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Geometric phases within a canonical formulation of chiral molecules are analyzed paying special atten-
tion to the fundamental role played by the parity violating energy difference. We study the Hamiltonian
dynamics in terms of canonically conjugate variables, showing how parity-violating energy difference
could be locked (PVED-locking) by means of a circularly polarized electric field. Signatures of this locking
are predicted to occur both in the geometric phase and in the interference between chiral states.
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1. Introduction

The still elusive experimental detection of electroweak symme-
try-breaking in chiral molecules is one of the most fascinating
problems which links very detailed theoretical and experimental
studies devoted to measure the parity violating energy difference
(PVED) between the two enantiomers of chiral molecules (a conse-
quence of the theory of electroweak interactions). This PVED is
estimated to be between 10�13 and 10�21 eV [1,2] but no conclu-
sive energy difference has been reported up to date. In particular,
high-resolution laser spectroscopy of bromochlorofluoromethane
(CHBrClF) has been extensively studied [3] but no unambiguous
observation has been made so far up to a precision of 10�14 in
the relative shift of the hyperfine component of the C–F stretching
fundamental band of the two enantiomers (see [3] and references
therein). Based on the observation of quantum beats in the electro-
weak optical activity of chiral molecules, several experimental
techniques have been proposed for the observation of parity viola-
tion in molecular systems such as, for example, rovibrational [4],
electronic [5,6], Mossbauer [7] and NMR spectroscopies [8] and
optical activity measurements [9–21]. The existence of quantum
beating is due to the oscillation between left- and right-handed
states, this being a typical example of a cyclic evolution.

It is well known that, in quantum mechanics, the initial and final
state vectors of a cyclic evolution are related by a phase factor which
can have observable consequences. Thus, Berry showed [22] that
when the Hamiltonian is a function of a set of parameters and under-
goes an adiabatic evolution along a closed curve in the parameter
space, then a state that remains an eigenstate develops a geometrical
ll rights reserved.
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phase which depends only on that curve. Some years later, Aharonov
and Anandan generalized this result defining a new geometric phase
factor (which is a gauge invariant generalization of the phase factor
found by Berry in the special case of adiabatic evolution) for any
cyclic evolution of a quantum system [23]. Geometrical phases have
been measured in many different fields of Physics [24]. For instance,
in the field of high-energy physics, the geometric phase due to
neutrino mixing has been studied in the context of the standard
formulation of neutrino oscillations [25–27]. In molecular physics,
geometric phases have been mainly studied in the context of conical
intersections [28], where the Born–Oppenheimer approximation
breaks down [24,29–31].

In this work, a different application of geometric phase effects
in molecular physics is carried out. The goal is to look for alterna-
tive manifestations of PVED in chiral molecules [32]. The cyclic
oscillation describing the stereomutation dynamics of chiral mole-
cules gives place to geometric phases. These geometric phases are
also explored for superposition states by using a canonical formu-
lation in the description of the dynamics of chiral molecules [33].
In addition, following the model developed in [17], external chiral
fields (circularly polarized electric fields) are shown to influence in
the geometric phase. Furthermore, the interference pattern dis-
played by a superposition of chiral states in presence of external
fields exhibits PVED-locking when the field amplitude equals the
PVED in absolute value. This locking is also exhibited by the geo-
metric phase.
2. Geometric phase for non-interacting chiral states

The isolated chiral molecule is modeled in a phenomenological
way by a two-well potential within the Born–Oppenheimer
approximation. The chiral states, jLi and jRi, have the same energy
E0. These states are connected to each other by tunneling through
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the double well barrier, so that if H is the Hamiltonian of the mol-
ecule, and following a common criteria for signs, then hLjHjRi ¼ �d,
with d > 0. When a slight asymmetry in the double well potential is
included due to the electroweak parity violation, the PVED is de-
fined as 2� ¼ hLjHjLi � hRjHjRi. Taking E0 = 0 as the origin of ener-
gies, the Hamiltonian describing the molecule is

Ĥ ¼ dr̂x þ �r̂z; ð1Þ

where r̂x;z are the Pauli matrices (⁄ = 1).
The chiral states can be described in terms of the eigenstates by

means of a rotation,

jLi
jRi

� �
¼ cos h � sin h

sin h cos h

� �
j1i
j2i

� �
; ð2Þ

where the mixing angle, h, is given by tan 2h ¼ d=�. From the time-
dependent Schrödinger equation, i@tW ¼ HW, the time dependence
of the jLi chiral state can be expressed as

jLiðtÞ ¼ e�iE1t ½cos hj1i � sin he�itðE2�E1Þj2i�; ð3Þ

where E1;2 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ �2

p
¼ D are the eigenenergies of the system.

After a period T ¼ 2pðE1 � E2Þ�1 ¼ pD�1, the chiral state acquires a
phase according to

jLðTÞi ¼ ei/d jLð0Þi ð4Þ

where

/d ¼ �2p
E1

E1 � E2
¼ �p ð5Þ

is the so-called dynamical phase. Following [23], the total phase ac-
quired by jLi during a single oscillation is

/ ¼ /d þ
Z T

0
L i

d
dt

����
����L

� 	
dt ¼ /d þ /g ; ð6Þ

where /g is the geometric phase. This phase for the two chiral states
are given by

/gðLÞ ¼ �p cos 2h ¼ �p �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ �2

p : ð7Þ

and

/gðRÞ ¼ p cos 2h ¼ �/gðLÞ: ð8Þ

Thus, chiral states only acquire a geometric phase iff parity is non-
conserved. When tunneling matrix elements between chiral states
are larger than the PVED between them, only dynamical phases sur-
vive. On the other hand, when tunneling is prevented due to a high
barrier, the splitting between chiral states is only due to the PVED
and an eventual measurement of the geometric phase should consti-
tute an unequivocal manifestation of parity violation. For instance,
CHBrClF or even alanine (both with practically infinite stereomuta-
tion time [1]) could be good candidates for such experimental
measurements.

3. Geometric phase for non-interacting superposition states

Let us calculate the geometric phase for a superposition state of
the form

jWðtÞi ¼ aLðtÞjLi þ aRðtÞjRi; ð9Þ

where the complex amplitudes aL;RðtÞ are the solutions of the time
dependent Schrödinger equation

_aLðtÞ
_aRðtÞ

� �
¼

� d

d ��

� �
aLðtÞ
aRðtÞ

� �
: ð10Þ

The solutions of this system of linear equations are easily obtained
by means of Laplace transforms
aLðtÞ ¼ a0
L cos Dt � i

D
ða0

L�þ a0
RdÞ sin Dt

aRðtÞ ¼
1
d

a0
L�þ a0

Rd

 �

� �a0
L

� 

cos Dt

þ i
d
�
D
ða0

L�þ a0
RdÞ � Da0

L

� �
sin Dt; ð11Þ

where a0
L;R � aL;Rðt ¼ 0Þ. Inserting now these expressions in Eq. (6),

the geometric phase can be written as

/gðWÞ ¼ p �
D
ðja0

Rj
2 � ja0

L j
2Þ � p d

D
a0�

R a0
L þ a0�

L a0
R


 �
; ð12Þ

where ⁄ denotes complex conjugate.
An alternative and very appealing way to re-express the geomet-

rical phase given by (12) is by means of a recent canonical formula-
tion of the dynamics of any isolated two-state system [33]. If the
complex amplitudes are written in polar form as aL;RðtÞ ¼
jaL;RðtÞjeiUL;RðtÞ and the optical activity is defined as

zðtÞ � jaRðtÞj2 � jaLðtÞj2 ð13Þ

and the phase difference between chiral states as

UðtÞ � URðtÞ �ULðtÞ; ð14Þ

then Eq. (12) can be expressed as

/gðWÞ ¼ p d
D
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

0

q
cos U0 þ

�
d

z0

� �
: ð15Þ

Recently, we have showed [33] that any isolated two-level sys-
tem can be represented by the Hamiltonian

H ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2ðtÞ

q
cos UðtÞ þ �

d
zðtÞ; ð16Þ

where z(t) and UðtÞ can be seen as a pair of canonically conjugate
variables obeying the Heisenberg equations of motion. These equa-
tions are formally identical to the Hamilton equations of motion,

_z ¼ � @H
@U

_U ¼ @H
@z

;

ð17Þ

with H ¼ hĤiW. Now from Eqs. (13),(14) and (17), using a dimen-
sionless time t ! 2dt, the equations of motion are explicitly writ-
ten as

_zðtÞ � dz
dt
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p

sin U

_UðtÞ � dU
dt
¼ zffiffiffiffiffiffiffiffiffiffiffiffiffi

1� z2
p cos Uþ �

d
; ð18Þ

leading to Harris and Stodolsky’s seminar results on the appearance
of quantum beats in parity violating chiral molecules [9].

Thus, in terms of these two new conjugate variables, the geo-
metric phase for the superposition state here considered (Eq. (9))
turns out to be

/gðWÞ ¼ p d
D

H0; ð19Þ

where H0 � H½zðt ¼ 0Þ;Uðt ¼ 0Þ� is a conserved magnitude. This re-
sult is also obtained from the definition of the geometrical phase,
Eq. (6). In what follows H instead of H0 will be used.

Let us suppose now that the amplitudes are real (U0 ¼ 0). In this
case,

/gðWÞ=p ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r2
p þ rz0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

0

q� �
; ð20Þ

where r � �=d denotes the ratio between the two fundamental
properties characterizing the chiral states. Notice that each chiral
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Figure 2. Geometric phase acquired by the superposition state of Eq. (9) during a
single cyclic oscillation in terms of the initial phase of the chiral states, Uð0Þ, for
different values of r � �=d and with z(0) = 0.
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molecule is represented by a particular value of such a ratio. This ra-
tio is also directly linked to the mixing angle of rotation h. Three
limiting cases are worth mentioning for /gðrÞ which depends only
on the initial population difference z0

lim
r ! 1

/gðWÞ ! pz0

lim
r ! 0

/gðWÞ ! �p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

0

q

lim
r ! 1

/gðWÞ !
pffiffiffi
2
p z0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

0

q� �
: ð21Þ

In Figure (1), the geometric phase is plotted versus z0 for such lim-
iting cases. As can be seen, this intrinsical property can be used to
clearly discriminate between parity-conserving and parity-violating
chiral molecules. In particular, the linear behavior ðr ! 1Þ could
be found, for instance, for CHBrClF (2� � 10�16 eV, and d� 2�) or
alanine (2� � 10�18 eV, and d� 2�). The parabolic behaviors could
be displayed by T2S2 (short-dotted line; 2� � d � 10�16 eV and
r ! 1) and H2O2 (long-dotted line; 2� � 10�18 eV;d � 10�3 eV and
r ! 0). For a complete table containing PVEDs and tunneling ma-
trix elements for different chiral molecules, see [1] and references
therein.

So far we have described how to distinguish between parity-
odd and parity-even chiral molecules by looking at their geometric
phase in terms of the population difference, z(t), assuming
Uð0Þ ¼ 0. One can relax this constraint taking into account the
opposite situation: z(0) = 0 (equal population for left and right chi-
ral states) and assuming a non-zero initial phase, Uð0Þ. In this case,
the geometric phase turns out to be

/gðWÞ ¼ �p d
D

cos U0: ð22Þ

In Figure (2) the dependence of the geometric phase with the initial
phase is very sensitive to the ratio �=d. Each value of r represents a
different chiral molecule. For chiral molecules where � K d, a co-
sine dependence is found. On the contrary, when �	 d, the ac-
quired geometric phase is zero.

On the other hand, information on interference experiments can
be easily extracted from the probability density. As expected, the
interference signal is of cosine-type according with

I / jWðtÞj2 / 1þ 2jaLðtÞkaRðtÞj cos UðtÞ ð23Þ
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Figure 1. Geometric phase acquired by the superposition state of Eq. (9) during a
single cyclic oscillation in terms of the initial population difference z0 for different
values of r � �=d. Real initial amplitudes have been considered.
and one should be able to obtain information on cos U(t), or simply
the phase difference U(t), from this signal. It is interesting to note
that Eq. (23) can be re-written as

I / 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2ðtÞ

q
cos UðtÞ ¼ 1þ �

d
zðtÞ � H: ð24Þ

From Eq. (24) we conclude that the interference signal between chi-
ral states is time dependent only when z0 – 0 and �– 0, otherwise
it remains constant. Moreover, from Eq. (18) and taking U0 = 0 one
obtains

zðtÞ ¼ z0
r2

r2 þ 1
þ 1

r2 þ 1
cos 2dt

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p� �
: ð25Þ

Thus, the time-dependence of the interference signal is

I / 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2ðtÞ

q

¼ 1� z0
r2

r2 þ 1
þ 1

r2 þ 1
cos 2dt

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p� �
: ð26Þ

We point out that this type of experiments could be used to look for
signals of parity violation in chiral molecules.

Finally, it is also illustrative to study the effect produced by an
external chiral perturbation, H0, in both the geometric phase and
the interference signal shown in Eqs. (20) and (24). Following
Ref. [17], consider a static (or time-averaged) external chiral influ-
ence. The Hamiltonian which extends trivially Eq. (1) is given by
Ĥ ¼ dr̂x þ ~�r̂z, where ~� ¼ �þ �0 and �0 ¼ hLjH0 jLi ¼ �hRjH0jRi. Under
this approach, the new fundamental ratio changes from r ¼ �=d to
~r ¼ ~�=d. Assuming a circularly polarized red laser as the external
source of chirality, the energy difference between enantiomers
due to H0 turns out to be �0 � �3 
 10�24E2 eV, where E is the inten-
sity of the electric field [17,34]. Thus, an external field such that
200 < E<2000 Vm�1 compensates a PVED between 10�16 and
10�18 eV [17]. As a consequence, the ratio ~r ¼ ~�=d becomes highly
tunable by controlling the electric field.

In presence of the external field, the geometric phase of Eq. (20)
is modified by the substitution r ! ~r or � ! ~�,

/gðWÞ=p ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ~r2
p þ ~rz0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

0

q� �
: ð27Þ

In Figure (3) it is showed the geometric phase acquired by jWi dur-
ing a single cycle for different values of ~r, depending on the initial
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Figure 3. Geometric phase acquired by the superposition state of Eq. (9) during a
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ratio ~r � ~�=d. We have taken real initial amplitudes.
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population difference. Three limiting cases, depending whether
~r ! �1 (region one), ~r ! 0 (region two) or ~r ! 1 (region three)
are again considered. Notice that the signal of parity violation ap-
pears in region two since, in this region, the applied electric field
can in principle be chosen such that �0 ¼ ��;~r ¼ 0 (PVED-locking).
Thus, the rule of thumb is that the PVED detection can be carried
out by annihilating its effect through an external field. To see how
this locking could be used to detect the PVED, let us focus on two
different molecules: CHBrClF and H2O2. In the first case, since parity
violation is supposed to dominate the dynamics of stereomutation,
the geometric phase behavior near ~r ¼ 0 can be reached by control-
ling the external field up to lock the exact value of E such that ~r ¼ 0.
On the contrary, for H2O2, region two can only be mapped when
E = 0.

The effect of this external field on the interference pattern given
by Eq. (24) is such that

I / 1þ
~�
d

zðtÞ � ~H; ð28Þ

where ~H ¼ Hð� ! ~�Þ. Thus, Eq. (26) is now replaced by
I / 1� z0
~r2

~r2 þ 1
þ 1

~r2 þ 1
cos 2dt

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ~r2

p� �
; ð29Þ

which reflects the control on the oscillations between chiral states
(the control of the electroweak optical activity [17]).

In Figure (4) the interference pattern obtained varying ~r
through the control of the external field and at different times gi-
ven by t d is displayed. The periodicity in the perpendicular is
due to the quantum beating of the optical activity. In this figure
the region around ~r ! 0 shows the critical behavior of the inter-
ference pattern (the color key refers to the values of the intensity).
Thus, the PVED-locking by means of a circularly polarized electric
field gives place to periodic minima in the interference signal.

4. Conclusions

In this work we have studied the geometric phase acquired in
the cyclic evolution of a chiral molecule, both in a pure chiral state
and in a superposition of two chiral states. A simple two-state
model that incorporates tunneling and parity violation effects into
the dynamics of chiral molecules is able to describe the strong
dependence of this geometric phase on the ratio between them.
A canonical formulation of the oscillation dynamics of chiral mol-
ecules to calculate the geometric phase in terms of two measurable
canonically conjugate variables (the population and phase differ-
ence between chiral states) has been used. It has been shown that
an eventual detection of this geometric phase constitutes a way of
proving the existence of the PVED, showing how this could be
achieved using chiral fields by PVED-locking (in particular circu-
larly polarized electric fields). This locking would give place to a
clear signature of parity violation in the interference pattern be-
tween chiral states. This study can be extended to include mean-
field effects in the geometric phase. Work in this direction is now
in progress.
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