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Abstract A fiber-reinforced periodic piezoelectric composite, where the constituents exhibit transverse iso-
tropic properties, is considered. The fiber cross-section is circular and the periodicity is the same in two
orthogonal directions. Imperfect mechanic contact conditions at the interphase between the matrix and fibers
are represented in parametric form. In order to analyze the influence of the imperfect interface effect over the
behavior of the composite, the effective axial piezoelectric moduli are obtained by means of the Asymptotic
Homogenization Method. Some numerical examples are given.

Keywords Asymptotic homogenization - Piezoelectric composites - Linear spring interface model -
Imperfect contact

1 Introduction

It is well known that interface imperfections can significantly affect the mechanical properties and failure
mechanisms as well as the strength of fibrous composites. The nature of the bond between fibers and the
matrix material has a significant effect on the mechanical behavior of fibrous composites. Most analytical
and numerical models assume that the bond between the fiber and matrix is perfect and it can be modelled
using the continuity of tractions and displacements across a discrete interface. However, internal defects and
imperfect interfaces are well known to exist in composites and the incorporation of such phenomena into the
general theory requires modification and relaxation of the continuity of displacements between the constitu-
ents. The imperfect interface bond may be due to a very compliant thin interfacial layer known as interphase
or interface damage. Such an interfacial zone may have also been introduced deliberately by coating the fibers
in order to control the mechanical response and fatigue life of the composite. It may also develop during the
manufacturing process due to chemical reactions between the contacting fibers and matrix material or due
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to interface damage from cycling thermo-mechanical loading. The strength of the bond at the fiber-matrix
interface controls the fatigue life of the composite significantly. By controlling the stress—strain response and
ductility of the interface region, it is possible to control overall behavior of the composite.

It should be noted that the study of contact phenomena and the modelling of interfaces between two solids
gain special importance in the effective property determination of composite media. For example, a composite
containing highly conducting particles in a poorly conducting matrix may have an effective conductivity equal
to that of the matrix if the Kapitza contact resistance between the matrix and the particles is sufficiently high.
Dually, a composite with weakly conducting particles in a highly conducting matrix will have the effective
conductivity of the matrix if there is “superconducting contact” between particles and matrix (the normal heat
flux across the interface exhibits a discontinuity which is proportional to the surface Laplacian of the tem-
perature). These effects were identified by Torquato and Rintoul [43], Lipton and Vernescu [26], and Lipton
[27]. Finally, it should be mentioned here that interface effects become specially pronounced in composites
containing small size particles, since, for a given volume fraction of host particles in a matrix, the smaller the
particle size, the larger will be the total contact surface between particles and matrix. In view of the growing
interest in nano-scale phenomena, there has been a series of recent contributions in the literature on the effect
of interfaces in solids (see, for example [8-10,31,41]).

In Bovik [6], the simple idea of a Taylor expansion of the relevant physical fields in thin regions combined
with surface differential operators on a curved surface has been used in achieving the representation of a thin
interphase by an interface. The idea of a Taylor expansion was also used in deriving spring-type interface model
for soft elastic interphases [18], for highly conducting thin interphases [32], and for interphases of arbitrary
conductivity and elastic moduli [19,20]. All of the above studies have assumed that the interphase is isotropic.
Niklasson et al. [36,37] have extended the Bovik model to flat anisotropic layers.

Furthermore, several studies show that the interface properties strongly affect the macroscopic behavior of
composite materials. In particular in the case of composite frictional materials such as reinforced soil [2,11,35].
Some other approaches by [22,23] for studying composite with imperfect contacts are reported where the effect
of an inhomogeneous interphase on the elastic constants is studied.

This work is motivated by the interest to study the influence of non-perfect interfacial contact over the
effective piezoelectric response of fibrous composites using the Asymptotic Homogenization Method. It is
an extension of the results reported by Sabina et al. [40] and Bravo Castillero et al. [7], where the perfect
contact for piezoelectric composites is considered. In this contribution, we have used the same approach that
is reported in Molkov and Pobedria (1984) [33], but in this case an extension to piezoelectric composites with
elastic imperfect contact condition is considered.

2 Statement of the problem

A two-phase periodic composite is considered here which consists of either a hexagonal or square array of
identical parallel circular cylinders embedded in a homogeneous medium. The cylinders are infinitely long
(Fig. 1). The material electro-elastic properties of each phase belong to the crystal class 6 mm, where the axes
of material and geometric symmetry are both parallel to the x3 direction. The governing electro-elastic equa-
tions for this kind of materials are the Navier equations of linear elasticity and Maxwell’s quasistatic equations
for the mechanical displacement u = (u, v, w) and electric field E = (E{, E», E3). They become coupled
equations for u and E through the constitutive relations of the medium. In a two-dimensional situation, like in
the considered geometry here, it is well-known that the equations of elasticity (with no piezoelectricity pres-
ent) for, say, two isotropic solids uncouple into two independent systems under suitable boundary conditions.
Namely, the familiar plane- and antiplane-strain deformation states. The in-plane displacement components
u(xy, x2), v(x1, x2) only appear in the former state. In the later one the remaining out-of-plane displacement
w(xy, x2) is present (see, e.g., [34, p. 82]). A similar situation arises when there is piezoelectric coupling,
i.e., for the full electro-elastic equations Benveniste [4] has shown that, under certain loading conditions at
the (cylindrical) external boundary of solids of class 2, the electro-elastic equations uncouple also into two
separate problems. Although it is not mentioned explicitly there, the same uncoupling occurs for solids of the
class 6 mm considered here. One of them, involves u, v, E3,i.e., itis a state of in-plane mechanical defor-
mation and out-of-plane electric field. The other state, which is of particular interest here, is characterized by
an out-of-plane mechanical displacement w and an in-plane electric field of components E; and E5.

The main aim of this paper is the determination of the shear piezoelectric effective properties, denoted by p
(longitudinal shear modulus), 5 (shear stress piezoelectric coefficient) and 7 (transverse permittivity constant)
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Fig. 1 a Square arrangement of fibers and periodic cell. b Hexagonal arrangement of fibers and periodic cell. The piezoelectric
domains S; and S are the matrix and the cylindrical fibers with radius R, respectively, separated by the interface I

using the homogenization method as in Bravo Castillero et al. [7]. In that paper the same cylindrical geometry
is considered and the phases are solids of the class 6 mm. The above-mentioned uncoupling occurs, but it turns
out that the electromechanical variables u, v, Ej3 satisfy the same equations as the class 6 mm. It is not so for
the other electromechanical state. Thus it is only necessary to solve for the remaining one relating w, Ep, E>.
In this case the relevant constitutive relations are

023 = 2per3 —sEs, o013 =2peiz —sEy, D) =2sep3+1tE;, Dy=2se;3+1E>, (1

where 013, 023 are stress components; €13, €23 those of strain; Dy, D» in-plane electric displacement com-
ponents; only three material properties appear here, namely, the longitudinal shear modulus, the transverse
permittivity constant and the shear stress piezoelectric coefficient. Note the differential relations 213 =
w1, 263 =wno E;=—¢1, Ey= —¢2>, where ¢ is the associated electric potential and the comma
notation is understood to denote differentiation with respect to x;, i.e., ¢ 1,1 = d¢/0x].

The equilibrium equations in the composite are

o1+on2=f  Dii1+Dyp=0, 2

where f is the body force [21].

The two phases are assumed to have only an imperfect elastic contact along the interface of each cylinder
which is denoted by I (Fig. 1). Then, the boundary conditions of the imperfect elastic bonding will corre-
spond to the continuity of traction across the interface (the equilibrium conditions of the medium are satisfied)
but there exist jumps in the displacement (the continuity conditions are not satisfied so that a certain sliding
occurs), i.e., in this case the jumps are in the tangential direction. Moreover, continuity conditions of potential
and normal component of electric displacement remain unchanged by this effect. Thus,

[lo1zng 4+ o23n2]| =0 onT, 3
o0 =0% = kpV/R) D —w®) onT,a=1,2, @)
llell =0 onT';[[Diny + Danz|| =0 onl. @)

where n = (n1, np) is the unit normal vector to I". The double bar notation is used to denote the jump of the
relevant function across I' taken from the matrix to the fiber. The superscripts 1 and 2 denote the matrix and
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fiber, respectively; R is radius of the fiber. The parameter K (0 < K < 00) in (4) summarizes mechanical
properties of the interface. It is a spring constant-type material parameter which will be called the interface
parameter. It is seen that an infinite value of this parameter implies vanishing of the displacement jump and,
therefore, perfect contact interface conditions are described. At the other end, zero value of the parameter
implies vanishing of interface tractions and, therefore, debonding of the two adjoining media are modelled.
Any finite positive values of the interface parameter define an imperfect interface [17,18]. Equation (4) is
usually called a weak interface condition; it was originally proposed by Goland and Reissner [12] and later
studied by many authors such as Benveniste and Miloh [3], Molkov and Pobedria [33], Mahiou and Beakou
[29], Benveniste and Miloh [5], Hashin [20] and Andrianov et al. [1].

3 Method of solution

Let / be the distance between the centers of two neighbouring cylinders and L the diameter of the composite.
Then, when ¢ = [/L is a very small number, it is possible to distinguish two spatial scales, one is X, the slow
variable, and the other is y = x/¢, the fast variable. The boundary value problem (1)—(5) in the composite with
imperfect bonding can be solved asymptotically posing the ansatz

w(x) = wo(x, y) +ew(x, y) +0(e?), @(x) = o(x, y) +egi(x, y) + O(e?), (6)

and using the method of two scales. The functions wy, ¢o, wi, ¢1 are found to satisfy certain differential
equations related to the original system in a unit cell (see Fig. 1) with periodic conditions. It is a well-known
derivation whose details can be found elsewhere (e.g. [38]) and is omitted here. Of a greater interest are the
so-called local (or canonical) problems associated here with the correction terms w1, ¢ to the mean variations
wo, o, since they appear in the formulae of the effective properties. There are four of such problems, which
are referred as (3L, »3L, and 5L. A pre-index is used to distinguish similar constants and functions such
as displacements and potentials, which appear below. Due to the linearity of the Egs. (1)—(5), the corrections
terms wi, ¢ can be obtained as a linear combination of some of such displacements and potentials. This,
however, will not be done here, since the main objective of this paper is the characterization of the effective
properties p, § and 7. There are several alternatives for each property: two for p and 7 and four for 5. As a
start, one of them is chosen. It requires the solution of a local problem, say, 13L. This means that is necessary
to consider, viz.,

ﬁ=Pu+(PM,1+SN,1), §=Su+(SM,1—lN,1), (7

where M =13 M, N =13 N in this section; the subscript v refers to the Voigt average or arithmetic mean of
the relevant quantity. For instance, p, = p1 Vi + p2Va,etc.and V), (y = 1, 2) are the area fractions occupied
by the matrix or fiber materials respectively, and V| + V, = 1. The displacement M and potential N, which
appear in Eq. (7), are the unique solution of the above mentioned local problem, viz.,

AMY) =0 inS,, AN =0 inS,, [IN][=0 onT, (8)

|[(sM 1y —tNDnp+ (sMy—tN2)np|| =0 onT, (M) =0, (N)=0, 9)

(P MY+, NT Y+ (py M +5,ND )2+ pyry = £Kp IMI R y = 1.2 (10)
Note that a combination of Eq. (10) is equivalent to the condition
[(pM.1 +sN1)ni + (pM2 + sNo) na|| = = Iplini, onT, (11

where A is the two-dimensional Laplacian. Thus M) and N are sought such that they are doubly periodic
harmonic functions of the complex variable z = y| 4 iy, in the square or hexagonal unit cell S(= S; U S, and
S1 N Sy = ¢) of periods w; = 1 and wy = e'* (u = /2 or . = 7/3). When the piezoelectric coefficients
s1, s vanish, there is no electroelastic coupling. Hence the Egs. (8)—(11) uncouple in two independent sets.
Those for M) correspond to the antiplane elastic problem (3L [40]. The remaining equations for N @) are
homogeneous implying either a null potential or the existence of resonances [30] for the dielectric problem.
The study of which is beyond the scope of this paper.
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Equations (7) are easily transformed to area integrals applying Green’s theorem. The doubly periodic
boundary conditions on S and the continuity of displacement and potential on I' leads to

Pva—Ilpll/Mdyz—IISII/Ndyl, (12)
r r

S=Su—IISII/Mdyz+|It||/Ndy1- (13)
r r

4 Solution of the local problem 3L

Methods of potential theory are used to solve Egs. (8)—(11). Doubly periodic harmonic functions are to be
found in terms of the following Laurent and Taylor expansions of harmonic functions:

o) R\" o0 o) Z\n
M(l)(z)=Re[—ﬂa1Rz+Z;0an (;) + 20w () ] in 1. (14)
n=

ND(z) =Re [—nble +

() Sia) e o

n=1

M () = Re <Zocn (%)"} in S,. (16)

NO () =Re{ o°d, (3)] in S, 17)

where

CHI=-D! 10 - < 1
_ R S — 0, k+1>2,
hk—1) 1 2 2 o MR A k>

m=—o0 n=—00

Nkl =

and a,, by, ¢, d, are real undetermined coefficients; w1, @, are the periods of the hexagonal or square array
(see Fig. 1). The superscript “o” next to the summation symbol means that “n” runs only over odd inte-
gers so that each term in Egs. (14)—(17) has the same anti-symmetry property as M) and N), namely,
MY (—z) = —MP) (), NV (—z) = =NV (z) [7,13,40].

The line integrals in Eqgs. (12)—(13) and the assumed expansions (14)—(17) produce a very simple result as
a consequence of the orthogonality of the trigonometric functions, namely,

o0
/M<‘>dy2 =7rR(—V2a1 +a +Z”aknk1), (18)

a k=1

0
/N(l)dyz = JTR(—Vzbl + by + zobknkl), (19)

T k=1

/M(2>dy2 = 7 Rcy, /N(z)dyz =7 Rd. (20)
r r
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Using Eqgs. (14)—(17) the expression (11) can be written in the following form,

o0 o0
(=p1Vaar — siVabi + R ||py||) 810 + p1 (Z *akNin — Cln) + 51 (Z by Min — bn) = pacn. + s2dn,

k=1 k=1
(21)
Replacing Egs. (18)—(21) into Egs. (12)—(13), we obtain,
p = p1—2xR(prai + s1b1), (22)
§ =51 — 27 R (s1a; — t1by). (23)

in which only the residue of M" and NV contributes towards p and 5. The expressions for p and § in Egs.
(22)—(23) are the same as in the piezoelectric case with perfect contact conditions [7,40]. The coefficients a;
and by, however, are different in both cases. Thus, expressions for aj, b; are now sought from the system of
infinite equations

MD = U, (24)
where the infinite order matrix M (m ), have block components of order two given by
Sk — VaBi8in + Butikn  ;f Sk — Voo 810 + 0ty Mk
Mpk = i _ B (25)
Sk — Vovibin + Vallin 6;1 Snk — V251 S + 6;1 Nkn

DT = (a1, b1, as, bs, ...), and Ul = —R (B1, ¥1,0,0, ...). The super index T denotes transpose and the
magnitudes oz,f, Bus  Vus S,j,: are given as follows,
Bn=(x*K —nx*—K)/ (x*K +nx*+K), of =(s1/p1) (s*K £nx* £K)/(x*K +nx* + K),
Yo = (s"K —ns* — K) / (s"K +ns* + K), x =p2/p1, sT=so/s1 and t*=n/hH,

8E = (n/s1) (Esins™/pin — 17K FK) / (sTK +nsT + K). (26)

The limit case of perfect contact condition for piezoelectric antiplane problem is derived as a particular
case of Egs. (24)—(26) as K — ooc. In this case, the parameters aj, b are the same that in Sabina et al. [40]
(see formula (3.25), p. 1475). The infinite system (24)—(25) is solved by truncation to order N. The numerical
results converge quite quickly for low values of N. The truncation order, however, increases as the parameters
K, x* and the fiber volume fraction have high values. In the numerical examples presented in Sect. 6, the
results are given for N = 10, because this achieves the require accuracy for the parameters used.

5 Solution of the local problem ; L

The displacement M) and potential N’ (y = 1, 2) are the unique solution of the local problem | L given by

AMY) =0 inS,, AN =0 inS,, [IN]|=0, onT, (27)
[(sM1 —tN)ny + (sMa — tNo)mo|| = ltlln1 on T, (M) =0, (N)=0, (28)
) (62 () (62 _ -1
(M + 5, N Y1+ (MY + 5, NG ) o+ sym1 = 2K INI R, (29)

a combination of Eq. (29) is equivalent to the condition

||(pM 1+ sN.)ny + (pM s + sNo)na|| = |Isl|n1, onT, (30)
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The doubly periodic harmonic functions M) and N) are sought in the form of a series with undetermined
real coefficients ay,, b,, ¢, and d,, like Eqs. (14)—(17).
The effective properties of the composite 5, 7 have the following analytical expressions

5§ =51 =2 R (pra1 — s1b1), (3D

=t +27R (s1a1 — 11by), (32)

The unknown constants a; and by in this case can be found by solving the systems (24)—(25) except that UT
is replaced by U T—_R (oel_, 8,,0,0,.. ) A similar expression is obtained for the effective coefficients in
Loépez-Lépez et al. [28].

6 Analysis of results

In many real fiber-reinforced composites, the fiber-matrix adhesion is imperfect: the continuity conditions
for stresses and displacements are not satisfied. Linear spring interface model (present model) and interphase
models are often used to simulate the interface behaviour of reinforced composite materials. The aim of this
section is to point out the effects of the fiber-matrix interface on the piezoelectric properties of composite
materials based on the asymptotic homogenization. To date, to the author’s knowledge, the problems associ-
ated to the calculations of effective properties with piezoelectric materials and inhomogeneities with imperfect
interface conditions have not been proposed sufficiently in the literature. Some numerical results, derived
from the present model, are given in order to illustrate the effect of the imperfectness of the interface. In the
context of the present study, variations of the stiffness of the spring from a full debonding to a perfect bonding
interface are considered. There are certain scenarios associated with the full debonding interfaces, for which
the cylindrical inhomogeneity becomes equivalent to a hole.

6.1 Elastic case

A unidirectional composite consisting of T300 fibers and epoxy matrix is studied. Constituent properties used
are given in Hashin [16]. Figure 2 shows the variation of the normalized axial shear elastic modulus with
interface parameter using four different approaches, i.e. AHM recursive [14], AHM three phase exact model
[15], GSCS model [16] and the present model, but only for the purely elastic case and square cells. It is seen
that there is a significant effect of the imperfection and that measurement of this modulus can be used as an

45 T T

AHM (recursive)

C  AHM (three-phase)
------- GSCS (imperfect)
O AHM (imperfect)

44

7= 1e-005 b
pofpy = 17.2

Fig. 2 Effect of elastic interface imperfection on axial shear coefficient for a composite of T300 fibers and epoxy matrix. Com-
parison of elastic effective modulus p/p; with other models
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Table 1 Numerical limit case comparison: perfect contact (K = 10'5) with imperfect contact condition for the composite of
Barium Titanate (matrix) and PZT — 7A (fibers)

V2 p s(i3L, 1L) !

0. 29.41 10.6 8.23

0.1 30.6364 10.7229 8.6113
0.2 31.9062 10.8392 9.00741
0.3 33.222 10.9478 9.41924
0.4 34.5865 11.0471 9.84798
0.5 36.0037 11.1346 10.2951
0.6 37.4784 11.2071 10.7626
0.7 39.0168 11.2599 11.253
0.78 40.2985 11.2827 11.6641

experimental means to obtain the interface parameter K = (p;/p1) /n, where py is the axial shear modulus
of interphase, n = /R and ¢ is the thickness of the interface. Good agreement between all the approaches can
be observed. According to the theory of Hashin [20], the connections between a thin interphase model and
an interface model can be established by Taylor expansions. In this work, Hashin only studied the connection
for elastic fiber-reinforced composites. Recently, the relations between the thin interphase model and interface
models were studied for spherical particle-reinforced composites by Wang et al. [44]. Relations between the
equivalent interface moduli and the interphase stiffness and thickness were presented by Wang et al. [44]. The
AHM (imperfect) model and GSCS (imperfect) are close to each other for a thin thickness of the interphase.
Perfect interface is achieved as K — oo and debond can be observed as K — 0. Observe that on the left hand
side of Fig. 2, the models are separated with respect to AHM (imperfect) since the AHM (three-phase), GSCS
(imperfect) and AHM (recursive) models involve three constituents in the composite, whereas the present
model for imperfect contact is related to two-phase composite. Obviously, this gap increases, when the volume
fraction of the intermediate phase increases. Conversely, the four models are very close on the right-hand side
of Fig. 2. Indeed, the above mentioned models are related to imperfect contact.

6.2 Limit cases

The effective elastic modulus p is the same that the reported in Molkov and Pobedria [33] for different values
of spring constant K. In Table 1 the limit case is studied of perfect contact. The numerical values derived
from the analytic expressions reported in Sabina [40] and Bravo Castillero et al. [7] for perfect contact and
the present model with square cell for imperfect contact coincide for the effective properties p, s and ¢ when
the stiffness value of K is very high, for example, K = 10'>. The effective piezoelectric coefficient 5 [see
formulae (23) and (31)] is computed by two different local problems ;3L and ; L. The central column indicates
that they are the same. It allows to confirm that the implementation of the numerical code is correct.

Besides, numerical comparisons between the limit case for perfect contact at the interface (K = 10'%) and
complete separation between fibers and matrix (K = 10~!2) using AHM with square cell and the Generalized
Self-Consistent Approach (GSCA) reported by Jiang and Cheung [24] is shown in Table 2. Notice that there is
very good agreement between the results using the present model for complete separation and perfect contact
and Tables 2 and 3, respectively, reported by Jiang and Cheung [24].

6.3 Overall piezoelectric properties for different arrangements

In Table 3, the matrix is PZT-7A taken from [25] (p1 = 29.41 GPa,s; = 10.60 C/m2, 1 = 823 x
10~% nC/Vm). The piezoelectric effective properties p, 5 and 7 for different geometric arrays (square and
hexagonal cells) of the composite with imperfect contact conditions are illustrated. The ratio of the material
properties used are sp/s1 = 6, t2/t] = 6, and the volume fraction is V> = 0.65.

Different ratios of the axial elastic moduli of the constituents and values of the imperfect parameter K are
considered. The parameter K affects the behavior of the elastic, piezoelectric and dielectric properties in the
composite. Notice that the values of the effective properties p, 5 gradually increase whereas 7 decreases when
the parameter K increases for each ratio of p,/p;. The effective parameters § and 7 do not change as K — 0o
since the ratios s, /s1 and 1> /1 are fixed.
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Table 2 Comparison between the limit cases: (a) perfect interface (K = 10'2) and (b) complete separation between fiber and
matrix (K = 107'2) using AHM and the Generalized Self-Consistent Approach (GSCA) reported by Jiang and Cheung [24] in
Tables 2 and 3, respectively

Vol. fract. 7 (AHM) 7 (GSCA) 5 (AHM) 5 (GSCA) 7 (AHM) 7 (GSCA)

(a)
0 21.1 21.000 12.3 12.300 8.107 8.1070
0.1 17.472 17.473 10.064 10.064 6.6592 6.6592
0.2 14.418 14.419 8.2007 8.2007 5.4488 5.4488
0.3 11.812 11.812 6.6238 6.6238 4.4217 4.4217
0.5 7.5992 7.5992 4.1006 4.1006 2.7731 2.7731
0.6 5.8726 5.8726 3.0755 3.0755 2.1014 2.1014
0.8 2.9754 2.9754 1.3669 1.3669 0.97945 0.9794
0.9 1.7482 1.7482 0.64747 0.6475 0.50614 0.5061

(b)
0 21.1 21.100 12.3 12.300 8.107 8.1070
0.1 17.264 17.264 10.064 10.064 6.633 6.6359
0.2 14.067 14.067 8.2 8.2000 5.4047 5.4096
0.3 11.362 11.362 6.6231 6.6231 4.3653 43716
0.5 7.0333 7.0333 4.1 4.1000 2.7023 2.7102
0.6 5.275 5.2750 3.075 3.0750 2.0267 2.0350
0.8 2.3444 2.3445 1.3667 1.3667 0.90078 0.9095
0.9 1.1105 1.1105 0.64737 0.6474 0.42668 0.4355

Table 3 Piezoelectric effective properties p, § and 7 of the composite of Barium Titanate (matrix) and PZT — 7A (fibers) for
different geometric arrays (square and hexagonal) with imperfect contact condition

Vo =0.65 K [J_/pl E/sl f/tl
Sqr Hex Sqr Hex Sqr Hex
0.1 0.2461 0.2903 0.4906 0.4260 11.296 6.9304
” 1 0.6864 0.7228 1.9671 1.5061 8.5993 5.6625
o =01 20 1.1167 1.2520 3.4680 2.8432 5.2853 4.0441
400 1.1575 1.3085 3.6113 2.9888 4.8843 3.8585
100 1.1597 1.3116 3.6191 2.9969 4.8613 3.8480
0.1 0.2487 0.2920 0.3910 0.3803 9.2906 6.3394
1 0.7669 0.7843 1.6246 1.3446 7.7992 5.4563
»o_ 20 1.4480 1.5420 3.4182 2.8514 5.2765 4.0435
T 400 1.5298 1.6374 3.6571 3.0460 4.8814 3.8539
100 1.5345 1.6429 3.6709 3.0572 4.8578 3.8429
0.1 0.2532 0.2957 0.2345 0.2816 6.2289 5.0708
1 0.9711 0.9716 0.8233 0.8581 6.0028 4.8424
P2 _ 20 20 3.8361 3.3831 3.0061 2.8978 5.2232 4.0410
o 400 5.3345 4.0614 40918 3.4657 4.8570 3.8200
1010 5.4654 4.1069 4.1858 3.5037 4.8256 3.8053
0.1 0.2538 0.2962 0.2145 0.2661 5.8531 4.8717
1 1.0089 1.0112 0.6858 0.7562 5.7081 47151
2 — 400 20 5.1746 4.2390 2.7575 29176 5.1966 4.0402
o 400 9.2320 5.4429 45212 3.7040 4.8346 3.8009
100 9.7189 5.5307 47292 3.7610 47931 3.7837
0.1 0.2539 0.2963 0.2134 0.2651 5.8318 4.8601
1 1.0111 1.0136 0.6777 0.7499 5.6907 47074
P _1ol0 20 5.2824 43032 2.7372 2.9191 5.1945 4.0402
o 400 9.6531 5.5548 4.5673 3.7233 4.8322 3.7994
100 10.193 5.6466 4.7896 3.7819 4.7896 3.7819

6.4 Effective properties versus fiber volume fraction for different parameter K

In Fig. 3 the electro-elastic effective properties , 5,7 and d versus fiber volume fraction are shown for the

composite Barium Titanate (fiber) (p» = 43.86 GPa, s» = 11.40 C/m2, = 12.80 x 10~° nC/Vm) and
PZT-7A (matrix) with different values of imperfect parameter K using square cell. The fixed ratio used is
x* = p2/p1 = 1.5. The effective properties are for non-perfect contact approached to the effective properties
with perfect contact (K = 1010) if the parameter K increases. It was reported by Hashin [17,18].
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Fig. 3 Electro-elastic effective properties p, §, 7 and d versus fiber volume fraction for a composite of Barium Titanate (matrix)
and PZT-7A (fiber) for different values of imperfect parameter K

6.5 Piezoelectric effective properties versus Continuous parameter K for different ratios of x* = p»/p1

Figure 4 shows the p, 5, 7 and d electro-elastic behaviour related to the imperfect parameter with square cell.
We denote the material property d = s/p (strain piezoelectric coefficient). The material parameters used in
the calculations are the following: Vo = 0.5, s2/s1 = 2, t2/t; = 3 and the matrix is PZT-7A. We point out that
the composite properties p and s become stiffer as x* increase for K € [100, 0o). This trend is the opposite
(softer) for0 < K < 0.01, where all the curves are indistinguishable for the shear modulus p; the curves for the
piezoelectric modulus § are different in this interval. Mahiou and Beakou [29] observed same conclusion for
the effective elastic longitudinal shear modulus. The curve for the permittivity effective modulus 7 has the same
trend as the elastic effective modulus p but they are symmetric with opposite effect. The stress piezoelectric
effective coefficient d is stiffer for the smallest values of x *. Recently, Shodja et al. [42] investigated the effects
of different interface conditions on the electro-mechanical response of the matrix-fiber sensor system under
loading conditions. Different boundary value problems in a unified manner and various fiber-matrix interface
conditions were considered.

7 Conclusions

In the present paper, an asymptotic approach for the simulation of the elastic imperfect bonding in piezo-
composite materials is proposed. We introduce a set of elastic springs between the matrix and inclusions that
transmits a load from the matrix to the inclusion; the transmission stress is proportional to the displacement
jump across the “matrix-inclusion” interface. In the asymptotic limit, we can simulate different degrees of the
interface response: the case K — oo corresponds to the perfect bonding, the case K = 0 to the complete
separation of the matrix and inclusions.

As an illustrative example, we consider the axial shear of fiber-reinforced piezoelectric composites with
square and hexagonal arrays of cylindrical inclusions. Our analysis is based on the asymptotic homogenization
method. The local problems are solved and the solutions are valid for all values of the components volume
fractions and properties.

The debonding parameter K can be considered as a kind of phenomenological parameter. Unfortunately,
up to now, the authors have not found experimental data related to characterization of the effective coefficients
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Fig. 4 Electro-elastic effective behavior of p, 5, 7 and d versus imperfect parameter K for different values of elastic shear modulus
ratio x* = p2/pi

in piezoelectric composites under imperfect contact conditions. Evidently, in many practical examples it may
not be identified a priori, so the researcher can operate only by some empirical estimations.
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