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Imperfect bonding between constituents is studied where displacements, electric and magnetic static
potentials are considered to have a jump proportional to the normal component of the mechanical trac-
tion, electric displacement and magnetic flux. This condition may model various interface damages or the
thin glue layer between two adjacent phases. They are termed as the mechanically compliant, dielectri-
cally weakly capacitance and magnetically weakly inductance at the interface. It is shown that while the
more imperfect the interface is, the overall properties become weaker, such as longitudinal shear stiff-
ness, out-of-plane piezoelectric coupling, and magnetoelectric coupling. Out-of-plane piezomagnetic
coupling, transverse dielectric permittivity and transverse dielectric permeability exhibit no influence
by imperfect bonding. The imperfect interface proposed is mimicked by the springs, capacitors and
inductances for the mechanical, electric and magnetic interaction between the phases and are highly sen-
sitive to the interphase properties. The results are compared mainly with the self consistent model
reported in the literature and good agreements are shown.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

In the last few years, the interest in magnetoelectric effect
(ME) (Landau and Lifshitz, 1960) has increased both theoretically
and experimentally in an amazing manner (Grossinger et al.,
2008; Petrov et al., 2007a,b; Bichurin et al., 2003a,b). A variety
of systems exhibit the ME effect, including single phase (de la
Vega Reyes et al., 2007; Fuentes et al., 2006). The highest magne-
toelectric coefficients are reported for biphasic composites that
based their coupling in the mechanical interaction at contact be-
tween a piezoelectric and a magnetostrictive phase (Bichurin
et al., 2003a; Lin et al., 2005; Petrov and Srinivasan, 2008). That
is why many authors have focused their attention on a piezoelec-
tric-piezomagnetic composite (Nie et al., 2009; Srinivas et al.,
2009; Singh et al., 2008). Composite materials based on a variety
of phase connections can also be found in the literature including
layered structures (Cao et al., 2008; Zhang and Wei, 2008), thin
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films (Delgado et al., 2009; Guyomar et al., 2009) and nanostruc-
tures (Hua et al., 2008; Glinchuk et al., 2008).

In previous works (Camacho-Montes et al., 2006, 2009; Bravo-
Castillero et al., 2009) determined analytical expressions for the
effective properties of magneto-electro-elastic (MEE) fibrous com-
posite where perfect interface conditions were assumed. Perfect
bonding invokes that the displacement and the interfacial traction
are continuous across the boundary between the constituents.
However, experiments show that local or partial debonding at
interfaces is a rule rather than the exception in materials such as
reinforced metal matrix composites (Llorca and Gonzales, 1997).
This leads to strength degradation and the reduction of the effec-
tive stiffness.

Furthermore, heterogeneous smart materials might exhibit
new properties not existing in any of the constituents due to
the coupling of different fields. For example, the most interesting
behavior of fibers composites consisting of piezoelectric and
piezomagnetic constituents is that the magneto-electric effect,
which is only present in composites but absent in constituent
phases, is created by the interaction between the constituent
phases, a result of the so-called product property (Nan, 1994).
The mechanical constitutive response of the active materials can
be coupled with the non-mechanical effects as in Camacho-
Montes et al. (2009).

http://dx.doi.org/10.1016/j.ijsolstr.2011.01.034
mailto:fjs@mym.iimas.unam.mx
http://dx.doi.org/10.1016/j.ijsolstr.2011.01.034
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Theoretical studies have also received considerable attention in
the search of better understanding and improving the magneto-
electric coupling (Fuentes et al., 2007; Petrov et al., 2007a; Corcolle
et al., 2008; Tong et al., 2008; Camacho-Montes et al., 2009). How-
ever, only recently, the question of the influence of the interface on
the magnetoelectric property has been raised (Wang and Pan,
2007). Hence, in the present work, we focused our efforts on the
so-called imperfect contact interface under longitudinal shear.
Both the fiber and matrix are assumed to be transversely isotropic
(6 mm material symmetry about the fiber axis). For a composite
whose characteristic length is greater than the lattice cell, the
method of asymptotic homogenization yields closed-form expres-
sions for the effective coefficients. The effective coefficients for the
antiplane problem by means of the complex variable method are
calculated. They are useful to establish benchmarks for numerical
studies. The formulae exhibit explicitly the dependence on (i) the
geometry through the radius of the cylinders, (ii) the periodicity
of the array through its lattice sums, (iii) the influence of the
imperfect interface contact under longitudinal shear on the mag-
neto-electroelastic composite, and finally (iv) the material proper-
ties of the constituents.

Different approaches on interface defects through jumps in the
electric and magnetic potentials may be found in literature such as
Gao et al. (2003) and Chang and Carman (2007), multi-coating ap-
proach (Koutsawa et al., 2010). The imperfect interface proposed in
the present work is a natural extension of the shear lag model (or
the spring layer model): (a) tractions are continuous but displace-
ments are discontinuous across the imperfect interface. The jumps
in displacement components are further assumed to be propor-
tional, in terms of the ‘‘spring-factor-type’’ interface parameters,
to their respective interface traction components; (b) the normal
electric displacement is continuous but the electric potential is dis-
continuous across the interface. The jump in the electric potential
is proportional to the normal electric displacement; (c) the normal
magnetic flux is continuous but the magnetic potential is discon-
tinuous across the interface. The jump in the magnetic potential
is proportional to the normal magnetic flux. This general imperfect
interface, which could model various interfacial damages (e.g.,
debonding, sliding and/or cracking across the interface) and could
also simulate the thin glue layer between any two adjacent phases,
is termed the mechanically compliant, dielectrically weakly capac-
itor and magnetically weakly impedance interface. Numerical cal-
culations are carried out for BaTiO3/CoFe2O4 composite. The shear
modulus experiments stiffening due to the coupling piezoelectric
and piezomagnetic effect. The dielectric permittivity and the mag-
netic permeability are influenced by the coupling effects, but their
amplitude leads to very small influences. The magneto-electric
(ME) effect results form the mechanical interaction between the
phases and are highly sensitive to the interphase properties.
Fig. 1. Transverse section of fiber periodic composite with
2. Governing equations and interface conditions

A two-phase periodic composite is considered here which con-
sists of a square or hexagonal array of identical parallel circular cyl-
inders embedded in a homogeneous medium. The cylinders are
infinitely long. Fig. 1 shows the unit cell in the plane normal to cylin-
drical axis. The magnetoelectroelastic material properties of each
phase belong to the crystal symmetry class 6 mm, where the axes
of material and geometric symmetry are parallel. The governing
magnetoelectroelastic equations for this kind of material are the
Navier equations of linear elasticity for the mechanical displace-
ment u = (u,v,w) and Maxwell’s quasistatic equations for electric
field E = (E1, E2, E3) and magnetic field H = (H1, H2, H3). They become
coupled equations for u, E and H through the constitutive relations
of the medium. In a two-dimensional situation, like in the consid-
ered geometry here, it turns out that the above equations uncouple
into two independent systems under suitable boundary conditions.
Just like, the familiar plane- and anti-plane-strain deformation
states in linear elasticity, see Camacho-Montes et al. (2006, 2009).

One of them involves u; v; E3, B3, i.e., it is a state of in-plane
mechanical deformation and out-of-plane electric and magnetic
fields. The other state, which is of particular interest in this work,
is characterized by an out-of-plane mechanical displacement w
and an in-plane electric field E1; E2 and magnetic field H1; H2.
The main aim of this paper is the determination of effective prop-
erties using the homogenization method, say, as in Camacho-Mon-
tes et al. (2009) and Lopez-Lopez et al. (2005), considering
mechanical, dielectric and magnetic imperfect conditions at the
interfaces. Thus it is only necessary to deal with w; E1; E2; H1;
H2. In this case the relevant constitutive relations are

r13 ¼ 2pe13 � sE1 � qH1; ð1Þ
r23 ¼ 2pe23 � sE2 � qH2; ð2Þ
D1 ¼ 2se13 þ tE1 þ aH1; ð3Þ
D2 ¼ 2se23 þ tE2 þ aH2; ð4Þ
B1 ¼ 2qe13 þ aE1 þ lH1; ð5Þ
B2 ¼ 2qe23 þ aE2 þ lH2 ð6Þ

and p = c1313 = c2323, s = e113 = e223, t = j11 = j22, q = q113 = q223,
a = a11 = a22, l = l11 = l22 are the elastic modulus, piezoelectric
coefficient, dielectric permittivity, piezomagnetic coefficient, mag-
netoelectric (ME) coefficient, and the magnetic permeability,
respectively. Note the differential relations 2e13 = w,1, 2e23 = w,2,
E1 = �/,1, E2 = �/,2, H1 = �w,1, H2 = �w,2 where / and w are the elec-
tric and magnetic potentials; comma notation is understood to de-
note differentiation with respect to xi.

Two distinct phases, occupying S1 and S2 (Figs. 1 and 2) are as-
sumed to be in perfect contact along the interface of each cylinder
imperfect interface contacts and square periodic cell.



Fig. 2. Transverse section of fiber periodic composite with imperfect interface contacts and hexagonal periodic cell.
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which is denoted by C. In order to model various possible damages
occurring on the fiber–matrix interface and to simulate the thin
glue layer existing between two adjacent phases, we adopt the fol-
lowing generalized shear lag model as in Wang and Pan (2007) and
Shodja et al. (2007), which can be teamed as the mechanically
compliant, dielectrically and magnetically weakly conducting
interface

rðcÞb3 ¼ ð�1Þcþ1 K
_

kwk;

DðcÞb ¼ ð�1Þc M
_

kuk; ð7Þ

BðcÞb ¼ ð�1Þc N
_

kwk; ðb; c ¼ 1;2Þ:

The double bar notation is used to denote the jump of the relevant
function across the interphase taken from the matrix S1 to the fiber
S2. By definition kfk = f(1) � f(2) and K

_

;M
_

and N
_

are non negative
parameters, K

_

has dimensions of stress, M
_

of electric displacement
and N

_

of magnetic induction. Perfect interface (Camacho-Montes
et al., 2009) corresponds to case where K

_

;M
_

;N
_

! 1. The case
K
_

¼ M
_

¼ N
_

¼ 0 corresponds to the total debond and charge-free
interface.

3. Method of solution

Let l be the distance between the centers of two neighboring
cylinders and L the diameter of the composite. Then, when l/L is
a very small number, it is possible to distinguish two spatial scales,
one is x, the slow variable, and the other is y = x/e, the fast variable.
Substituting matrix and fiber constitutive relations (1)–(6) into Na-
vier and Maxwell’s equations, inhomogeneous governing equa-
tions arise for the herein studied composite (Fig. 1) that can be
solved asymptotically posing the ansatz:

wðxÞ ¼ w0ðx; yÞ þ ew1ðx; yÞ þ Oðe2Þ; ð8Þ
uðxÞ ¼ u0ðx; yÞ þ eu1ðx; yÞ þ Oðe2Þ; ð9Þ
wðxÞ ¼ w0ðx; yÞ þ ew1ðx; yÞ þ Oðe2Þ ð10Þ

and using the method of two scales. The functions wi, ui, (i = 0,1,)
are found to satisfy certain differential equations related to the ori-
ginal system in a unit cell (see Fig. 1) with periodic conditions. It is a
well-known derivation whose details can be found elsewhere (e.g.,
Parton and Kudryavtsev, 1993) and here is omitted. Of a greater
interest are the so-called local (or canonical) problems associated
here with the correction terms w1, u1 and w1 to the mean variations
w0, u0 and w0, respectively, since they appear in the formulae of the
effective properties. There are six of such problems, which are re-
ferred as 13L, 23L, 1L, 2L, 1J and 2J. A pre-index is used to distinguish
similar constants and functions such as displacements and poten-
tials, which appear below. Due to the linearity of the Eqs. (1)–(6),
the corrections terms w1, u1 and w1 can be obtained as a linear
combination of some of such displacements and potentials. This,
however, will not be done here, since the main objective of this pa-
per is the characterization of the six effective properties �p; �s; �t; �q; �a
and �l. Due to composite and constitutive symmetries, there are sev-
eral alternatives for each property: two for �p; �t; �a and �l, four for �s
and �q as follows,

�p ¼ pv þ h13pL;1 þ 13sM;1 þ 13qN ;1i
¼ pv þ h23pL;2 þ 23sM;2 þ 23qN ;2i; ð11Þ

�s ¼ sv þ h13sL;1 � 13tM;1 � 13aN ;1i
¼ sv þ h23sL;2 � 23tM;2 � 23aN ;2i
¼ sv þ h1pP ;1 þ 1sQ;1 þ 1qR;1i
¼ sv þ h2pP ;2 þ 2sQ;2 þ 2qR;2i; ð12Þ

�q ¼ qv þ h13qL;1 � 13aM;1 � 13lN ;1i
¼ qv þ h23qL;2 � 23aM;2 � 23lN ;2i
¼ qv þ h1pS;1 þ 1sT ;1 þ 1qV ;1i
¼ qv þ h2pS;2 þ 2sT ;2 þ 2qV ;2i; ð13Þ

�t ¼ tv � h1sP ;1 � 1tQ;1 � 1aR;1i
¼ tv � h2sP ;2 � 2tQ;2 � 2aR;2i; ð14Þ

�l ¼ lv � h1qS;1 � 1aT ;1 � 1lV ;1i
¼ lv � h2qS;2 � 2aT ;2 � 2lV ;2i; ð15Þ

�a ¼ av � h1qP;1 � 1aQ;1 � 1lR;1i
¼ av � h2qP;2 � 2aQ;2 � 2lR;2i
¼ av � h1sS;1 � 1tT ;1 � 1aV ;1i
¼ av � h2sS;2 � 2tT ;2 � 2aV ;2i; ð16Þ

where the italics symbols denote double periodic functions, solu-
tions of the local problems. The functions L;M and N of variable
z = y1 + iy2 (Fig. 1) are solutions of the local problems 13L and 23L;
in similar manner the functions P, Q and R correspond to 1L, 2L;
and S; T and V to 1J and 2J.

The subscripts before the material constants are associated to
the corresponding local problems, for instance, 13 p or 23p mean
that the effective coefficient is calculated from the local problem
13L or 23L, respectively. The subscript m refers to the Voigt average
or arithmetic mean of the relevant quantity, that is
fm = (1 � V)f(1) + Vf(2), where V is the area fractions occupied by
the fiber material.
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4. Solution of the local problem 13L

The local problem 13L is now formulated and for clarity the
preindices are omitted for the local functions, (in the above equa-
tions L = 13L, p = 13p, etc.).

The problem consists of finding the S-periodic L;M andN func-
tions that satisfy the Laplace equations

DLðcÞ ¼ DMðcÞ ¼ DN ðcÞ ¼ 0 in Sc regions ðc ¼ 1;2Þ; ð17Þ

which have null average over the cell S, hLi ¼ hMi ¼ hN i ¼ 0 and
satisfies the following conditions at the interface C,

kpL;j þ sMj þ qN ;jknj ¼ �kpkn1;

ksL;j � tMj � aN ;jknj ¼ �kskn1;

kqL;j � aM;j � lN ;jknj ¼ �kqkn1;

pðcÞLðcÞ;j þ sðcÞMðcÞ
;j þ qðcÞN ðcÞ;j

� �
nðcÞj þ pðcÞnðcÞ1 ¼ ð�1Þcþ1 K

_

jjLjj;

sðcÞLðcÞ;j � tðcÞMðcÞ
;j � aðcÞN ðcÞ;j

� �
nðcÞj þ sðcÞnðcÞ1 ¼ ð�1Þc M

_

jjMjj;

qðcÞLðcÞ;j � aðcÞMðcÞ
;j � lðcÞN ðcÞ;j

� �
nðcÞj þ qðcÞnðcÞ1 ¼ ð�1Þc N

_

jjN jj;

ðj ¼ 1;2Þ: ð18Þ

Thus, the functions L; M and N are sought such that they are dou-
bly periodic harmonic functions of the complex variable z = y1 + iy2

in the periodic cell S = S1 [ S2, with S1 \ S2 = ; of periods x1 = 1 and
x2 = eih where h = p/2 for square symmetry and h = p/3 for hexago-
nal symmetry (Figs. 1 and 2).

Doubly periodic harmonic functions are to be found in terms of
the following Laurent expansions of harmonic functions over the
region S1,

Lð1ÞðzÞ ¼ Re a1
pR

sin h
þ
X1
p¼1

oap
R
z

� �p

þ
X1
p¼1

o
X1
k¼1

oak

ffiffiffi
k
p

s
wkp

z
R

� �p
( )

;

Mð1ÞðzÞ ¼ Re b1
pR

sin h
þ
X1
p¼1

obp
R
z

� �p

þ
X1
p¼1

o
X1
k¼1

obk

ffiffiffi
k
p

s
wkp

z
R

� �p
( )

;

N ð1ÞðzÞ ¼ Re c1
pR

sin h
þ
X1
p¼1

ocp
R
z

� �p

þ
X1
p¼1

o
X1
k¼1

ock

ffiffiffi
k
p

s
wkp

z
R

� �p
( )

ð19Þ

and power expansions over the region S2,

Lð2ÞðzÞ ¼ Re
X1
k¼1

odk
z
R

� �k
( )

; Mð2ÞðzÞ

¼ Re
X1
k¼1

oek
z
R

� �k
( )

; N ð2ÞðzÞ ¼ Re
X1
k¼1

ofk
z
R

� �k
( )

; ð20Þ

where

wkp ¼
ðkþ p� 1Þ!
ðk� 1Þ!ðp� 1Þ!

Rkþpffiffiffiffiffiffi
kp

p Skþp; kþ l > 2;

Sk ¼
P

m;nðmx1 þ nx2Þ�k
; m2 þ n2 – 0; k P 3, by definition S2 = 0,

ak, bk, ck, dk, ek, fk are real undetermined coefficients. The super-
script ‘‘o’’ next to the summation symbol means that ‘‘k’’ runs only
over odd integers. The first term in each expansion (19) arises due
to the quasi-periodicity property of the Zeta function 1(z), which is
1(z + xc) � 1(z) = dc, d1 ¼ p

sin h, d2 = d1e�ih.
Eqs. (11)–(16) are easily transformed applying Green’s theorem

to the area integrals (Camacho-Montes et al., 2009). In particular
for the first equalities in (11), (12) and (13) respectively, the doubly
periodic boundary conditions on S, the discontinuity of displace-
ment and potentials on C and making the transformations in
Appendix A, leads to the dimensionless effective properties
�p ¼ 1� 2
Rp

sin h
ða1 þ b1Eð1Þ15 þ c1Q ð1Þ15 Þ;

�s ¼ Eð1Þ15 � 2
Rp

sin h
a1Eð1Þ15 � b1 � c1Að1Þ11

� �
;

�q ¼ Q ð1Þ15 � 2
Rp

sin h
a1Q ð1Þ15 � b1Að1Þ11 � c1

� �
;

ð21Þ

where the coefficients Eð1Þ15 ;Q
ð1Þ
15 and Að1Þ11 are defined in Appendix A.

In order to obtain the constants a1, b1 and c1, it is necessary to
solve the following system of equations, obtained by the combina-
tions of (18)–(20) and written in the following non-dimensional
form as

b1p a1p c1p

b3p a3p c3p

b5p a5p c5p

0
B@

1
CAþ d1pV

b2p a2p c2p

b4p a4p c4p

b6p a6p c6p

0
B@

1
CA

0
B@

1
CA

ap

bp

cp

0
B@

1
CA

þ
b2p a2p c2p

b4p a4p c4p

b6p a6p c6p

0
B@

1
CAwkp

ak

bk

ek

0
B@

1
CA

2
64

3
75 ¼ R

k1

k2

k3

0
B@

1
CAd1p; ð22Þ

where the sum by the repeated indices k and p are applied, with k,
p = 1, 3, 5, . . . , d1p is the Kronecker’s delta, the constants bip, aip, cip

and ki are defined in Appendix B.
From (22) a very important first approximation is obtained if we

consider ak = bk = ck = 0, k P 3, in this case the unknowns with sub-
script p = 1 survive. It is easily solved and its solution is

a1

b1

e1

0
B@

1
CA ¼ R

b11 a11 c11

b31 a31 c31

b51 a51 c51

0
B@

1
CAþ V2

b21 a21 c21

b41 a41 c41

b61 a61 c61

0
B@

1
CA

0
B@

1
CA
�1

k1

k2

k3

0
B@

1
CA;
ð23Þ

The system (22) can be solved for a1, b1 and c1 in closed form. These
constants are the basis of the effective coefficients as given in (21),
(24) and (25).

The same method used for solving the local problem 13L may be
developed to solve the other anti-plane shear local problems. To
have the remaining effective properties, it will only necessary to
solve 1L and 1J. These problems are very similar to 13L. They can
also be transformed into the same systems of Eq. (22), except that
the inhomogeneous terms (k1,k2,k3)T are different (see Appendix
B).

The expression given in (21) provides us the effective dimen-
sionless properties �p;�s and �q. From the local problems 1L and 1J
the following dimensionless effective properties are obtained,

�s ¼ Eð1Þ15 � 2
Rp

sin h
a1 þ b1Eð1Þ15 þ c1Q ð1Þ15

� �
;

�t ¼ 1þ 2
Rp

sin h
a1Eð1Þ15 � b1 � c1Að1Þ11

� �
;

�a ¼ Að1Þ11 þ 2
Rp

sin h
a1Q ð1Þ15 � b1Að1Þ11 � c1

� � ð24Þ

for the problem 1L and

�q ¼ Q ð1Þ15 � 2
Rp

sin h
a1 þ b1Eð1Þ15 þ c1Q ð1Þ15

� �
;

�a ¼ Að1Þ11 þ 2
Rp

sin h
a1Eð1Þ15 � b1 � c1Að1Þ11

� �
;

�l ¼ 1þ 2
Rp

sin h
a1Q ð1Þ15 � b1Að1Þ11 � c1

� � ð25Þ

for the problem 1J.
The unknowns a1, b1 and c1 are different for each individual

local problem. They are obtained from the system (22) taking the
corresponding independent terms (k1,k2,k3)T in Appendix B. The
dimensionless effective properties from (21), (24) and (25) are cal-
culated with the coefficients of Appendix B for the matrix
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properties. The dimensions can be retrieved using the transforma-
tions of Appendix A in the inverse form, i.e.,

p ¼ �ppð1Þ; t ¼ �ttð1Þ; l ¼ �llð1Þ; s ¼ �s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1Þtð1Þ

q
;

q ¼ �q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1Þlð1Þ

q
and a ¼ �a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1Þlð1Þ

q
: ð26Þ
Fig. 4. Variation of the piezoelectric effective coefficient s = e15 vs volume fraction
V2 of BaTiO3.
5. Numerical results

In order to validate the present model, we use the numerical
intervals for the dimensionless imperfect parameters K, M, N con-
sidered by Wang and Pan (2007). These intervals for proportional-
ity factors run from: 1 to 50 for the mechanical coefficient K, 1 to
250 for the electric one M and 1 to 1010 for the magnetic one N.

(1) An important result is that approach in (23) reproduces
exactly the values that are determined by Mori–Tanaka
self-consistent method reported in Wang and Pan (2007),
(see Figs. 2–8).

(2) Numerical simulations are conducted for two phase com-
posite with a CoFe2O4(Cobalt Ferrite) matrix reinforced by
fibers made of BaTiO3 (Barium Titanate) with imperfect
bonding. Table 1 shows the constitutive properties (see
Wang and Pan, 2007). The effective properties related to
the antiplane behavior of the two phase magneto-
electro-elastic fibrous composite as function of the fiber vol-
ume fraction are studied here in. The aforementioned global
properties have been calculated using the asymptotic
homogenization method (AHM) described in this work and
the method presented by Wang and Pan (2007).

Hexagonal and square periodic fiber arrays can be considered by
the AHM where an infinite algebraic system of equations is derived.
Numerical results are obtained truncating it until N0 number of
equations. Wang and Pan (2007) derived a general expression for
the effective coefficients in a matrix form using the self consistent
scheme of Mori and Tanaka (MT) for random fiber distribution.

Figs. 3–8 illustrate the effective parameters p, s, a, t, q, l and
show the excellent coincidence between both models in the whole
Fig. 3. Comparison between AHM hexagonal array denoted in the present model by
AHM-hex and self consistent scheme reported in Wang and Pan (2007) for the
variation of the shear elastic effective coefficient p vs volume fraction V2 of BaTiO3.
The two models are coincident for different interfacial mechanic imperfections,
characterized by a dimensionless parameter K.

Fig. 5. Variation of the magneto electric effective coefficient vs volume fraction V2

of BaTiO3.
range of fiber volume fraction. In these figures, Eq. (24) is used to
numerically simulate overall properties considering No = 1. The
effective properties p, s and a become weaker in comparison with
perfect contact (K = 0) as a consequence of the imperfectly bonded
matrix with fibers. They become even weaker with the increase of
the K parameter (Figs. 3–5). For the CoFe2O4 matrix/BaTiO3 fiber
composite with perfect electric and magnetic phase adhesions,
the piezomagnetic coupling q, dielectric permittivity t and mag-
netic permeability l effective properties are not affected by the
mechanical imperfection and this fact is reflected by both theoret-
ical models (Figs. 6–8).

(2) AHM may be used to further investigate the effect of imper-
fect bonding considering the six possible combinations resulting
from taking into account one type of the three imperfections (elas-
tic, dielectric and magnetic) for the two possible matrix-fiber com-
binations with CoFe2O4 and BaTiO3 constituents. The six resulting
cases are summarized in Table 2. For each case, the overall proper-
ties are divided in two groups: (i) those properties which get weak-
er because of the imperfection and (ii) those which are not



t 

Fig. 6. Variation of the dielectric effective coefficient t vs volume fraction V2 of
BaTiO3. A weak influence of the interfacial imperfections is observed.

Fig. 7. Variation of the piezomagnetic effective property q vs volume fraction V2 of
BaTiO3. No influence of the imperfect adhesion.

Fig. 8. Variation of the magnetic permeability effective vs volume fraction V2 of
BaTiO3.

Table 1
Material properties of the used constituents in numerical simulations.

p (Gpa) s (C/m2) q (N/Am) t (�10�9C2/N m2) l (�10�6N s2/C2)

CoFe2O4 45.3 0 550 0.08 590
BaTiO3 43 11.6 0 11.2 5.0
BaTiO3

a 43.86 11.4 0 12.8 5.0

a Porous material.

Table 2
Summary of the effect of imperfect parameters in the overall properties of the
composites. Magneto electric coefficient is affected by all imperfect considerations.

Type of imperfections CoFe2O4 matrix,
BaTiO3 fiber

BaTiO3 matrix,
CoFe2O4 fiber

Influence No influence Influence No influence

Elastic a, p, s t, l, q a, p, q s, l, t
Dielectric a, t, s p, l, q a p, s, t, q, l
Magnetic a p, s, t, q, l a, q, l p, s, i

1530 Y. Espinosa-Almeyda et al. / International Journal of Solids and Structures 48 (2011) 1525–1533
affected. They are named as ‘‘Influence’’ and ‘‘No Influence’’,
respectively. Hence, Table 2 has a practical use to find out whether
a type of imperfection has some influence or not on each effective
property.

Several interesting conclusions can be stated from Table 2. Here,
few of them deserved to be highlighted: (i) the magneto-electric
coupling always get weaker with any type of imperfection and
any constituent combination, (ii) the coupling property of the ma-
trix (piezoelectric or piezomagnetic) is never affected by the
imperfect contact at the overall level, (iii) the coupling property
of the fiber gets weaker at the overall level only if the imperfect
bonding is related to one of the coupled fields. For example, effec-
tive piezoelectricity for a composite with piezoelectric fiber is only
affected if the imperfection is either elastic or dielectric, (iv) the
stiffness, p, only gets weaker for the imperfect elastic bonding.

Table 2 may offer important tips for composite manufacturing.
For instance, when the two phase bonding may be glue with a set
of options for its mechanical, dielectric and/or magnetic properties,
the weakening bonding effect can be minimized according to the
overall property of interest. In general, composite manufacturing
parameters must be related to the type of imperfection (K,M, and
N) and the affected effective properties.

(3) In Fig. 9 different curves of the a (ME) coefficient are dis-
played for different values of the electric imperfection M
(M = 0,10,50,250); M = 0 corresponds to the non imperfection
case. A comparison between Wang and Pan‘s model (MT) and the
present model are displayed, where the system (22) is truncated
to the order N0 = 20. In each case, a maximum value of a is reached
and it diminishes as the imperfection parameter M increases. In
addition, the maximum for a is shifted to the left for fiber volume
fraction with the increase of M. This result is analogous to those re-
ported by Wang and Pan (2007). Fig. 9 also shows that there is an
exact coincidence between the AHM for N0 = 20 and the MT
scheme until fiber volume fraction near 0.785, higher values exhib-
its an increasing discrepancy. On the other side, a better coinci-
dence may be found between AHM (N0 = 20).

Also, Fig. 9 shows the a (ME) coefficient for a composite with
square periodic cell up to the percolation limit. In the composites
where the fibers are aligned with square periodicity, the a property



Fig. 9. Variation of the magnetoelectric effective coefficient vs volume fraction V2 of
BaTiO3, calculated by self consistent scheme, AHM hexagonal and AHM square
symmetry. The interfacial electric imperfections are characterized by the dimen-
sionless parameter M. The square symmetry presents a weaker behavior.

Fig. 11. The total imperfection is characterized by the combination of three
parameters K, M and N. The normalized effective axial properties of the composite
with empty fibers are obtained.
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is weaker than the composites with hexagonal or random distribu-
tion even for perfect contact (M = 0). In this sense, AHM can be
more precise than the result derived from the model of Wang
and Pan (2007). AHM shows: (i) Differences that may reach 15%–
20% between both square and hexagonal arrays near the maximum
for magnetoelectric coupling. (ii) Hexagonal array is quite good to
describe random fiber distribution.

AHM for perfect contact makes a correction for the maximum
values of a and its fiber volume fraction. The Wang and Pan’s mod-
el for a composite consisting of CoFe2O4 matrix reinforced by Ba-
TiO3 fibers reported the maximum value jaj = 7.03 � 10�12 Ns/V C
for V = 0.866, whereas the present model (AHM hex, with
N0 = 20) the maximum value is jaj = 6.99 � 10�12 Ns/V C for
V = 0.835, which is better adjusted to the homogenization model
reported in Fig. 7 by Aboudi (Fig. 7 in Aboudi (2001)) for the perfect
contact.

(4) In the above examples, the types of imperfect bonding
have been studied separately. Of course, it may be seen as a sim-
plified idealization of composite with imperfect adhesion at the
interface. Realistic problems may present several types of
Fig. 10. Variation of magnetoelectric effective coefficient for the combination of
electric and magnetic imperfection parameters M and N using AHM-hex.
imperfect bonding at the same time. The coefficients of the sys-
tem (22) shown in Appendix B suggest that the combinations of
different types of imperfections may be studied as an ‘non linear’
addition of its effects (C1K + C2M + C3N, where Ci = f(K,M,N)).
Therefore, qualitatively, it may be stated that a superposition re-
sults for the consequences of different types of imperfect bond-
ing. Fig. 10 shows the case for the combination of electric and
magnetic imperfection. Conclusions of Fig. 10 may be obtained
from Fig. 9 and analogous to Fig. 9 for M = 0 and N – 0. Of
course, detailed and exact results will require computation with
M – 0 and N – 0.

(5) The total imperfection is equivalent to obtain the properties
of a composite with empty fibers. The properties of empty fiber
composites behave as a lower bound related to the properties of
a bi-phase composite, with perfect contact conditions. Fig. 11
shows that the analytical herein obtained expressions can effec-
tively describe a porous medium MEE with voids aligned, taking
K = M = N = 1015 as imperfect parameters. The AHM-sqr curve
shows total coincidence with the results reported by Bravo-Castil-
lero et al. (2009) for BaTiO3 porous material.
6. Conclusions

The set of effective properties for a magneto-electro-elastic
fiber reinforced composite with imperfect bonding have been
obtained by means of the asymptotic homogenization method.
For numerical simulations, CoFe2O4 and BaTiO3 are considered as
constituents which can be imperfectly bonded according to a me-
chanic (K), dielectric (M) and/or magnetic (N) nature. Good coinci-
dence can be observed between AHM results and the Mori Tanaka
scheme implemented by Wang and Pan (2007). It is shown that:

1. Magnetoelectric constant always decreases with the increase of
K, M or N, i.e., any type of imperfection degrades the magneto-
electric coupling.

2. With the exception of the magnetoelectric overall properties, all
the effective properties may be affected depending on the type
of imperfection and the nature of the composite constituents.
Table 2 summarizes the cases were each overall property is
affected or not. Imperfections always induce a decrease in the
absolute value of effective properties, if they have some effect
on it.
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3. The combination of different kinds of imperfections qualita-
tively induces a superposition of each imperfection separately.
However, detailed effect of the imperfection combinations
requires calculation that can be easily performed by AHM.

4. For an imperfectly bounded fiber reinforced composite, the case
of empty fibers may be used as a lower bound and the perfect
bound may be used as upper bound.
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Appendix A

The local problems (17) and (18) are transformed into dimen-
sionless problems, making the following transformations (Wang
and Ding, 2006)

EðcÞ15 ¼
sðcÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðcÞtðcÞ

p ; Q ðcÞ15 ¼
qðcÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pðcÞlðcÞ
p ; AðcÞ11 ¼

aðcÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðcÞlðcÞ

q ;

CðcÞ44 ¼
pðcÞ

pðcÞ
¼ 1; KðcÞ11 ¼

tðcÞ

tðcÞ
¼ 1; MðcÞ

11 ¼
lðcÞ

lðcÞ
¼ 1;

r
_ðcÞ

i3 ¼
rðcÞi3

pðcÞ
; D

_ðcÞ
i ¼

DðcÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðcÞtðcÞ

p ; B
_ðcÞ

i ¼
BðcÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pðcÞlðcÞ
p ;

u
_ðcÞ

3 ¼
uðcÞ3

R
; UðcÞ ¼

ffiffiffiffiffiffiffi
tðcÞ

pðcÞ

s
uðcÞ

R
; WðcÞ ¼

ffiffiffiffiffiffiffiffi
lðcÞ
pðcÞ

s
wðcÞ

R
:

Appendix B

The constants of the system (22)

b1p ¼ 1;

b2p ¼
1� vpð1� KpÞ � p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð1Þ15 Eð2Þ15 M � p
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð1Þ15 Q ð2Þ15 N

1þ vpð1þ KpÞ � p
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð1Þ15 Eð2Þ15 M � p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð1Þ15 Q ð2Þ15 N
;

a1p ¼
Eð1Þ15 þ vpEð1Þ15 pK þ ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 ð1þMpÞ þ p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Að1Þ11 Q ð2Þ15 N

1þ vpð1þ KpÞ � p
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð1Þ15 Eð2Þ15 M � p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð1Þ15 Q ð2Þ15 N
;

a2p ¼
Eð1Þ15 þ vpEð1Þ15 pK � ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 ð1�MpÞ þ p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Að1Þ11 Q ð2Þ15 N

1þ vpð1þ KpÞ � p
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð1Þ15 Eð2Þ15 M � p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð1Þ15 Q ð2Þ15 N
;

c1p ¼
Q ð1Þ15 þ vpQ ð1Þ15 pK þ p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Að1Þ11 Eð2Þ15 M þ ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð2Þ15 ð1þ NpÞ
1þ vpð1þ KpÞ � p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð1Þ15 Eð2Þ15 M � p
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð1Þ15 Q ð2Þ15 N

;

c2p ¼
Q ð1Þ15 þ vpQ ð1Þ15 pK þ p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Að1Þ11 Eð2Þ15 M � ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð2Þ15 ð1� NpÞ
1þ vpð1þ KpÞ � p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð1Þ15 Eð2Þ15 M � p
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð1Þ15 Q ð2Þ15 N

;

b3p ¼ 1;

b4p ¼
Eð1Þ15 �

ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð2Þ15 ð1� KpÞ þ pvtE
ð1Þ
15 M þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Q ð1Þ15 Að2Þ11 N

Eð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 ð1þ KpÞ þ pvtE

ð1Þ
15 M þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Q ð1Þ15 Að2Þ11 N
;

a3p ¼
�1þ p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð1Þ15 Eð2Þ15 K � vtð1þMpÞ � p
ffiffiffiffiffiffiffiffiffiffivtvl

p
Að1Þ11 Að2Þ11 N

Eð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 ð1þ KpÞ þ pvtE

ð1Þ
15 M þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Q ð1Þ15 Að2Þ11 N
;

a4p ¼
�1þ p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð1Þ15 Eð2Þ15 K þ vtð1�MpÞ � p
ffiffiffiffiffiffiffiffiffiffivtvl

p
Að1Þ11 Að2Þ11 N

Eð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 ð1þ KpÞ þ pvtE

ð1Þ
15 M þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Q ð1Þ15 Að2Þ11 N
;

c3p ¼
�Að1Þ11 þ p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Q ð1Þ15 Eð2Þ15 K � pvtA
ð1Þ
11 M � ffiffiffiffiffiffiffiffiffiffivtvl

p
Að2Þ11 ð1þ NpÞ

Eð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 ð1þ KpÞ þ pvtE

ð1Þ
15 M þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Q ð1Þ15 Að2Þ11 N
;

c4p ¼
�Að1Þ11 þ p

ffiffiffiffiffiffiffiffiffiffivpvt
p

Q ð1Þ15 Eð2Þ15 K � pvtA
ð1Þ
11 M þ ffiffiffiffiffiffiffiffiffiffivtvl

p
Að2Þ11 ð1� NpÞ

Eð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 ð1þ KpÞ þ pvtE

ð1Þ
15 M þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Q ð1Þ15 Að2Þ11 N
;

b5p ¼ 1;

b6p ¼
Q ð1Þ15 �

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð2Þ15 ð1� KpÞ þ p
ffiffiffiffiffiffiffiffiffiffivtvl

p
Eð1Þ15 Að2Þ11 M þ pvlQ ð1Þ15 N

Q ð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð2Þ15 ð1þ KpÞ þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Eð1Þ15 Að2Þ11 M þ pvlQ ð1Þ15 N
;

a5p ¼
�Að1Þ11 þ p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Eð1Þ15 Q ð2Þ15 K � ffiffiffiffiffiffiffiffiffiffivtvl
p

Að2Þ11 ð1þMpÞ � pvlAð1Þ11 N

Q ð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð2Þ15 ð1þ KpÞ þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Eð1Þ15 Að2Þ11 M þ pvlQ ð1Þ15 N
;

a6p ¼
�Að1Þ11 þ p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Eð1Þ15 Q ð2Þ15 K þ ffiffiffiffiffiffiffiffiffiffivtvl
p

Að2Þ11 ð1�MpÞ � pvlAð1Þ11 N

Q ð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð2Þ15 ð1þ KpÞ þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Eð1Þ15 Að2Þ11 M þ pvlQ ð1Þ15 N
;

c5p ¼
�1þ p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð1Þ15 Q ð2Þ15 K � p
ffiffiffiffiffiffiffiffiffiffivtvl

p
Að1Þ11 Að2Þ11 M � vlð1þ NpÞ

Q ð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð2Þ15 ð1þ KpÞ þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Eð1Þ15 Að2Þ11 M þ pvlQ ð1Þ15 N
;

c6p ¼
�1þ p

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð1Þ15 Q ð2Þ15 K � p
ffiffiffiffiffiffiffiffiffiffivtvl

p
Að1Þ11 Að2Þ11 M þ vlð1� NpÞ

Q ð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð2Þ15 ð1þ KpÞ þ p

ffiffiffiffiffiffiffiffiffiffivtvl
p

Eð1Þ15 Að2Þ11 M þ pvlQ ð1Þ15 N
;

where vp = p(2)/p(1), vt = t(2)/t(1), vl = l(2)/l(1), K, M and N are non

negative dimensionless parameters, K ¼ pð1ÞR

K
_ ; M ¼ tð1ÞR

M
_ and N ¼ lð1ÞR

N
_ .

The inhomogeneous terms (k1,k2,k3)T for the local problem 13L,
are k1 = b21, k2 = b41 and k3 = b61.

The inhomogeneous terms (k1,k2,k3)T for the local problem 1L,
are

k1 ¼
Eð1Þ15 �

ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð2Þ15 þ KvpEð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 M þ ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Að1Þ11 Q ð2Þ15 N

1þ vpð1þ KÞ � ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð1Þ15 Eð2Þ15 M � ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð1Þ15 Q ð2Þ15 N
;

k2 ¼
�1þ vt þ

ffiffiffiffiffiffiffiffiffiffivpvt
p

Eð1Þ15 Eð2Þ15 K � vtM �
ffiffiffiffiffiffiffiffiffiffivtvl

p
Að1Þ11 Að2Þ11 N

Eð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
Eð2Þ15 ð1þ KÞ þ vtE

ð1Þ
15 M þ ffiffiffiffiffiffiffiffiffiffivtvl

p
Q ð1Þ15 Að2Þ11 N

;

k3 ¼
�Að1Þ11 þ

ffiffiffiffiffiffiffiffiffiffivtvl
p

Að2Þ11 þ
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Eð1Þ15 Q ð2Þ15 K � ffiffiffiffiffiffiffiffiffiffivtvl

p
Að2Þ11 M � vlAð1Þ11 N

Q ð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð2Þ15 ð1þ KÞ þ ffiffiffiffiffiffiffiffiffiffivtvl

p
Eð1Þ15 Að2Þ11 M þ vlQ ð1Þ15 N

:

The inhomogeneous terms (k1,k2,k3)T for the local problem 1J are

k1 ¼
Q ð1Þ15 �

ffiffiffiffiffiffiffiffiffiffiffivpvl
p

Q ð2Þ15 þ KvpQ ð1Þ15 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
Að1Þ11 Eð2Þ15 M þ ffiffiffiffiffiffiffiffiffiffiffivpvl

p
Q ð2Þ15 N

1þ vpð1þ KÞ � ffiffiffiffiffiffiffiffiffiffivpvt
p
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p

Q ð1Þ15 Q ð2Þ15 N
;
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k2 ¼
�Að1Þ11 þ

ffiffiffiffiffiffiffiffiffiffivtvl
p

Að2Þ11 þ
ffiffiffiffiffiffiffiffiffiffivpvt

p
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;
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p
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p
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p
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:
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