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a b s t r a c t

In this contribution, effective elastic moduli are obtained by means of the asymptotic homogenization

method (AHM), for oblique two-phase fibrous periodic composites with two models (spring and

interphase) of imperfect contact conditions. This work is an extension of previous reported results,

where only perfect contact for elastic or piezoelectric composites for square and hexagonal arrays were

considered. The constituents of the composites exhibit transversely isotropic properties. A doubly

periodic parallelogram array of cylindrical inclusions under longitudinal shear is considered. The behavior

of the shear elastic coefficient for different geometry arrays related to the angle of the cell is studied. As

validation of the present method, some numerical examples and comparisons with theoretical and

experimental results verified that the present model is efficient for the analysis of composites with

presence of imperfect interface and parallelogram cell. The effect of the arrangement of the cells on the

shear effective property is observed. The present method can provide benchmark results for other

numerical and approximate methods.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

The transport properties of circular cylinders packed in regular
arrays are of considerable interest in a number of fields. The
transport property may be the electrical or thermal conductivities,
the dielectric permittivity, or the elastic shear modulus in antiplane
elasticity. The result is of interest in the field of materials physics
where two phase materials containing rod- or fiber-like inclusions
often occur. Knowledge of their electrical or thermal conductivities
and their elastic properties is valuable. Calculations on ordered
arrays of cylinders are therefore directly relevant to practical
situations. The problem of calculating the transport properties
will be discussed here in the context of stiffness elastic properties.
However, the mathematics and the results obtained are immedi-
ately applicable to other associated situations.

In most composites, the fiber–matrix adhesion is imperfect; the
continuity conditions for stresses and displacements are not satisfied.
Thus various approaches have been used, in which the bond between
the reinforcement and the matrix is modeled by an interphase with

specified thickness, by Hashin [1], Guinovart-Diaz et al. [2]. Other
assumptions suppose that the contrast or jump of the displacements in
the interface is proportional to the corresponding component of the
tension in the interface in terms of a parameter given by the constant of
a spring. This type of imperfect contact (spring type) in the interphases
of the composites was investigated by Benveniste and Miloh [3] among
others and has been used later, for instance, by Achenbach and Zhu [4]
and Hashin [5–7].

Molkov and Pobedria [8] reported the elastic effective coefficients
for two-phase fibrous composite with rhombic array of periodic cells
under perfect contact conditions. Recently, Abolfathi [9] applied a
numerical algorithm to determine the homogenized elastic properties
of bidirectional fibrous composites and Jiang et al. [10] analyzed
different situations of parallelogram composite. In this work, micro-
mechanical analysis method is applied to a periodic composite with
unidirectional fibers and parallelogram cells, in particular, rhombic
periodic cells. The analytical expressions of the homogenized elastic
properties are calculated for two phase composite with imperfect
contact conditions. Two approaches (spring and three phase models)
are used for the calculation of the shear elastic effective coefficients of
angular fibrous composites with anisotropic elastic constituents with
no well bonded contact. This contribution is an extension of previous
works of Rodriguez-Ramos et al. [11] and Guinovart-Diaz et al. [12]
using the asymptotic homogenization method (AHM). The results in
this paper are mainly focused on the impact of the fibers cross angles
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and the mechanical imperfection of the interface on the stiffness
properties of the chosen composites.

2. General considerations. Contact at the interfaces

Let us consider unidirectional periodic fibers composite with
crossing angle y embedded in a matrix as shown in Fig. 1. The crossing
angle of the fibers is assumed to remain constant so that a parallelo-
gram cell with periods w1, w2 can be defined. The periodicity of
microstructure determines the geometry of the periodic cell S. Thus, a
two-phase periodic composite is considered here which consists of a
parallelogram array of identical parallel circular cylinders embedded in
a homogeneous medium (Fig. 2). As a unidirectional fibrous composite
it is assumed that the microstructure of the composite along the third
direction (perpendicular to plane of cross-section) remains constant.
The fibers are all assumed straight and of circular cross sections with
radius R. The material properties of each phase belong to the crystal
symmetry class 6 mm, where the axes of material and geometric
symmetry are parallel. The composite is not well bonded at the contact
between the matrix and the fiber. Therefore, imperfect contact
conditions at the interface G are considered.

The governing elastic equations for this kind of materials are the
Navier equations of linear elasticity. As the body forces are absent,
stress (r), strain (e), and displacement (u¼(u1, u2, u3)) fields satisfy
the following three equations, respectively:

Stress�strain relations: r¼ C:e: ð1Þ

Displacement-strain relations : e¼
1

2
ðruþrTuÞ: ð2Þ

Equilibrium equations : rUr¼ 0, ð3Þ

where C is the elasticity tensor and r is the gradient operator,
comma notation is understood to denote differentiation with
respect to xi.

Since most reinforcements may not be perfectly bonded to their
surrounding matrix, the perfect bonding condition is often inade-
quate in describing the physical and mechanical behavior of real
composite materials. An imperfect bond may be introduced delib-
erately by coating the reinforcements to control the properties of the
composites and sometimes to improve their fatigue life [1]. More-
over, chemical reactions between reinforcements and the matrix in
manufacturing process or the damage caused by cyclic loadings of
the composites can develop imperfect bonding interfaces. To model
the imperfect bonding at the interfaces, some idealized interfacial
conditions have been proposed by various investigators. For exam-
ple, Gharemani [13], Mura and Furuhashi [14], Mura et al. [15], and
Jasiuk et al. [16], among others have used the pure frictionless sliding
condition to model grain boundary sliding in polycrystalline mate-
rials and particle sliding in soil. Furthermore, the frictional sliding
considered by numerous researchers; see, for example, Hashin [1,5],
Jasiuk et al. [17], Huang et al. [18], Gao [19], and Zhong and Meguid
[20] is a more realistic interfacial condition, in which the frictional
resistance of the interface is accommodated by assuming that the
discontinuous components of displacement are proportional to the
associated tractions

:sij:nj ¼ 0,

:ul:ðdil�ninlÞ ¼ ð1=KÞTi, on G
:ul:ninl ¼ ð1=MÞNi ð4Þ

where Ti¼sijnj�slmnlnmni and Ni¼slmnlnmni are the shear and
normal components of the surface traction, respectively. G denotes
the interface between the fibers and matrix, whereas K and M are
values of sliding and debonding parameters. As these parameters
become infinite, the perfect bonding condition is recovered, while
pure sliding condition occurs when K is zero and M approaches
infinity. Since these parameters are related to the macroscopic
behavior of composites, the theory suggests that they can be
determined by a set of carefully designed experiments.

Since a binary periodic composite is studied, thus, two distinct
phases, occupying S1 and S2 (Fig. 2) are assumed to be in non-
perfect contact along the interface G of each cylinder. In order to
model various possible damages occurring on the fiber-matrix
interface composite two formulations of imperfect bonded are
considered as follows:

(i) Linear spring interface (LSI) model. A generalized shear lag model
[1,5] that can be termed as the mechanically compliant weakly
conducting interface is useful for the analysis of the behavior of
composites. The imperfect interface proposed is the shear lag
model (or the spring layer model): tractions are continuous but
displacements are discontinuous across the imperfect inter-
face. The jumps in displacement components are further
assumed to be proportional, in terms of the ‘‘spring-factor-
type’’ interface parameter, to their respective interface traction
components

sðaÞt ¼
_
K utj jj j, s2

ð1Þ
Un
-ð1Þ
¼ s2

ð2Þ
U n
!ð2Þ

, uð1Þn ¼ uð2Þn , on G ð5Þ

where the subscripts t and n means tangential and normal
directions respectively.

_
K is the proportional interface para-

meter. The double bar notation is used to denote the jump of
the relevant function across the interphase G taken from the
matrix (1) to the fiber (2) i.e. :f:¼ f1�f2. Eq. (5) is usually called
a weak interface condition. It has been originally proposed by
Goland and Reissner [21], later studied by many authors like
Benveniste and Miloh [3], Molkov and Pobedria [22], Mahiou
and Beakou [23], and Andrianov et al. [24].

(ii) Interphase contact (IC) model. The imperfect interface condition
is replaced by the explicit three-phase problem of two

Fig. 1. The cross-section of a rhombic array of angle y and periods w1, w2 of circular

fibers.

Fig. 2. The unit cell showing the domains S1 and S2 occupied by the matrix and fibers

materials; G is the common interface.
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constituents and an interphase of certain thickness (t), with
two perfect interfaces conditions at G1 and G2 (Fig. 3). The
region occupied by the matrix, the fiber and the interphase in
the periodic cell are denoted by S1, S2 and SI, respectively. The
common region between the matrix S1 and the interphase SI is a
circumference of radio R+t, denoted by G1 where t is the
thickness of interphase. The common region between the
interphase SI and the fiber S2 is a circumference of radio R

denoted by G2 (see in Fig. 3 the corresponding periodic cell).

Linear spring interface and interphase contact conditions, in this
article, referred to as imperfect bonding, is rather more general in
the sense that the pure sliding and perfect interface can be achieved
as its special cases. The most general form of the constitutive
relation for interfacial conditions can be obtained from interatomic
potentials [25, 26]. Based on nonlinear Needleman-type interfaces,
Levy and Dong [27] and Levy [28–29] obtained the effective
response of fiber composites subjected to transverse shear, axial
tension, and antiplane shear. Besides having a number of phenom-
enological fit parameters, which are not easy to be determined, the
problems with nonlinear interfacial conditions are usually very
complicated. This work is based on expanding the capability of the
theoretical models available in the literature to get closer to
realistic composites. Bonding between phases is a point that
requires attention. In that sense, we are presenting a contribution
using the linear spring model as possible mathematical description
of imperfections in the composites although its limitation for
effects of debonding or partial debonding which very often occurs.
Discussions on nonlinear interface models by asymptotic homo-
genization method are open points for further research.

In the forthcoming sections some summary ideas of the anti-
plane problem and a brief comment about asymptotic homogeni-
zation method (AHM) are given. The statement of the local
problems for both formulations (i) and (ii) are written and
the corresponding solutions are found. The effective coefficients
are calculated for both models of imperfect contacts. Analysis of the
results is discussed.

3. Asymptotic homogenization method (AHM) and antiplane
problems

In a two-dimensional situation, like in the considered geometry
here, it turns out that the above equations uncouple into two

independent systems under suitable boundary conditions. Just like,
the familiar plane- and anti-plane-strain deformation states in
linear elasticity see Pobedria [30] and Camacho-Montes et al. [31].
One of them involves u1, u2, i.e., it is a state of in-plane mechanical
deformation fields. The other state, which is of particular interest in
this work, is characterized by an out-of-plane mechanical displa-
cement u3 which is a function of the plane global variables x1 and x2.
The main aim of this paper is the determination of effective
properties in two-phase composites for the out-of-plane using
the homogenization method, say, as in Camacho-Montes et al. [31]
and Lopez-López et al. [32], but now considering mechanical
imperfect conditions at the interfaces. In this case the relevant
constitutive relations (1) and (2) are

s13 ¼ 2C1313e13, ð6Þ

s23 ¼ 2C2323e23, ð7Þ

where s13, s23 are the components of out-of-plane mechanical
stress, C1313 and C2323 are the elastic modulus and the differential
2e13¼u3,1, 2e23¼u3,2 denote the components of the mechanical
strain. The equilibrium equations (3) are transformed into

C3a3bðyÞu3,b
� �

,a ¼ 0, ð8Þ

where the Greek indices run from 1 to 2, and y¼x/e is the local
variable with e¼ l/L is a small geometrical parameter relating the
distance l between the centers of two neighboring cylinders and the
diameter L of the composite.

Eq. (8) has S-periodic coefficients and they are rapidly oscillat-
ing (see, Fig. 1). In order to obtain the homogenized equation and
the corresponding effective coefficients, the solution of Eq. (8) is
sought using the method of two scales by the ansatz

u3ðxÞ ¼ v0ðxÞþev1ðx,yÞþOðe2Þ, ð9Þ

being v1 is a S-periodic function respect to y. Substituting Eq. (9) into Eq.
(8), applying the chain rule considering that x and y are independents,
and equating the terms of orders e�1, e0 to zero, one can obtain that
v1ðx,yÞ ¼ a3NðyÞv0,aðxÞ where v0(x) is solution of the homogenized
equation C�3a3bv0,ab ¼ 0,where C�3a3b ¼ C3a3bðyÞþC3a3dðyÞa3N,dðyÞ

D E
are the so-called effective coefficients. The comma will be also used
to denote derivative respect to the local variable. The angular
brackets define the volume average per unit length over the unit cell,
that is, /FS¼

R
SF(y)dy.

The computation of effective coefficients depends on the
solution of problems over the periodic cell in order to obtain the
local functionsa3NðyÞ. The solution of such local problems (called in
the sequel asa3L), on the periodic cell described in Fig. 2, taking into
account the imperfect contact conditions (5) is one of the main
objectives of the present work. It is a well-known derivation whose
details can be found elsewhere and here is omitted (see, for
instance, [30, 33]).

Of a greater interest are the so-called local (or canonical)
problems associated here with the correction term v1 to the mean
variations v0, since they appear in the formulae of the effective
properties. There are two of such problems, which are referred as

13L and 23L. A pre-index is used to distinguish the functions such as
displacements for different local problems, which appear below.

Due to the linearity of Eqs. (5)–(8), the correction term v1, can be
obtained as a linear combination of some of such displacements
and potentials. This, however, will not be done here, since the main
objective of this paper is the characterization of the three effective
properties p11 ¼ C�1313, p12 ¼ C�1323, p21 ¼ C�2313 and p22 ¼ C�2323. The
symmetries of composite and constitutive materials lead us to find
one alternative form to obtain p11 and p22 and two alternatives for
obtaining p12¼p21 properties as follows:

p11 ¼ p1V1þp2V2þ p13N,1

� �
, ð10Þ

Fig. 3. Parallelogram periodic cell of composite, with a thickness interphase t of

another material between the matrix and fiber. Here G1 and G2 denote the common

interfaces between matrix and interphase, and interphase and fiber, respectively.
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p12 ¼ p21 ¼ p13N,2

� �
¼ p23N,1

� �
, ð11Þ

p22 ¼ p1V1þp2V2þ p23N,2

� �
, ð12Þ

where pg ¼ CðgÞ1313 with g¼1, 2 denotes the shear moduli of matrix
and fibers, respectively; 13N and 23N are functions of z¼y1+iy2 [31]
that are solutions of the local problems 13L and 23L, respectively.
V2¼pR2/V and V1¼1�V2 are the percentages of concentrations of
matrix and fiber respectively, and V ¼ w1j j w2j jsiny is the area of
periodic cell.

4. The antiplane (spring) problems a3L

The mathematical statement of the problem consists to find
doubly periodic functions a3N ¼ a3N

ðgÞ
ðyÞ if yASg, which satisfy the

following Laplace equation with the conditions:

r
2
a3N

ðgÞ
¼ 0, in Sg, ð13Þ

pgða3NðgÞ,1 n1þa3NðgÞ,2 n2Þþpgna ¼
_
K:a3N

ðgÞ
:, on G, ð14Þ

:pgða3NðgÞ,1 n1þa3NðgÞ,2 n2Þ:¼�:pg:na, on G, ð15Þ

a3N
� �

¼ 0, in S¼ S1 [ S2, ð16Þ

the outward unit normal vector to the interface G is n¼(n1,n2). The
pre-index used in Eqs. (13)–(16) for the local function will be
omitted for simplicity. The problem (13)–(16) should be converted
into dimensionless problems making the appropriate change.
Defining the dimensionless variable x¼y/l (this is not a small
parameter!), then NðgÞ, i ¼ uðgÞ, i and NðgÞ, ii ¼ uðgÞ, ii=l where uðgÞ ¼NðgÞ=l

and the derivative u,i is with respect to the variable xi. The interface
parameter is replaced by

_
K ¼ Kp1=Ro, K is a dimensionless para-

meter and R0 is the true radius of the fibers in the composite. Also
the dimensionless parameter R¼Ro/l is introduced. The dimension-
less problem related to Eqs. (13)–(16) over the periodic cell Y are
now rewritten below

r2uðgÞ ¼ 0, in Sg, ð17Þ

pgðu
ðgÞ
,1 n1þuðgÞ,2 n2Þþpgna

p1
¼

K

R
:uðgÞ:, on G, ð18Þ

�����
�����pgðu

ðgÞ
,1 n1þuðgÞ,2 n2Þ

p1

�����
�����¼�ð1�kÞna, on G, ð19Þ

uh i ¼ 0, in S¼ S1 [ S2, ð20Þ

where k¼ p2=p1 and u¼ uðgÞ if xASg.

5. Solution of local (imperfect spring) problems a3L (a¼1, 2)

The well-developed theory of analytical functions in [34] can be
applied to solve the problem (17)–(20). Doubly periodic harmonic
functions are to be found for the a3L local problems in terms of the
following expansions of harmonic functions:

uðgÞ ¼ RefjgðzÞg, ð21Þ

where

j1 ¼
aoz

R
þ
X1
k ¼ 1

o zðk�1Þ
ðz=RÞ

ðk�1Þ!

 !
ak and j2ðzÞ ¼

X1
p ¼ 1

o z

R

� �
bp, ð22Þ

z(z) is the Weierstrass’ z quasi-periodic function defined as

zðzÞ ¼
1

z
þ
X1
m,n

u 1

z�Pnm
þ

1

Pnm
þ

z

P2
nm

	 

,

Pnm¼nw1+mw2, for m, nAZ, and the prime over the summation
symbol means that the pair (m, n)¼(0, 0) is excluded. Laurent’s
expansion of function j1(z) is given by the following expression:

j1ðzÞ ¼
z

R
a0þ

X1
p ¼ 1

o R

z

	 

ap�

X1
p ¼ 1

o X1
k ¼ 1

o z

R

� � ffiffiffi
k

p

s
wkpak , ð23Þ

where

wkp ¼
ðkþp�1Þ!

ðk�1Þ!ðp�1Þ!

SkþpRkþpffiffiffiffiffiffiffiffiffiffi
k
ffiffiffi
p
pp , Skþp ¼

X
m,n

ðmw1þnw2Þ
�ðkþpÞ, m2þn2a0, kþpZ2, S2 ¼ 0:

The constants ao, ap, bp and z¼x1+ ix2 are complex numbers; the
over bar indicate complex conjugate and the superscript ‘‘o’’ on the
summation indicates that the sum is carried out only over odd
indices, w1, w2 are the periods.

From the condition of double periodicity of the function u

follows ao ¼ wR2H1a1þwR2H2a1, where

H1 ¼
d1w2�d2w1

w1w2�w2w1
, H2 ¼

d1w2�d2w1

w1w2�w2w1
,

with di¼z(z+wi)�z(z), and after some algebraic manipulations, the
following system of equations is obtained in order to find the
complex unknown coefficients ak by the system

apþb1R2H1a1d1pþb1R2H2a1d1pþbp

X1
k ¼ 1

owkpak ¼ Rb1d1pðd1a�id2aÞ,

ð24Þ

where dkp is Kronecker’s delta and

bp ¼
ð1�kÞKþpk
ð1þkÞKþpk

In order to find the solution of the system (24), it is reduced into
two subsystems with real and imaginary separated parts. The
magnitudes ak¼xk+ iyk, Hg¼h1g+ ih2g, wkp¼w1kp+ iw2kp where xk,
yk, h1g, h2g, w1kp and w2kp are real numbers, represent the real or
imaginary parts of complex numbers ak, bpH1, H2, wkp, respectively.

The system (24) for p¼1 is written in compact form as follows:

ðIþb1R2JÞXþb1N1X1 ¼ R1b1B, ð25Þ

where I represents the 2�2-unit matrix, J is the square matrix
defined by

J¼
ðh11þh12Þ ðh21�h22Þ

ð�h21�h22Þ ðh11�h12Þ

 !
,

the infinite matrix N1(nk1) is composed by two rows or
horizontal square blocks of order 2 of the form

nk1 ¼
w1k1 �w2k1

�w2k1 �w1k1

 !
, k¼ 2sþ1:

Moreover, the transpose vectors of unknowns XT
1 ¼ ðx1,y1Þ, BT

¼(d1a,
d2a) and XT

¼(x3, y3,y,xk, yk,y) are given.
The system (24) for pZ3 are transformed into

ðIþWÞX2 ¼�N2X1, ð26Þ

where the matrix W¼W(nkp) is composed by square blocks of order
2 of the form

nkp ¼ wp

w1kp �w2kp

�w2kp �w1kp

 !
,

k¼2s+1, p¼2t+1, s¼t¼1,2,3,y and N2¼N2(n1p) is formed by two
columns or vertical square blocks of order 2. From (26) follows

J.C. López-Realpozo et al. / International Journal of Mechanical Sciences 53 (2011) 98–107 101
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X2¼�(I+W)�1N2X1 and substituting into (25) results

a1 ¼ 1,ið ÞR Iþb1R2J�b1N1ðIþWÞ�1N2

� ��1
B: ð27Þ

In order to determine the effective properties it is necessary to
truncate the system of equations (24) in an appropriate order
k¼p¼N0. A very important first approximation is obtained if we
consider N0¼1, in this case only survives the unknowns with
subscripts k¼1 for the system (24). It is easy to solve this system
and its solution is

x1

y1

 !
¼ R Iþb1R2J

� ��1
B: ð28Þ

Introducing the notation

Z ¼ Iþb1R2J�b1N1ðIþWÞ�1N2, ð29Þ

the following explicit expressions of a1 are obtained from Eq. (27)
for the local problems 13L and 23L, respectively

a1 ¼ Rb1ðz22�iz21Þ=9Z9, ð30Þ

a1 ¼�ðRb1ðz12�iz11ÞÞ=9Z9, ð31Þ

where Zj jdenotes the determinant of numerical symmetric matrix Z:

6. Effective properties (imperfect spring)

Eqs. (10)–(12) are easily transformed applying Green’s theorem
to the area integrals. Replacing NðgÞ ¼ uðgÞ=l, dyi¼ ldxi the effective
coefficients p11, p12, p21 and p22 are connected by the following
relations:

p11�ip21 ¼ p1V1þp2V2�
p1

V
i

Z
G

uð1Þdx1þ

Z
G

uð1Þdx2

	 


þ
p2

V
i

Z
G

uð2Þdx1þ

Z
G

uð2Þdx2

	 

, ð32Þ

p12�ip22 ¼�i p2V1þp2Vð Þ�
p1

V
i

Z
G

uð1Þdx1þ

Z
G

uð1Þdx2

	 


þ
p2

V
i

Z
G

uð2Þdx1þ

Z
G

uð2Þdx2

	 

, ð33Þ

where V1 and V2 ¼ pR2=V are the volume fraction of matrix and
inclusion, respectively, V1+V2¼1 and V ¼ w1j j w2j jsiny denotes
the volume of the parallelogram periodic cell. In Eq. (32) u(g) is
the solution of the local problem 13L whereas in Eq. (33) u(g) is the
solution of the 23L. Taking into account (21)–(23) and the ortho-
gonality of the system of functions feinxg

1

n ¼ �1 in [0,2p], simple
analytical formulae for effective properties are deduced from
Eqs. (32) and (33) depending only on the unknown a1 as follows:

p11�ip12 ¼ p1 1�2V2a1=R
� �

, ð34Þ

p21�ip22 ¼�p1 iþ2V2a1=R
� �

, ð35Þ

where a1 in Eqs. (34) and (35) are given by Eqs. (30) and (31),
respectively. Finally, the effective coefficients can be written as

p11 ¼ p1 1�2V2b1z22= Zj j
� �

, ð36Þ

p12 ¼ 2p1V2b1z21= Zj j, ð37Þ

p21 ¼ 2p1V2b1z12= Zj j, ð38Þ

p22 ¼ p1 1�2V2b1z11= Zj j
� �

: ð39Þ

The analytical expressions of effective properties (36)–(39) are
functions of the properties and volume fractions of constituents, of
periodic cell w1, w2 and the imperfect parameter K. The effective

properties of a composite with perfect adhesion between the
constituents are obtained from Eqs. (36)–(39) taking K-N and
the total separation occurs when K-0. From the symmetric matrix
Z is deduced p12¼p21. The effective coefficients p11, p22 and
p12¼p21 represent the effective axial coefficients of an orthotropic
fiber reinforced composite with defect at the interface G.

7. Local (three phase) problems a3L and effective properties

The statement and the solution of the local problems as well as
the effective coefficients for three phase models are calculated in
analogous way to the spring interface model reported in previous
sections. Therefore, in this section we shall not repeat the same
procedure and only some fundamental ideas will be explained and
the closed form expressions of the effective coefficients will be
written.

The dimensionless antiplane local problems for three-phase
composite [12] over periodic cell S¼S1[SI[S2 (Fig. 2) are written
below

r2uðtÞ ¼ 0, in Stðt¼ 1,2,IÞ ð40Þ

:uðgÞ:¼ 0, on Gg, g¼ 1,2 ð41Þ

�����
�����pgðu

ðgÞ
,1 n1þuðgÞ,2 n2Þ

p1

�����
�����¼�ð1�kgÞna, on Gg, ð42Þ

/uS¼ 0, in S and u¼ uðtÞ if xASt ð43Þ

where the subscript I denotes the interphase properties , k1 ¼ pI=p1

and k2 ¼ p2=p1, 99f ð1Þ99¼ f1�fI and 99f ð2Þ99¼ fI�f2. From the condi-
tions (41) and (42) the continuity of displacements and tractions on
the interfaces G1 and G2 are derived, respectively.

The solution of the problems (40)–(42) are sought analogous to
the problems (17)–(19) and the axial effective coefficients for three
phase are calculated in the same manner, thus we have

p11 ¼ pv�p1 VIþV2ð ÞF
ðw1þ1Þz22� Zj j
� �

w1 Zj j
�G k1�k2ð Þ

2VIV2, ð44Þ

p12 ¼ p1ðVIþV2ÞF
ðw1þ1Þz21

w1 Zj j
, ð45Þ

p21 ¼ p1ðVIþV2ÞF
ðw1þ1Þz12

w1 Zj j
, ð46Þ

p22 ¼ pv�p1ðVIþV2ÞF
ðw1þ1Þz11�9Z9
� �

w19Z9
�Gðk1�k2Þ

2VIV2, ð47Þ

where pv refers to the Voigt average of material constants,
pv¼p1V1+pIVI+p2V2, V2¼pR2/V is the volume fraction of fiber, VI

is the volume fraction of the interphase SI, V1¼1�VI�V2 is the
volume fraction of the matrix. The numerical matrix Z with
components zij is given in Eq. (29) replacing bp by wp and

wp ¼
ð1�k1Þðk1þk2ÞðVIþV2Þ

p
þð1þk1Þðk1�k2ÞV

p
3

ð1þk1Þðk1þk2ÞðVIþV2Þ
p
þð1�k1Þðk1�k2ÞV

p
3

,

F ¼ E
VIðk1þk2Þð1�k1Þþ2V2k1ð1�k2Þ

VIðk1þk2Þþ2V2k1ð Þ

� 

,

E¼
VIðk1þk2Þð1�k1Þþ2V2k1ð1�k2Þð Þ

VIðk1þk2Þð1þk1Þþ2V2k1ð1þk2Þ
,

G¼
1

VIðk1þk2Þþ2V2k1ð Þ
:

The coefficients (44)–(47) represent the effective axial coeffi-
cients of an orthotropic fiber reinforced composite with interphase
SI. The analytical expressions of effective properties (44)–(47) are
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functions of the properties and volume fractions of constituents, of
periodic cell w1, w2. The two-phase composite with perfect contact
on interfaceG reported in Guinovart et al. [12] is obtained from Eqs.
(44)–(47) taking the parameter k1¼pI/p1-N or VI¼0. The com-
plete separation is obtained when k1¼pI/p1-0.

In the case as the area of annulus SI is very thin, very good
coincidence exists between the imperfect spring (36)–(39) and
three-phase models (44)–(47). A condition between the interface
and interphase parameters is found. Thereby, the volume fraction
of interphase is VI¼p(t2+2tR)/V where t is the thickness of layer SI

(see Fig. 3) and the relationship between the non-dimensional
debonding parameter K and the interphase property k1 can be
introduced as in Ref. [1], in the following form:

K ¼ Rk1=t: ð48Þ

8. Analysis of the results

In order to illustrate the broad applicability of the theory
developed above several examples are chosen.

(1) Let us consider the unit cell shown in Fig. 2. A parallelogram of
vertex angle y and periods w1¼1, w2¼eiy. Two special cases of
rhombic array, where y¼901 for a square array and y¼601 for a
hexagonal array were studied in Rodriguez-Ramos et al. [35]
and Guinovart-Diaz et al. [36] for perfect contact conditions. In
these two special cases, the composite material is transversely
isotropic. However, the global behavior of the composite is
orthotropic in more general array of cells, different from y¼601
and y¼901 (see [11, 12]). First we modeled LSI and computed
p11/p1, p12/p1 and p22/p1 vs. V2 for y¼301, y¼451, y¼751 and
three values of the imperfection parameter, which correspond
to debonding alone the interface, K¼10�5, and imperfect
spring interface, K¼10, and perfect contact between matrix
and fiber, K¼1010. The matrix and fiber shear moduli are
isotropic and are taken such that k¼p2/p1¼120. Latter already
analyzed in Rodriguez-Ramos et al. [11] and Guinovart-Diaz
et al. [12] helps us to compare the results. Ours reproduce those
of Refs. [11–12]. The dimensionless effective shear moduli
against fiber volume fraction are displayed in Table 1. Note that
the imperfection parameter K¼10 always degrades the effec-
tive properties. A 19% reduction, for instance, is noted for p22/p1

at V2¼0.4, y¼451.
(2) The effect of elastic interface imperfection on shear dimension-

less effective coefficients p22/p1, p11/p1 and p12/p1 for an
anisotropic composite made of T300 fibers embedded in an

epoxy matrix is shown in Figs. 4–6, for no principal axis. The
material parameters are taken from Hashin [5]. The effective
properties are calculated by the two AHM imperfect contact
approaches (36)–(39) (red discontinuous line) and three-phase
models (44)–(47) (yellow circles), considering a rhombic
periodic cell with y¼301 and three different volume fiber
fraction V2¼0.4 (square), V2¼0.3 (triangle) and V2¼0.2 (star).
The comparisons illustrate that the two models are coincident,
where the relationship (48) for imperfect parameter is used in
the computation. The anisotropic character of this composite
can be observed in Figs. 4–5 where the values of the coefficient
for p22/p1 reach higher values than the one obtained for p11/p1,
mainly for perfect contact K-N. The more pronounced
effective properties are obtained for the higher volume fraction
for K41, the opposite situation is obtained for Ko1 because of
the total disjoint between the matrix and fibers. If K¼1, the
properties are almost independent of the volume fraction.
Another remark is related to the rapid increasing of the
properties when the imperfect parameter K is in the neighbor-
hood of 1. For other cases, the overall properties are constant.
This situation is the same as that shown in Hashin [5] (in Fig. 6)
for isotropic composite and hexagonal symmetry (y¼601).

Table 1
Effective elastic moduli p11/p1, p12/p1 and p22/p1 of a rhombic array and fiber debonding K¼10�5, imperfect contact K¼10 and perfect contact K¼1010, for three different

periodic cells and ratio k¼p2/p1¼120.

Imperfection parameter V2 301 451 751

p22/p1 p12/p1 p11/p1 p22/p1 p12/p1 p11/p1 p22/p1 p12/p1 p11/p1

K¼10�5 0.1 0.83057 �0.00796 0.80301 0.82133 �0.00327 0.81480 0.81793 0.00093 0.81843

0.2 0.70460 �0.02737 0.60981 0.67685 �0.01101 0.65483 0.66574 0.00311 0.66741

0.3 0.60400 �0.05521 0.41273 0.55704 �0.02122 0.51460 0.53633 0.00597 0.53953

0.4 0.51524 �0.09982 0.16946 0.45510 �0.03297 0.38916 0.42429 0.00912 0.42917

K¼10 0.1 1.18900 �0.00737 1.16348 1.17811 �0.00303 1.17206 1.17476 0.00086 1.17522

0.2 1.46072 �0.03648 1.33436 1.39927 �0.01458 1.37011 1.38250 0.00412 1.38471

0.3 1.89708 �0.10881 1.52014 1.68249 �0.04042 1.60164 1.63390 0.01136 1.63999

0.4 2.77979 �0.29877 1.74482 2.06150 �0.09146 1.87857 1.94536 0.02531 1.95892

K¼1010 0.1 1.24053 �0.01150 1.20070 1.22306 �0.00471 1.21365 1.21780 0.00133 1.21852

0.2 1.62610 �0.06111 1.41441 1.51608 �0.02383 1.46841 1.48816 0.00672 1.49176

0.3 2.39617 �0.21174 1.66268 1.92172 �0.07065 1.78042 1.83374 0.01968 1.84428

0.4 5.97898 �1.11151 2.12859 2.53343 �0.17671 2.18002 2.29477 0.04739 2.32016
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Fig. 6 shows the coefficient p12/p1 which is negative for all the K

values with the exception of K¼1 where it almost becomes
zero. The most pronounced contrast is evident for the highest
volume fraction where the property considerably increases in
absolute value as K-N.

(3) As it is well known, transport property may be of both
mechanical and thermal conductivity nature. Figs. 7 and 8
show the effective thermal conductivities of unidirectional
fiber composites with square periodic cell with different
thermal barrier giving by the parameter a. Only one effective
property is studied because the composite is isotropic and
p11/p1¼p22/p1, p12/p1¼0. The effective thermal conductivities
for different values of imperfect parameter are analogously
presented to those reported in Fig. 4 by Andrianov et al. [24].
A comparison between the three-phase (44)–(47) and the
spring models for imperfect contact (36)–(39) is shown for

periodic cell with y¼901 and the two ratios p2/p1¼666 and
p2/p1¼4.4. The non-dimensional debonding parameter a,
0rar1 can be introduced as follows K¼(1�a)/a, where
a¼0 denotes the perfect contact between the phases and
a¼1 represents the complete separation in the composite.
Figs. 7 and 8 compare the present analytical predictions from
Eqs. (36)–(39) and (44)–(47) with the existing experimental
data (the cross symbols), taking from Zou et al. [37] for perfect
interface (a¼0). Very good coincidence between these models
for different values of a in the whole range of fiber volume
fraction can be observed. The effective property p11/p1 become
weaker in comparison with perfect contact a¼0, as a conse-
quence of the imperfectly bonded matrix with fibers. It is seen
from Fig. 7 that a good agreement between the present
analytical models and experimental data is found, for a
composite without tiny thermal barrier (a¼10�8). This
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situation can be considered as a perfect case. It is worth
pointing out that in Fig. 8, when a proper thermal resistance
or barrier is considered or equation (aa0), an excellent
agreement between the present analytical expressions and
the existing experimental data can be obtained for a¼0.1. This
means that a proper thermal barrier should be included in a
theoretical model for a more accurate prediction of real
thermal conductivities. Similar analysis is presented in
Fig. 4 of Zou et al. [37].

(4) Table 2 shows the problem of the doubly periodic voids. Letting
the inclusion and the matrix moduli be p2¼10�5 GPa and
p1¼30 GPa, the present method provides the results for solids

with doubly periodic tunnel voids. The variation of the effective
longitudinal shear modulus p11 for complete debond K¼10�5

for hexagonal and square arrays are shown. Identical values to
those reported in Table 7 by Jiang et al. [10] for void volume
fraction are obtained. A material weakened by square or
hexagonal array of tunnel voids is transversely isotropic. The
effective longitudinal shear modulus of a solid with voids in a
hexagonal array is higher than that with voids in a square array
for the same voids volume fraction. This result is contrary to the
situation of hard inclusions-soft matrix composite as it was
observed by Jiang et al. [10] in Table 2.

(5) In addition, Rocha and Cruz [38] reported numerical calcula-
tions of the effective thermal conductivity of unidirectional
fibrous composite materials with an interfacial thermal resis-
tance (1/h) between the continuous and dispersed compo-
nents. They developed a continuous variational formulation of
the heat conduction problem and then applied the method of
homogenization to derive the appropriate cell problem. The
cell problem is solved using the finite element method (FEM).
Based on the previous experimental work, Rocha and Cruz [38]
defined the reference Biot number Bir¼hdr/p1, where dr is a
typical real fiber diameter and Bir expresses the changes in the
interfacial conductance.
In Table 3, we present a comparison between the results of the
present model and FEM reported by Rocha and Cruz [38], for
the effective conductivity of the hexagonal-array composite
for different volume fractions and different reference Biot
numbers. The conductivity ratio is considered to be k¼50.

Table 2
Variation of the effective longitudinal shear modulus p11¼p22 for complete debond

K¼10�5 for hexagonal and square arrays with the porosity. The same values that

those reported in Table 7 by Jiang et al. [10] for void volume fraction with p1¼30 GPa

are obtained.

Imperfection parameter V2 Effective coefficient

Hexagonal Square

K¼10�5 0.1 24.5455 24.5453

0.2 20.0000 19.9959

0.3 16.1533 16.1274

0.4 12.8534 12.7605

0.5 9.98427 9.73963

0.6 7.45029 6.90954

Table 3
Comparison between the results by the AHM imperfect model and FEM reported by Rocha and Cruz [33], for the effective conductivity of the hexagonal-array composite for

different volume fractions and different reference Biot numbers.

V2 2K¼10�3 2K¼10�1 2K¼10 2K¼103

AHM FEM AHM FEM AHM FEM AHM FEM

0.1 0.818347 0.81837 0.834046 0.83407 1.1366 1.1366 1.21164 1.2116

0.2 0.666943 0.66698 0.693521 0.69355 1.29323 1.2932 1.47338 1.4734

0.3 0.538797 0.53884 0.572984 0.57302 1.47464 1.4746 1.80544 1.8054

0.4 0.428854 0.42889 0.468385 0.46842 1.68722 1.6871 2.24089 2.2409

0.5 0.333254 0.33329 0.376557 0.37659 1.93975 1.9397 2.83864 2.8387

0.6 0.248814 0.24884 0.294821 0.29485 2.24464 2.2446 3.71697 3.717

0.7 0.172574 0.17259 0.220632 0.22065 2.62001 2.62 5.16021 5.1604

0.8 0.100924 0.10094 0.150848 0.15086 3.09342 3.0934 8.10996 8.1108

0.9 0.018338 0.01834 0.072568 0.07256 3.70874 3.7088 21.4080 21.409

Table 4
Comparison between the results by the AHM imperfect model and FEM reported by Rocha and Cruz [33], for the effective conductivity of the square array composite, for two

concentrations of fibers and two conductivity ratios.

2K V2¼0.3 V2¼0.75

k¼2 k¼50 k¼2 k¼50

AHM FEM AHM FEM AHM FEM AHM FEM

10�7 0.53758 0.53762 0.53758 0.53762 0.0784245 0.078432 0.0784245 0.078432

10�5 0.537584 0.53762 0.537584 0.53762 0.0784305 0.078438 0.0784305 0.078438

10�3 0.537936 0.53797 0.537937 0.53797 0.0790224 0.07903 0.0790226 0.07903

10�2 0.541128 0.54117 0.541137 0.54117 0.0843808 0.084389 0.0843946 0.084402

10�1 0.571479 0.57151 0.57227 0.5723 0.135768 0.13577 0.137074 0.13708

1 0.771995 0.77202 0.815895 0.81591 0.500212 0.50022 0.586898 0.5869

10 1.1118 1.1118 1.47486 1.4748 1.30477 1.3048 2.89478 2.8948

102 1.20935 1.2093 1.76803 1.768 1.62794 1.6279 7.28674 7.2872

103 1.22097 1.2209 1.80793 1.8079 1.67166 1.6716 9.2248 9.2256

105 1.22228 1.2222 1.81248 1.8125 1.67665 1.6766 9.53226 9.5331

107 1.22229 1.2223 1.81253 1.8125 1.6767 1.6767 9.53547 9.5363

N 1.22229 1.2223 1.81253 1.8125 1.6767 1.6767 9.53551 9.5363
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The relationship between the dimensionless parameters K and
Bir is 2K¼Bir. In Table 2, we can appreciate the good agreement
between both models.

(6) In Table 4, we compared the results of the present model (AHM)
with the calculations of Rocha and Cruz [38], for the effective
conductivity of the square array composite, for two concentra-
tions of fibers V2¼{0.3, 0.75} and two conductivity ratios
k¼{2, 50}. As expected physically, for fixed V2, the effective
conductivity increases as the contact conductance K increases;
if the fibers are more conducting than the matrix, the effective
conductivity also increases as the concentration does as well.
For comparison in Table 4, a good agreement between both
models is appreciated.

(7) Variation of the effective properties vs. the angle for different
values of the imperfection parameter is illustrated in Fig. 9. It is
remarkable that the composite is strongly anisotropic for small
values of the angle of the periodic cell. In this figure, AHM imperfect
is represented with circles, AHM(3f) with red squares, p22 with a
continuous line and p11 with discontinuous line.

9. Conclusions

Two approaches for simulation of the imperfect bonding in
elastic composite materials with oblique angle of the fiber are
proposed. We introduce a set of elastic springs between the matrix
and inclusions that transmits a load from the matrix to the
inclusion; the transmission stress is proportional to the displace-
ment jump across the ‘‘matrix–inclusion’’ interface. Moreover, a
three phase model derived by the asymptotic homogenization
method is considered to study the imperfection of the composites.
The connection between the two mentioned models is studied and
the relations between their physical magnitudes are given in Eq.
(48) for the calculations. Simple analytical expressions (36)–(39)
and (44)–(47) of the shear moduli for the two approaches are given
and they show the anisotropic response of the composite. In the
asymptotic limit, we can simulate different degrees of the inter-
face’s response: (i) the case of the perfect bonding and (ii) the case
of the complete separation of the matrix and inclusions. The
imperfect interface and the angle of inclination of the fibers play
an important role in the global behavior of the composite. The

accuracies of the solutions were tested with other theoretical
models and experimental data and good agreement were observed.
These models can be extended to more complex composites in
order to predict the overall properties in the design and manu-
facturing of one-directional fibrous composite materials.

Acknowledgements

This work was supported by the Program of Academic Stays
2009. Defects in sensors and dynamic of magnetic-electro-elastic
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