
tions. The implementation is done by using AbaqusTM

with Python Language due the direct access to the
model data. It is also necessary to include some
notes about other procedures adopted to impose the

analysis conditions in numerical simulations for the
fifth and sixth analyses:

1. When applying constraint equations between
opposite unit cell faces, nodes that belong to the
unit cell edges perpendicular to the shearing plane
should not be included. For example, for x-y shear
loading, the edge nodes are disregarded (red lines in
Figure 7).

2. When applying the shear forces, the loading should be
distributed along face nodes, except those indicated
by the red lines in Figure 7. Therefore, it is a procedure
similar that was adopted for the constraint equations.
For the y-z shear case, analogous recommendations
must be followed, considering the nodes at the edges
aligned with x-axis highlighted in red.

In addition, for numerical analyses, it was investi-
gated the influence of the mesh density. Thus, three
different meshes were used. Firstly, to evaluate the
effective coefficients, RVE was meshed by using
approximately 4000 elements. After that, 8000,
12,000, and 16,000 elements were used. However, the
results showed that the differences for the effective coef-
ficients are of 10�4 order, considering the used mesh
densities. Therefore, all the results are shown only for

Figure 6. Circular fiber with fiber volumetric fraction equal to: (a) 10%; (b) 20%; (c) 30%; (d) 40%; (e) 50%; (f) 60%; (g) 70%.

Table 1. Material properties for fiber (piezoceramic) and matrix (resin epoxy).19

C11 C12 C13 C33 C44 C66 e13 e15 e33 "11 "33

GPa C/m2 nF/m

Fiber 121.0 75.4 75.2 111.0 21.1 22.8 �5.4 12.3 15.8 8.11 7.35

Matrix 3.86 2.57 2.57 3.86 0.64 0.64 – – – 0.0797 0.0797
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the meshed RVE by using approximately 4000 elem-
ents. It is worth highlighting that AbaqusTM calculates
the quantities for the tensors in Gauss points, and it
uses numerical techniques to integrate various quanti-
ties over the volume of each element in order to feed
equation (7). Also, the element type C3D20E has 27
integration points.

Results and discussion

Initially, it was calculated the effective coefficients for a
smart composite material with piezoelectric circular and
square cross-section fiber, epoxy resinmatrix and perfect

fiber–matrix adhesion (perfect contact). As observed in
Figures 8 and 9, it is possible to assess the numerical
results via RVE in order to calculate the parameters
required by equation (3).

In order to compare to the literature data,19 all
11 effective coefficients (equation (3)) were calculated
for one specific fiber volume fraction (55.5%) and
circular cross-section fiber. Thus, the proposed
approach was applied and the results were compared
to analytical results obtained via AHM as shown in
Table 3.

Observing Table 3, by one side, major differences
(�) between analytical and numerical proposed

Table 2. Loadings and boundary conditions (BCs).

Equationa

Prescribed

displacement

field (m)

Prescribed

force

field (N)

Prescribed electric

potential field (V) Displacement BCs (m)

Electric potential

BCs (V)

1st line
c

eff
13 ¼

�T11

�S33

c
eff
33 ¼

�T33

�S33 Positive uZ

surface Zþ
– –

Zero normal

displacements

surfaces

Xþ, X�, Yþ, Y�, Z�

Zero all

surfaces

3rd line S11¼ S22¼ S12¼ S23

¼ S31¼ 0

E1¼ E2 ¼ E3¼ 0

1st line
e

eff
13 ¼

�T11

�E3 – – Positive voltage

surface Zþ

Zero normal

displacements

all surfaces

S11¼ S22¼ S33¼ S12

¼ S23¼ S31¼0

Zero surface Z

3rd line
e

eff
33 ¼ �

�T33

�E3

9th line
"eff

33 ¼
�D3

�E3

1st line
c

eff
11 ¼

�T11

�S11 Positive uX

surface Xþ
– –

Zero normal

displacements surfaces

X-, Yþ, Y�, Zþ, Z�
Zero all surfaces

2nd line

c
eff
12 ¼

�T22

�S11

S22¼ S33¼ S12¼ S23

¼ S31¼ 0

E1¼ E2¼ E3¼ 0

7th line
"eff

11 ¼
�D1

�E1 – – Positive voltage

surface Xþ

Zero normal

displacements

all surfaces

S11¼ S22¼ S33¼ S12

¼ S23¼ S31¼ 0

Zero surface X�

4th line
c

eff
66 ¼

�T12

�S12 –

þFy and –Fy

surfaces Xþ and X�

þFx and –Fx

surfaces Yþ and Y�

–

Zero y-displacements

faces Xþ, X�

Zero x-displacements

surface Y�

Uniform x-displacements

surface Yþ

Zero all surfaces

5th line
e

eff
15 ¼

� �E2 � "11 þ �D2


 �
�S23 –

þFy and –Fy

surfaces Zþ and Z� –

Zero y-displacements

surfaces Zþ, Z�

Zero z-displacements

surface Y�

Uniform z-displacements

surface Yþ

Zero surfaces

Xþ, X�, Yþ, Y�

8th line
c
eff
44 ¼

�T23 þ �E2 � e
eff
15

� 

�S23

þFz and –Fz

surfaces Yþ and Y�

aLines number referred to equation (3).
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approach are ceff11 , ceff12 , ceff66 , and eeff15 . Similarly, other
authors19–27 also stated these differences for those coef-
ficients. In fact, some coefficients are mainly influenced
by the composite behavior in the plane 1-2. It is import-
ant to notice that for square arrangement and loads
applied on the plane 1-2, periodical boundary condi-
tions for 1-2 longitudinal shear loading were only
applied on the matrix part of the RVE (see Figure 4).
However, in direction 3, the boundary conditions were
applied not only on the matrix, but also in the other

constituents (interphase and fiber). This is one reason
that can explain the difference of the effective coefficient
in the plane 1-2. Moreover, the RVE model is highly
influenced by the applied boundary conditions, because
the values involved in the equations are concomitantly
in Giga and Nano order. By other side, for the remain-
ing effective coefficients, mainly aligned to direction 3,
the proposed approach has shown good agreement with
those presented by AHM.19

In the literature, it is possible to find different uni-
versal relations like provided by Guinovart-Diaz
et al.,41 which is developed for three-phase composites.
However, in order to verify the accuracy of the present
model with perfect contact (i.e. similar to two-phase
composites), the theory developed by Benveniste and
Dvorak was used.6 This theory was based on the central
idea of the creation of uniform fields in heterogeneous
media by proper boundary conditions. Relations that
can be used to determine the effective properties of
piezoelectric composite are presented, which was
called Universal Relations. It is important to mention
that relations were presented for different piezoelectric
classes. In this work, the tetragonal crystal class 4mm
was considered, i.e. transversely isotropic piezoelectric
composites. The equations were given by

k� vfkf � vmkm
l� vflf � vmlm

¼
l� vflf � vmlm
n� vfnf � vmnm

¼
j� vfjf � vmjm
g� vfgf � vmgm

¼
kf � km
lf � lm

ð10Þ

Figure 7. Edge nodes without forces and boundary conditions

for shear loading.

Figure 8. Circular fiber with perfect contact (Kn¼Kt¼1): (a) first analysis T11; (b) fourth analysis D1; (c) sixth analysis E2.

Figure 9. Square fiber with perfect contact (Kn¼Kt¼1): (a) fourth analysis D1; (b) fourth analysis E1; (c) sixth analysis E2.
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j� vfjf � vmjm
l� vflf � vmlm

¼
g� vfgf � vmgm
n� vfnf � vmnm

¼
�qþ vfqf þ vmqm
g� vfgf � vmgm

¼
jf � jm
lf � lm

ð11Þ

det
ceff44 "eff11 eeff15

Gf
L tf hf

Gm
L tm hm

2
4

3
5 ¼ 0 ð12Þ

where the subscripts f and m denote fiber and matrix,

respectively. Also, k ¼ ðceff11 þ ceff12 Þ=2, ceff13 ¼ l, ceff33 ¼ n,

eeff13 ¼ j, eeff33 ¼ g, eeff15 ¼ h, "eff11 ¼ t, and "eff33 ¼ q were

considered.

Table 4 presents the result of these relations by using
the effective properties determined in this work and

given by Berger et al.19 Table 5 shows the relative dif-
ferences between the results presented in the Table 4.
Some differences can be explained due to the method
used by the present authors to extract results published
by Berger et al.19 in figure format. It is possible to see
that the effective properties determined in this work
have more accuracy than the properties given by
AHM.19 These differences for the present work are
smaller than 0.1%.

Several hypotheses can be adopted to illustrate the
crystal symmetry, creating a variety of combinations
for the matrix and fiber with different degree of anisot-
ropy. In this study, it was adopted that the piezoelectric
fibers and the matrix were transversely isotropic.
Consequently, the result for this combination leads to
a transversely isotropic behavior for the RVE. Based
on the universal relations and using the effective

Table 3. Effective properties of circular cross section for square arrangements and perfect contact.

c
eff
11 c

eff
12 c

eff
13 c

eff
33 c

eff
44 c

eff
66 e

eff
13 e

eff
15 e

eff
33 "eff

11 "eff
33

Units GPa C/m2 nF/m

(1) 9.7394 5.5898 6.0792 35.0707 2.1462 2.0853 �0.2496 0.0221 10.8611 0.2778 4.2088

(2) 10.8560 4.6656 6.0434 35.1268 2.2050 1.5277 �0.2584 0.0250 10.8642 0.2867 4.2704

�(%) 11.46 16.53 0.59 0.16 2.74 26.74 3.53 13.12 0.03 3.20 1.46

� – Comparison between (1) Berger et al.19 and (2) present work.

Table 4. Universal Relations6 applied in order to determine the accuracy of the present work by square arrangement.

Eq. (10)1 Eq. (10)2 Eq. (10)3 Eq. (10)4 Eq. (11)1 Eq. (11)2 Eq. (11)13 Eq. (11)4 Eq. (12)

F1 F2 F3 F4 F5 F6 F7 F8 F9

(1) 1.3116 1.3026 1.3132 1.3078 – – – – –

(2) 1.3077 1.3064 1.3071 1.3078 – – – – –

(1) – – – – �7.4657E�11 �7.4051E�11 �4.4971E�11 �7.4349E�11 –

(2) – – – – �7.4345E�11 �7.4309E�11 �7.4305E�11 �7.4349E�11 –

(1) – – – – – – – – 5.3573E�3

(2) – – – – – – – – 7.6006E�3

(1) Berger et al.19

(2) Present work.

Table 5. Comparison between the results provided by the numerical approach and the Universal Relations.

�(F1)–(F2) �(F1)–(F3) �(F1)–(F4) �(F2)–(F3) �(F2)–(F4) �(F3)–(F4)

(1) 0.687% 0.125% 0.289% 0.817% 0.400% 0.414%

(2) 0.097% 0.047% 0.007% 0.049% 0.104% 0.054%

�(F5)–(F6) �(F5)–(F7) �(F5)–(F8) �(F6)–(F7) �(F6)–(F8) �(F7)–(F8)

(1) 0.811% 39.763% 0.412% 39.271% 0.402% 65.328%

(2) 0.049% 0.054% 0.006% 0.005% 0.055% 0.060%

� ¼[j(an)-(anþ1)j/((anþanþ1)/2)]�100.

(1) Berger et al.19

(2) Present work.
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properties for hexagonal arrangement given by
Medeiros et al.,24 it was possible to verify that the
square arrangement has higher accuracy. This can be
explained because the crystal system 4mm for the
square arrangement.

After the evaluations of smart composite materials
with circular cross-section fibers, considering perfect
contact for a specified fiber volume fraction, other
case studies were investigated. For those case studies,
it was evaluated not only the influence of different levels
for imperfections in the fiber–matrix adhesion, but also
different fiber volume fractions and different geometries
for the fiber cross section. Figures 10 and 11 show the
finite element results for piezoelectric circular and
square cross-section fibers, respectively, with epoxy
resin matrix, considering imperfections in the fiber–
matrix adhesion.

In Figures 12 to 22, there are the results for all effect-
ive coefficients calculated by the numerical proposed
approach, considering square arrangement, circular
and square cross sections, and different contact condi-
tions, i.e. Kn equal to 1 (hard contact hypothesis
between fiber and matrix for normal direction was
assumed) and Kt equal to 1� 100, 1� 105, and
1� 1010 (N/mm�mm�2).

Furthermore, there are comparisons among the
results for circular and square cross sections to the uni-
form field method (UFM), given by Nan and Jin,7 con-
sidering different fiber volume fractions. In fact, Nan
and Jin7 showed a general theory for predicting the
effective properties of piezoelectric composites with
square fiber, defined as UFM. This approach is based
on the iso-fields assumption such that stresses, strains,

electric field. and electric displacements are uniform
throughout the structure for the macroscopic
level. Thus, the UFM neglects the micro-structural
details.

Figures 12 and 13 show the effective coefficients
associated to directions 1 and 2 (transverse direction).
These coefficients exhibit higher differences, considering
different level of properties degradation, mainly for
fiber volume fractions higher than 30%. In fact, these
differences can be more than 100%. Thus, it is observed
that for values of Kt equal to 105 and 1010, there were
not large differences in the response for low fiber
volume fraction. However, if volume fractions are
increased, then the differences are also increased.
Although the cube dimensions are equal for all ana-
lyses, because only the fiber dimension in the RVE
changes, it is very important to notice that the contact
area between the fiber and the matrix increases, when
the fiber volume fraction increases. Therefore, the influ-
ence of the Kt is important, but the contact area is also
relevant for the calculation of the effective properties of
smart composites. This explains why the differences
increase for Kt equal 105 and 1010, when the fiber
volume fractions increase.

Figures 14 and 15 show the effective coefficients
associated to directions 1 and 3 (transverse and longi-
tudinal directions, respectively). It can be noticed that
only the transverse direction presents variation in the
effective properties. These differences can be also higher
than 100% when different levels of imperfection were
considered.

Regarding Figures 16 and 17, it is possible to observe
that the effective values for Kt equaling 1� 100 (N/

Figure 10. Circular fiber with imperfect contact (Kn¼1 and Kt¼ 1): (a) first analysis T11; (b) fourth analysis D1; (c) sixth analysis E2.

Figure 11. Square fiber with imperfect contact (Kn¼1 and Kt¼ 1): (a) fourth analysis D1; (b) fourth analysis E1; (c) sixth analysis E2.
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mm�mm�2) decrease with increasing of the fiber
volume fraction, i.e. the composite becomes more flex-
ible. Also, differences between completely imperfect and
perfect can be higher than 100%. In fact, this behavior
ensures that the parameter Kt influences mainly the
transversal effective coefficients.

Regarding the piezoelectric coefficients (Figures 18
to 20), it is possible to observe that the effective coeffi-
cient eeff13 is strongly influenced by the imperfect contact.
The effective coefficient eeff15 shows some influence and
the coefficient eeff33 does not show any influence of the
imperfect contact. Thus, the imperfect model presented

Figure 12. Evolution of elastic property (c
eff
11 ) of AFCs as a function of the fiber volume fraction: comparison between the uniform

field method and FEA: (a) circular cross section; (b) square cross section.

Figure 13. Evolution of elastic property (c
eff
12 ) of AFCs as a function of the fiber volume fraction: comparison between the uniform

field method and FEA: (a) circular cross section; (b) square cross section.
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in this work influences mainly the transversal effective
coefficients.

Regarding the dielectric coefficients (Figures 21
and 22), it is possible to conclude that the imperfect
condition, as modeled in this work, has no influence
in the effective coefficients "eff11 and "eff33 .

As shown by Figures 12 to 22, in general, the effect-
ive coefficients for both square and circular fiber cross

sections can be very different, considering the level of
the imperfect contact as well as the fiber volume frac-
tion. As in previous analyses, the ceff11 , c

eff
12 , c

eff
66 , e

eff
15 , and

"eff11 coefficients show significant differences for both
square and circular fiber cross sections, mainly for
fiber volume fractions higher than 30%, due to the
aspects previously discussed. Thus, coefficients asso-
ciated to directions 1 and 2 (transversely direction),

Figure 14. Evolution of elastic property (c
eff
13 ) of AFCs as a function of the fiber volume fraction: comparison between the uniform

field method and FEA: (a) circular cross section; (b) square cross section.

Figure 15. Evolution of elastic property (c
eff
33 ) of AFCs as a function of the fiber volume fraction: comparison between the uniform

field method and FEA: (a) circular cross section; (b) square cross section.
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i.e. transversal the fiber (ceff11 , c
eff
12 , and "

eff
11 ), show higher

differences.
All effective coefficients, which are oriented in direc-

tion 3 (longitudinal direction), i.e. along the fiber (ceff33

and "eff33 ), show lower differences. This occurs even for a
wide range of fiber volume fraction and for different
levels of the imperfect contact. In fact, all the

coefficients related to direction 3 almost show the
same value for different Kt. However, for the coeffi-
cients associated to directions 1 and 2, the values
decrease in function of increment of imperfections.
This behavior is due to the imposed imperfect condi-
tion, since the parameter Kt influences mainly the trans-
versal effective coefficients. However, it is possible to

Figure 17. Evolution of elastic property (c
eff
66 ) of AFCs as a function of the fiber volume fraction: comparison between the uniform

field method and FEA: (a) circular cross section; (b) square cross section.

Figure 16. Evolution of elastic property (c
eff
44 ) of AFCs as a function of the fiber volume fraction: comparison between the uniform

field method and FEA: (a) circular cross section; (b) square cross section.
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observe that the imperfect contact model, considering
only the degradation of the mechanical properties, not
only influence the elastic constants, but also the piezo-
electric effective values.

Regarding the comparison between square and cir-
cular cross section, it is possible to conclude that the
coefficients ceff11 , c

eff
12 , c

eff
66 , and eeff15 present the higher dif-

ferences. They can be higher than 51% for Kt equaling
1� 100 (N/mm�mm�2). However, these differences

decrease with increasing Kt values, showing a maximum
difference of 20% for Kt equaling 1� 1010

(N/mm�mm�2).

Conclusions

By using the proposed numerical approach, longitu-
dinal and transversal effective coefficients for a PZT
fiber embedded in a nonpiezoelectric material (epoxy

Figure 18. Evolution of piezoelectric property (e
eff
13 ) of AFCs as a function of the fiber volume fraction: comparison between the

uniform field method and FEA: (a) circular cross section; (b) square cross section.

Figure 19. Evolution of piezoelectric property (e
eff
15 ) of AFCs as a function of the fiber volume fraction: comparison between the

uniform field method and FEA: (a) circular cross section; (b) square cross section.
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resin matrix) are evaluated and compared to other
approaches found in the literature. The proposed
approach requires particular care with RVE boundary
conditions. If the boundary conditions are not applied
correctly, then rigid body motions may occur and con-
taminate the numerical calculations. Although, great

amount of boundary conditions may lead to over con-
strained RVE, thereby affecting the model perform-
ance. Therefore, it is very important to balance the
boundary conditions application as shown in the sec-
tion ‘‘Loadings and boundary conditions applied on
the RVE models’’.

Figure 20. Evolution of piezoelectric property (e
eff
33 ) of AFCs as a function of the fiber volume fraction: comparison between the

uniform field method and FEA: (a) circular cross section; (b) square cross section.

Figure 21. Evolution of dielectric property ("eff
11 ) of AFCs as a function of the fiber volume fraction: comparison between the

uniform field method and FEA: (a) circular cross section; (b) square cross section.
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Different case studies were investigated by using the
proposed approach in order to evaluate the influence of
different parameters on the effective coefficients of smart
composite materials. Among these parameters, it is pos-
sible to cite: geometry of the fiber cross section, fiber
volume fraction and, mainly, the imperfection in the
fiber–matrix adhesion. Regarding the square arrange-
ment of fibers with circular geometry and contact per-
fect, it is concluded that the results are similar to those
verified in the literature. Regarding the square arrange-
ment of fibers with square geometry and contact perfect,
it is concluded that the effective coefficients calculated
via proposed approach satisfy the Universal Relations
provided by Benveniste and Dvorak.6 It is important to
notice that the effective values verified using the
Universal Relations provided differences less than 0.1%.

It is shown that the effective coefficients for both
square and circular fiber cross-sections can be very dif-
ferent, considering the level of the imperfect contact as
well as the fiber volume fraction. It is concluded that
the coefficients associated to directions 1 and 2 (trans-
versely direction) show higher differences. However, all
effective coefficients, which are oriented in direction 3
(longitudinal direction) show lower differences. This
occurs even for a wide range of fiber volume fraction
and for different levels of the imperfect contact. Indeed,
this behavior is due to the imposed imperfect condition,
since the parameter Kt influences mainly the transversal
effective coefficients. Also, it is possible to conclude that
the imperfect contact not only modifies mechanical
coefficients of the smart composite material, but also

piezoelectric coefficients due to the natural coupling
effects.

Finally, as shown, the proposed numerical approach
based on RVE and FEA can predict the homogenized
properties for piezoelectric fiber composites, mainly con-
sidering imperfect fiber–matrix adhesion. Therefore, the
present procedure can aid to design smart composite
materials. In future works, the authors will investigate
this problem, considering different combinations of par-
ameters and values, using functionally graded materials
and experimental analysis, as well. Besides, by using the
proposed methodology, the authors can investigate
others piezoelectric fibers like PZT-7A as well as others
arrangements (e.g. rhombic cell arrangements), and
the results can be compared to other researchers.43–45
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Figure 22. Evolution of dielectric property ("eff
33 ) of AFCs as a function of the fiber volume fraction: comparison between the

uniform field method and FEA: (a) circular cross section; (b) square cross section.

Tita et al. 17

 at UNIV FEDERAL FLUMINENSE on September 25, 2015jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


XML Template (2015) [14.1.2015–5:56pm] [1–19]
//blrnas3.glyph.com/cenpro/ApplicationFiles/Journals/SAGE/3B2/JCMJ/Vol00000/140259/APPFile/SG-JCMJ140259.3d (JCM) [PREPRINTER stage]

References

1. Hagood NW and Bent AA. Development of piezoelectric

fiber composites for structural actuation. AIIA Paper

1993; 1717: 3625–3638.
2. Wilkie WK, High WJ, Mirick PH, et al. Low-cost piezo-

composite actuator for structural control applications.

In: SPIE’s 7th annual international symposium on

smart structures and materials, Newport Beach, CA,

USA, 2000.
3. Chan HLW and Unsworth J. Simple model for piezoelec-

tric ceramic/polymer 1-3 composites used in ultrasonic

transducer applications. IEEE Trans Ultrason

Ferroelectr Freq Control 1989; 36: 434–441.
4. Smith WA and Auld BA. Modeling 1-3 composite piezo-

electrics: Thickness-mode oscillations. IEEE Trans

Ultrason Ferroelectr Freq Control 1991; 38: 40–47.
5. Schulgasser K. Relationships between the effective prop-

erties of transversely isotropic piezoelectric composites.

J Mech Phys Solids 1992; 40: 473–479.
6. Benveniste Y and Dvorak GJ. Uniform fields and univer-

sal relations in piezoelectric composites. J Mech Phys

Solids 1992; 40: 1295–1312.

7. Nan CW and Jin FS. Multiple-scattering approach to

effective properties of piezoelectric composites. Phys

Rev B 1993; 48: 8578–8582.
8. Rodrı́guez-Ramos R, Sabina FJ, Guinovart-Dı́az R,

et al. Closed-form expressions for the effective coeffi-

cients of a fiber reinforced composite with transversely

isotropic constituents - I. Elastic and square symmetry.

Mech Mater 2001; 33: 223–235.

9. Bravo-Castillero J, Guinovart-Dı́az R, Sabina FJ, et al.

Closed-form expressions for the effective coefficients of a

fiber reinforced composite with transversely isotropic

constituents - II. Piezoelectric and square symmetry.

Mech Mater 2001; 33: 237–248.
10. Sevostianov I, Levin V and Kachanov M. On the model-

ing and design of piezocomposites with prescribed prop-

erties. Arch Appl Mech 2001; 71: 733–747.

11. Otero JA, Bravo-Castillero J, Guinovart-Diaz R, et al.

Analytical expressions of effective constants for a piezo-

electric composite reinforced with square cross-section

fibers. Arch Mech 2003; 55: 357–371.

12. Ray MC. Micromechanics of piezoelectric composites

with improved effective piezoelectric constant. Int J

Mech Des 2006; 3: 361–371.
13. Deraemaeker A, Nasser H, Benjeddou A, et al. Mixing

rules for the piezoelectric properties of macro fiber com-

posites. J Intel Mat Syst Str 2009; 20: 1475–1482.
14. Kumar A and Chakraborty D. Effective properties of

thermo-electro-mechanically coupled piezoelectric fiber

reinforced composites. Mater Des 2009; 30: 1216–1222.
15. Ghasemi-Nejhad MN, Russ R and Pourjalali S.

Manufacturing and testing of active composite panels

with embedded piezoelectric sensors and actuators.

J Intel Mat Syst Str 2005; 16: 319–333.
16. Wickramasinghe VK and Hagood NW. Durability char-

acterization of active fiber composite actuators for heli-

copter rotor blade applications. J Aircraft 2004; 41:

931–937.

17. Wickramasinghe VK and Hagood NW. Material charac-

terization of active fiber composites for integral twist-

actuated rotor blade application. Smart Mater Struct

2004; 13: 1155–1165.
18. Gaudenzi P. On the electromechanical response of active

composite materials with piezoelectric inclusions. Comput

Struct 1997; 65: 157–168.

19. Berger H, Kari S, Gabbert U, et al. An analytical and

numerical approach for calculating effective material

coefficients of piezoelectric fiber composites. Int J

Solids Struct 2005; 42: 5692–5714.
20. Berger H, Kari S, Gabbert U, et al. Unit cell models of

piezoelectric fiber composites for numerical and analyt-

ical calculation of effective properties. Smart Mater

Struct 2006; 15: 451–458.

21. Kar-Gupta R and Venkatesh T. Electromechanical

response of 1-3 piezoelectric composites: An analytical

model. Acta Mater 2007; 55: 1093–1108.
22. Paradies R and Melnykowycz M. Numerical stress inves-

tigation for piezoelectric elements with a circular cross

section and interdigitated electrodes. J Intel Mat Syst

Str 2007; 18: 963–972.

23. Trindade MA and Benjeddou A. Effective electromech-

anical coupling coefficients of piezoelectric adaptive

structures: Critical evaluation and optimization. Mech

Adv Mater Struct 2009; 16: 210–223.
24. Medeiros R, Rodrı́guez-Ramos R, Guinovart-Dı́az R,

et al. Numerical and analytical analyses for active fiber

composite piezoelectric composite materials. J Intel

Mater Syst Struct 2014; 1045389X14521881.
25. Trindade MA and Benjeddou A. Finite element hom-

ogenization technique for the characterization of d15
shear piezoelectric macro-fibre composites. Smart Mater

Struct 2011; 20: 075012.
26. Würkner M, Berger H and Gabbert U. On numerical

evaluation of effective material properties for composite

structures with rhombic fiber arrangements. Int J Eng Sci

2011; 49: 322–332.
27. Medeiros R, Moreno ME, Marques FD, et al. Effective

properties evaluation for smart composite materials.

J Braz Soc Mech Sci Eng 2012; 34: 362–370.
28. Shari H-Z and Chou T-W. Transverse elastic moduli of

unidirectional fiber composite with fiber/matrix inter-

facial debonding. Compos Sci Technol 1995; 53: 383–391.

29. Achenbach JD and Zhu H. Effect of interfacial zone on

mechanical behavior and failure of fiber-reinforced com-

posites. J Mech Phys Solids 1989; 37: 381–393.
30. Hashin Z. The spherical inclusion with imperfect inter-

face. J Appl Mech 1991; 58: 444–453.
31. Hashin Z. Thermoelastic properties of particulate com-

posites with imperfect interface. J Mech Phys Solids 1991;

39: 745–762.
32. Hashin Z. Thin interphase/imperfect interface in elasticity

with application to coated fiber composites. J Mech Phys

Solids 2002; 50: 2509–2537.
33. Caporale A, Luciano R and Sacco E. Micromechanical

analysis of interfacial debonding in unidirectional fiber-

reinforced composites. Comput Struct 2006; 84:

2200–2211.

18 Journal of Composite Materials 0(0)

 at UNIV FEDERAL FLUMINENSE on September 25, 2015jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


XML Template (2015) [14.1.2015–5:56pm] [1–19]
//blrnas3.glyph.com/cenpro/ApplicationFiles/Journals/SAGE/3B2/JCMJ/Vol00000/140259/APPFile/SG-JCMJ140259.3d (JCM) [PREPRINTER stage]

34. Rodrı́guez-Ramos R, Guinovart-Dı́az R, Lópes-
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