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ABSTRACT

In this work, two-phase parallel fiber-reinforced periodic
piezoelectric composites are considered wherein the
constituents exhibit transverse isotropy and the cells have
different configurations. Two types of imperfect contact at
the interface of the composites are studied: a) imperfect
contact via spring model, b) three phase model. Simple
closed-form formulae are obtained for the effective
properties of the composites with both types of contact and
different parallelogram cells by means of the asymptotic
homogenization method (AHM). Some numerical examples
and comparisons with other theoretical results illustrate that
the model is efficient for the analysis of composites with
presence of parallelogram cells and imperfect contacts.

INTRODUCTION

The study of contact phenomena and the modelling of
interfaces between two solids gain special importance in the
effective property determination of composite media. This
work is motivated by the interest to study the influence of
imperfect contact over the effective piezoelectric response of
oblique fibrous composites. Composites with rhombus
periodic cell are important since they could describe
monoclinic behavior of certain physical and biological
structures. This is an extension of previous results [1,2]
where perfect contact for piezoelectric composites were
considered. On the other hand, in this contribution the
authors extend former researches [3-5] to oblique distribution
of the periodic cells under imperfect bonding contact. Two
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approaches (spring and three phase models) are used for the
calculation of the piezoelectric effective coefficients of angular
fibrous composites with anisotropic elastic constituents with no
well bonded contact. This contribution is an extension of previous
works [6,7] using the AHM. The results in this paper are mainly
focused on the impact of the fibers cross angles and the
mechanical imperfection of the interface on the stiffness
properties of the chosen composites.

BASIC EQUATIONS. HETEROGENEOUS PROBLEM
Consider piezoelectric materials that respond linearly to
changes in the mechanic and electric fields. A two-phase uniaxial
reinforced material is considered here in which fibers and matrix
have homogeneous and transversely isotropic properties; the axis
of transverse symmetry coincides with the fiber direction, which
is taken as the Ox, axis. The fiber cross-section is circular.

Moreover, the fibers are periodically distributed without
overlapping in directions parallel to the Ow,- and Ow, -axis,

where w, 20 and w, #0 (w, #iw,, AeR) are two complex

numbers which define the parallelogram periodic cell of the two-
phase composite. Therefore the composite € consists of a
parallelogram array of identical circular cylinders embedded in a
homogeneous medium (Fig.1). The cylinders are infinitely long.
Using the conventional indicial notation in which repeated
subscripts are summed over the range of i jk1=1,2,3, the
constitutive equations are

G = Cijk18k1 - ekijEk’ D, =ey,g, + K, E,, (1)
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where o, €

ij* “ij>
electric field vector, and the electric displacement vector,
respectively. The quantities Cy,, €;, k;, are components of

E,, and D; are the stress tensor, strain tensor,

the elastic stiffness tensor, the piezoelectric tensor, and the

W,

X,

o
Fig. 1. The heterogeneous medium and extracted the parallelogram periodic

cell.

permittivity tensor, respectively. The divergence equations,
which are the elastic equilibrium as the body forces are
absent, and Gauss’ law, are, respectively,
5, =0, D, =0, in Q(2)
where the subscript comma denotes partial differentiation.
The gradient equations, which are the strain-displacement
equations and electric field-potential, are, respectively,
. :1[%+%} E =g (3)
2\ ox,  ox,
where u, and ¢ are the mechanical displacement and

electric potential, respectively.

Substituting (1) and (3) into (2) we obtain a coupled
system of partial differential equations with coefficients
rapidly oscillating

(Couu, +eu8;) =0, (euu, —x, (1) =0 in Q.(4)

i
Equation (4) represents a system of equations for finding
u, and ¢ . For a complete solution, it is necessary to assign

suitable boundary conditions, for instance
‘n, =9, ¢°=¢,; Dn, =0, onoQ,(5)

& _N)-
u; =0; oyn,

where u!, S and ¢, are the prescribed displacement, force

and electric potential on the boundary of the composite.

In order to model various possible damages occurring on
the fiber-matrix interface composite two formulations of
imperfect bonded are considered: a) imperfect contact via
spring model, b) three phase model. The consequence of both
derivations and their numerical results are studied as follows.
a) CELL PROBLEMS FOR SPRING IMPERFECT

CONTACT

The inclusion problems associated with piezocomposite
materials, which have been presented in the literature, are
mainly concerned with perfect interface condition; see for
example, [8-10]. In the case of perfect bonding, the
continuities of displacement, traction, electric potential, and
normal electric displacement are concerned. Often, the above
electro-mechanical interface conditions are not realistic
assumptions in modeling the actual physical problems. In
this section it is intended to analyze the behavior of a
piezocomposite under imperfect contact. The mechanical
behavior of imperfect interface is modeled via a layer of

mechanical springs of zero thickness. The spring constants are the
measures for the magnitude of the associated continuities. The
vanishing value of: K., K, andK, corresponds to pure

debonding (normal perfect debonding), in-plane pure sliding, and
out-of-plane pure sliding, respectively. The status of the
mechanical bonding is completely determined by appropriate
values of these constants. For large enough values of the
constants, the perfect bonding interface is achieved.

Using the vector notation and defining the spring stiffness
matrix, the mechanic displacement and the traction vectors in the
following manner:

u, T, K ~0 0 ©)
u=|u |, T=|T. |, K=[0 K, 0|
. T, 0 0 K.

the mechanical imperfect condition [11,12] in general may be
expressed as
TV +T® =0, TV =(-1)

v+l

K|ul, [¢]=0, [Dfn=0 on .(7)
In these relations ||0|| indicates the jump in the quantity at the

common interface between the fiber and the matrix denoted by
I'; n is the outward unit normal on I; wu,u,u, are the

tangential and normal components of the mechanic displacement
vector; T, T, T are the tangential and normal components of the

t> 7s2 Tn

traction vector T (T, =o,n.). The superscripts (y), y=1,2

LU
denote the matrix and fiber respectively.

Two-phase composite is considered which comprises a
matrix with homogeneous properties given by the following
moduli tensors: elastic Cj), piezoelectric ¢ and dielectric

permittivity «{’, in which are embedded parallel circular
cylindrical fibers with corresponding homogeneous properties
Ciil» efy and k(. The overall properties of the above periodic
medium are sought by means of the AHM [1,2]. Then, it follows
that in terms of the fast variable y = x/¢, the appropriate periodic
unit cell Y is taken as a regular parallelogram in the
y,y, —plane so that Y=Y, UY, with Y,nY, =4, where the
domain Y, is occupied by the matrix and its complement Y,, a
circle of radius R, is filled up with the fiber (Fig. 2). Beside the
use of subscript, matrix and fiber associated quantities are also
referred below by means of superscripts in brackets (1) and (2),
respectively.

Under above considerations the non-ideal contact condition

=0. Thus

the expression (7) can be re-written in the following indicial form
T =0 0 T~ R on )

- fell=0. |

By means of the AHM it is possible to obtain an asymptotic
solution of the boundary-value problem (4)-(5) as € — 0. The
solution of (4), (5) and (8) is sought in the form

(7) is studied, i.e. Kn — o and it is equivalent to |[u

n

U,

TV = (-1)" K,

u, D,|n; =0,
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Fig. 2. Different unit cells - rectangle, rhombic and parallelogram.

of a series in powers of & with coefficients depending on
both the variables x and y treated as independent; they are
referred as the slow or macroscopic and fast or microscopic

variables, respectively. Here, the solution is explicitly posed
as

u'(x)=u?(x,y) +eu’ (x,y) +--

O"(x) = ¢V (x,y) +ed (X, y) ++-.

The substitution of (9) into the equations (4) and (5) and

the comparison of similar powers of & leads to the boundary

INORPO! )
u;’, ¢ and ¢,
y = x/¢, must be considered when derivatives

"9

value problems that are satisfied by u'
The relation
are computed so that the chain rule is applied. It is found, to
order £, that the functions u!” and ¢'” do not depend on

y. To the next order of &', due to the linearity of this

problem and the assumed regularity of both the inclusions

shapes and the smoothness of the coefficients, a product
M and ¢ as follows:

1 _ 8"1;0) ¢
W Y) = M) =0+, P¥) S —
X

solution type is found for u

~: 1)

(0 — au;‘” ¢( '
¢V (xy)= ,,qN(y) )+, Q(y)

(x),

where the sets of pq-— functlons, pqM(y) and | N(y), and

p — functions,  P(y) and Q(y), depend only on y. They
are the unique periodic solution of the so-called | —local and
oL and |1

over the periodic unit cell Y , defined below.
The L problem seeks displacements

) :
W NT(y), In Y,

,—local problems, denoted by , respectively,

)
M7 (y) and
potentials v=1,2, which are periodic
functions of periods w, =1, w, =be”, b>0 is the modulus

of this complex number and are the solution of

WOl =0 Y,
D=0 inY,
W T+ T =0, HNM" =0, NH:O (11
WO = (1)K o MY, T = (-1) on T,
Hqu5Hn5 = H OPané’
<qui>=<qu>=0,
where

O = Cl MU e N,

qu‘a” = e pMih — Ky N,

the comma notation denotes a partial derivative relative to the y;
component, i.e., U = dU/dy, ; the summation convention is also

understood for Greek indices, which run from 1 to 2; no
summation is carried out over upper case indices, whether Latin

on Greek. The functions  M', M®, M" are the tangential

> pq ’ pq

and normal components of the wvector M  whereas

Lo pqles peln o are the tangential and normal components of the

traction vector | T =(,c,+C,, )n;, associated to the local

problem | L. The angular brackets in (11), from now on, define

the volume average per unit length over the unit periodic cell, that
is (F)= J' F(y)dy. The symmetry between the indices p and g
vl
shows right away that at most six problems need to be
considered.
The I problem is stated as follows: the displacements

& : & ; -
,P(y) and potentials Q" (y) are sought in Y, , y=12,
which are periodic functions of periods w, =1, w, =be'®, b is
the modulus of this complex number and that satisfy the

boundary-value problem
¢l =0 in Y,,

p 188

(

D=0 inY,,
(1) 2) _

T+ T =0, |,

(13)

T = (1)K, P pT;W:(—l)”‘ K|, P*

,r on I,

[+Ds]ms =iy .

<PPi> = <PQ> =0,
where the functions pP‘, pPS, pP“ are the tangential and normal

components of the vector P whereas T, T, T, , are the

t> p's? pon>
tangential and normal components of the traction vector
,T.=(,0,+e,)n, associated to the local problem T and

(r) yel(?) (§2) (v) ()
P 15 Clbk) pP +e)15 pQ (14)
) _ (v) (1) (/) (v)
D Csi. me Q

Also the non-homogeneous 1 problems will cooperate

towards the homogenized moduli. The constitutive relations of
the linear piezoelectric theory for a heterogeneous and periodic
medium, €2, is characterized by the Y — periodic functions C(y),
e(y), w(y). The original constitutive relations with rapidly
oscillating material coefficients are transformed in new physical
relations with constant coefficients C*, e", k which represent
the elastic, piezoelectric and permittivity properties, respectively
of an equivalent homogeneous medium and are called the
effective coefficients of Q. Therefore, the system (4) can be
transformed into equivalent system with constant coefficients
which represent the overall properties of the composite.

The main problem to obtain such average formulae is to find
the Y —periodic solutions of nine L, T (p,q=1,2,3) local
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problems on Y in terms of the fast variable y [1,2] based on

the mathematical statement of both problems.
Once the local problems are solved, the homogenized

moduli Cj,e,,k; may be determined by using the
following formulae:
Chro =(Cipg +Ca My e N )€ = (e Fei0 My, =5 >(15)

eptj _< i + Ci pPis T84 ka>= Kip <Kip € pPr 15 ,Qy >
Each local problem, (11), (13) (p,q =1,2,3) uncouples
into two sets of equations. A plane-strain and an antiplane-
strain systems of equations which correspond to five plane-
strain local problems L, ,L, ;I and the fourth antiplane-

strain ones ,;L, ,;L, |1, ,I. The boundary-value problem set
up in (11), (13) has been solved in this work using the
methods of a complex variable and the properties of doubly
periodic elliptic and related functions with periods w, and

w, [1,2]. For simplicity, only the set of antiplane problems
L, L, L ,I is explained in detail. From now on, the

prelndlces are not used. The determination of the shear
piezoelectric effective properties, denoted by C,,, C.., C.

445 455 550

(shear moduli), e, e;,,¢,, (shear stress piezoelectric

coefficient) and x|, K}, Ky, (transverse permittivity
constant) is the main aim of this part where the constituents
of each phase of the composite are of class 6mm and the
short indicial notation is used. In this case the relevant

constitutive relations are
Gy =2C, 8 —¢sE,, 0, =2C,8,; —¢E, (l 6)
D, =2e¢,, +x,,E,;, D, =2e¢,, +x,E,.
The displacement M = ;M and potential N= N,
which appear in (15), are the unique solution of the above
mentioned local problem ;L. In this case the equation (11)

yields

AMY =0, AN =0 inY,

(1) (2) _
L= (17)
HNH =0, 155 — Ky Na)an = _Hel5Hnl, on I’

(CHMY + YN )n, +Cn
(M)=0,(N) =0,

=) KCY MR,

where A is the two-dimensional Laplacian.

Egs. (15) are transformed to area integrals applying
Green’s theorem. The doubly periodic boundary conditions
on Y and the continuity of displacement and potential on I"
leads to

Cly —iChs = (Cys )+ (=1 %J'M”‘dyz +iMPdy, +
' (18)

egi'[N”’dy, +iN"dy
v ! v

+(-1)’
. . el?
€5 —iey; = <els > +(=1) %J M@dy, +iM“dy, +
T

[§2]
+ (=) K‘T‘JN”‘dyz +iNTdy,.
r

where summation convention is understood for y, which run

from 1 to 2.

Methods of potential theory are used to solve (17). Doubly
periodic harmonic functions are to be found in terms of the
following Laurent and Taylor expansions of harmonic functions:

M (z) = Re{ a0+i°( j a +i"i°(;)pnkpak},
_ o2V (19)
N“’(z)=Re{Rb0+Z°[ ] b +Z°Z°(Ej nkpbk}, inY,

1

M?(z) = Re{iocp (éj } N®(z)=Re {i Odp (;jp}, inY,

p=

where

—1)! ) o
lel=_((ll((-‘—ll)V13'.Rk+l 1 k+l’m+n¢0’k+l>2 and

e - (MO, + NO,
a,,b,,c, .d, are real undetermined coefficients; w,, ®,, are the
periods of the parallelogram array, respectively (see Fig. 2). The

superscript “0” next to the summation symbol means that “p”
runs only over odd integers so that each term in (19) has the same

anti-symmetry  property as M and N,
MY (=z) = -M"(2) , N (~2) = -N"(z) (see, [1,2]).
The line integrals in (18) and the assumed expansions (19)

produce a very simple result as a consequence of the
orthogonality of the trigonometric functions, namely,

namely,

J.M“)dxz +iMVdx, = TER(B:Jr a, +Z°nk]akj,

. k=1
(20)
jN“’dx +iNVdx, —nR[b 30, kj’

k=1

IM(2)dx2 +iM?dx, = nRc,, IN(Z’dxz +iN®dx, = nRd,.
r

.

Replacing (20) into Eqgs. (18) and taking into consideration

the imperfect contact condition (17) we obtain the final
expression of the effective coefficients,

C;S —i CZs = C(515) (1 —2V,I0;, ) 4

* et o .1 1
€5 —1 8,5 =/Cs5xy, (E _2V2H21)
M, =&, +Eb, I, =Ea -b, B =e®/\JC&x®
1" 1 1o oy 1 15 55 Kip s

the over bar denotes complex conjugate numbers, the fiber
volume fraction is V, =R?/V, V= |w]||w2|sin9 denotes the

@1

where

area of periodic cell. The unknown constants a,, b, are solutions
of the infinite systems related to the local problems ,L, in which
only the residue of M and N contributes towards C,, C;

and e, e,,. Thus, expressions for a,, b, are now sought from

the system of infinite equations

w0 -4 (22)
where the vector 2" =(x,,X,,X;,X,) contains the real and
imaginary parts of the unknowns a, =x, +ix,, b, =x; +ix,
and the vector # is given by #" =R(B,,,0,B,,,0). The super
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index T denotes transpose and the 4x4- order matrix
#77(m,, ) is defined by the following matrix form,

WK RGP 7, (23)
B 0 @, O

= 0 By 0 oy )
By 0 oy O
0 By 0 @y

le( h, +h,, hZI-hnj %]( h, +h,, hZI-hnj
~(h, +hy,) hy-h, ~(h, +hy,) hy,-h,

[34.( h, +h, hZI-hzzj %( h, +h, hZI-hZZJ
-(h21+h22) h, -h, -(h21+h22) h, -h,

h, 9%{5 -0, } h, _me{fw L }
W, W, —W, W, W, W, —W, W,

~ 5‘1\’7‘/2_5‘2\7‘/ ~ oW, —6,W
h21 =m —=2 21 > hzz =m 77,] >
W W, —W,W,

g=

5, =2¢(w,/2), ¢(z) is the Zeta quasi periodic Weierstrass

: 1 & 1 1 z
function defined as == ' — 4+ 2 |, and
C(Z) Z+mzm [Z_Tnm +Tnm +Tnzmj
the prime over the summation symbol means that the pair (m,
n) = (0, 0) is excluded. The Legendre’s relationship links

5,6, and the periods w,,w, by the relation
d,w, —8,w, =mi. The Laurent series expansion of { is

0 2k-1

C(Z)%—ch 22k - where ¢, =0, ¢, =3S,, ¢, =55, and
k=2 -
3 k=2

S A k>4. The lattice S, is defined
ey DAL :

by S, =D (mw, +nw,) , m’+n’>%0, k>2, S,=0. In
particular S, and S, used in the numerical implementation
are reported in Table 1 of [10, 11] for parallelogram and
rhombic cells respectively.

The matrices 77, 7 and 77 are of infinite order and for the

numerical implementation it is necessary to truncate to certain
A L7

11 In
order n € N. The matrix == is composed by

/ﬁ T m 4nxdn

sub-matrices (%), , defined by Z=5 4+ 2,

Brawer 0 oy 0
0 BI 2t+1 0 (x'l 2t+1

H
B} 2t+1 O a32‘+1 O
0 B] 2t+1 0 o

32t+1

Wiz st W s Wiz s Wan s
BZ 2t+1 02 2t+

Wonnasa Wiz 2 Woonosn Wiz 251

bl
Wizt o “Wao 254 Wiz s Waz 251
BA 264 Oy

Wit Wi 54 Wosnasn Wiz s

Wi, = Re(w,), Wy, =3Im(w, ), are the real and imaginary parts

_ (k+p-D! R

of the  complex  number W, = Seins

k=D fip 7

k=2t-1, p=2s-1, t,s=1,2,3...,. The matrices
n,

Z=(n, - n,),, and 7= are composed by sub-

Dot ) gt
matrices (n,,), , and (n,), , defined by n, = 2., ,n,=7,,
respectively. The magnitudes B, By, By, 5By > 0y 0, 05 0,

are given as follows,
_1-y,(1-K]'p)

Po =t P = ok Pt

EO 7\/7%7‘]5(2)(171(:11))
P O n B0+ )

E® 4+, EVpK,' + fr, 0 E®  (24)
e = 1+7,0+K,'p) ’
. - ED 4+ XpEmsz—l _}l/XP—X[E(Z) ,

1+ Xp(l +K;'p)

o - “1+p 1,0 BVEPK 1,

TOEY o EP A K D)
. - 1+, EVEPK +
TEY s L EP K p)

—_ @ O] — (2 (1)
where 5 =CJ/CY, x, =« /).

The limit case of perfect contact condition for piezoelectric
antiplane problem is derived as a particular case of (22)-(24) as
K, — . In this case, the parameters a,, b, are the same that in
([1], see formula (3.25), page 1475). The infinite system (22)-
(24) is used such that it is truncated for obtaining a nxn order
system. It is interesting to note that the effective properties are
monotonic function of order n of the solution of the system. The
numerical results converge well to the exact solutions when an
adequate order in the solution of the system is chosen as N
increase. The truncation order for solving the system increases as
the parameters K, y  and the fiber volume fraction are high. In

the numerical examples the solutions are given for N =10,
because this order of n achieves the require accuracy for the
parameters used.

The remaining antiplane problems ,,L, I, ,I can be solved
in analogous form to the aforementioned problem. As a summary,
all the effective coefficients derived from the antiplane set of
local problems can be listed as follows,

C,:s —i C15 = Cgls) (1 -2V,H,, )a

C,s—iC, =-C¥ (i+2V,H,,),

e)s —iey =4/CUk (E-2V,H,,), 25
e;zz —i e;zz = _Vcél.s)'{(lll) (iE +2V,H,, )’

KT] —i K:z = K(lll) (l +2V,H;, )’

Ce s
Ky 1Ky ==Ky (1_2V2H31)
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where
H](x = a1(0@) + Ebl(a})’ HZ(x = Eal(a}) -b

— F3 h -3 H — M 1) (1)
H}a = Eal(u) - bl(a)’ H4a = Ay + Ebl(a)’ E= ells/\} C1313K11 s
the over bar denotes complex conjugate numbers and a,; ,

b and b,
related to the local problems ,L, ,,L, ,I and ,L

THREE-PHASE MODEL

The imperfect interface condition (8) is replaced by the
explicit three-phase problem of two constituents and an
interphase of certain thickness (t), with two perfect
interfaces conditions at I', and I', (Fig. 3). The region

1(a3)>

a3 are solution of the infinite systems

occupied by the matrix, the fiber and the interphase in the
periodic cell are denoted by Y,,Y, and Y, respectively. The

common region between the matrix Y, and the interphase
Y, is a circumference of radio R +t, denoted by I', where

t is the thickness of interphase. The common region
between the interphase Y, and the fiber Y, is a

circumference of radio R denoted by I', (see in Fig. 3 the
corresponding periodic cell).

w,

Fig. 3. Parallelogram periodic cell of composite, with a thickness interphase
t of another material between the matrix and fiber.

The statement and the solution of the local problems as
well as the effective coefficients for three phase models are
calculated in analogous way to the spring interface model
reported previously. The closed form expressions of the
effective coefficients were reported in [13] and they are
unknown functions of the interphase properties. Prior work
has established that for mechanical imperfections, a relation
between the spring and interphase parameters was found
[14,15].

ANALYSIS OF RESULTS

In the present work, from the expressions (25) for

rhombic periodic cells with periods w, =1, w, =¢",

0=60° or 0=90° a composite with hexagonal or
tetragonal crystal classes [16] respectively are obtained as in
[1,2].

Now, the effects of the angle of inclination of the cell
and the imperfection of the interface composites are
illustrated. Only the consequences of the set of antiplane
problems L, ,.L, I, ,I are given.

In Table 1 two phase composites Epoxy matrix/ PZT-7A
fiber with rectangular periodic cell (w, =1, w, = bi see Fig.

2a) and perfect contact condition (spring model, K, =10%) is

considered. The materials

C{) =1.8GPa, k) =0.0372C/Vm, and
e? =935Cm*>, «\¥ =4.065C/Vm.
asymptotic homogenization method and eigenfunction expansion-
variational method (EEVM) [17] are reported in order to validate
the present model. The set of effective moduli C,, e, K,,

parameters are
C? =25.7GPa,
Comparison between the

decreases as the height of the rectangle cell increases. In other
words, C,,,¢€,,,%,, become stronger for small values of the

*

height of the rectangle cell. On the other hand, Ci, e, K|,

552 Y152
increase as the height of the rectangle cell increases as well. This
trend is due to the augment of the distance between the fibers in
y, direction in this case of composite cell.

Table 1 b=1.1 b=2

V, 0.1]03]0.1]03
Cis | AHM [2.17]3.26|2.21 (431
GPa |EEVM|2.17[3.26|2.21]4.31
e | AHM |0.00|0.010.00|0.03
(C/m®) | EEVM | 0.00 | 0.01 | 0.00 |0.03
K, | AHM |0.05]0.07 | 0.05 |0.10
(C/Vm) | EgyM | 0.05 | 0.07 | 0.05 [0.10
C., | AHM |2.16(3.13]2.13|2.79
(GPa) | gEyM [2.16]3.13 [2.13]2.79
e, | AHM |0.000.010.000.00
(C/m%) | EEVM | 0.00 | 0.01 | 0.00 |0.00
> | LAHM |0.05]0.07 | 0.04 [0.06

(C/Vm) | EEVM | 0.05 | 0.07 | 0.04 [0.06
Table 1. Composites with rectangular periodic cells (W, =1, w, = bi see Fig.
2a). Comparison between AHM and EEVM.

Table 2 illustrates the behavior of all effective coefficients
calculated by AHM and EEVM for two-phase composites Epoxy
matrix/ PZT-7A fiber with rhombic periodic cell and perfect

contact condition (spring model, K, =10*). The volume fraction

K

of the fiber used in the computation is V, = 0.6 . The numerical

results derived by AHM and EEVM are the same. The influence
of the arrangement of the cells in the composite can be observed.
The table is grouped according to the independent components:
elastic, piezoelectric, dielectric. All effective properties coincide

*

at the angles 60° and 90°, ie., C,, =C.,, €,, =€5, Ky, =K,
C, =e¢, =x,,. The difference between the coefficients is

remarkable for the angle of the cell of 45°. The explanation
should be given due to the fact that in the short diagonal of the
rhombic cell the distance between the fibers is small and this fact
reinforces the properties of the composite in this direction.

In Table 3 a comparison of the effective properties between
AHM and EEVM is shown for Epoxy/ PZT-7A composite with
parallelogram periodic cells and perfect contact condition (spring

model, K, =10%). The global behavior of composites with
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periodic cells w, =1L, w,=1/2+bi (b=1, b=15) is
orthorhombic of class 2mm.

V. =06 45° 75° 90°
’ AHM | EEVM [AHM[EEVM|AHM [EEVM

C5(GPa) | 596 | 596 |6.61] 6.61 | 6.67] 6.67
C, (GPa) | 168 -1.69 | 032 ] 0.32 | 0.00 | 0.00
Cis(GPa) | 168 | -1.69 | 032 ] 0.32 | 0.00 | 0.00
Ciu(CGPD) | 933 | 933 | 644 644 | 6.67 | 6.67
e (Cm?) | 005 | 0.05 |0.05] 0.05 | 0.05 ] 0.05
e, (Cm?) | 006 | -0.06 | 0.01 ] 0.01 | 0.00 | 0.00
&, (C/m”) | 9,06 | -0.06 | 0.01] 0.01 | 0.00 | 0.00
e, (Cm”) | 0.16 | 0.16 |0.05] 0.05 | 0.05 | 0.05
K, (CVm) | 014 | 0.14 |0.16] 0.16 | 0.16 | 0.16
K5, (C/Vm) | .06 | -0.06 | 0.01 | 0.01 | 0.00 | 0.00
K, (CVm) | 0,06 | -0.06 | 0.01| 0.01 | 0.00 | 0.00

Ky (CVM) | 925 | 025 |0.15] 0.15 | 0.16 | 0.16
Table 2. Effective properties by AHM and EEVM for two-phase composites

with rhombic periodic cell (w, =1, w, = ¢, see Fig. 2b).

The percolation limit, that is, the volume when the fibers are
in contact, changes according with the configuration of the
cells. For instance, the case b=1.5 requires maximal
percolation limit of V, =0.52, whereas for the case b=1 the

percolation limit is V, =0.785.Notice that all effective

properties increase as the fiber volume fraction increases as
well.
In Fig. 4 the effective properties C,,Cj,,Cs,, (shear

. * * * . . .
moduli), e, ¢e,,¢e,,, (shear stress piezoelectric coefficient)

and ,%,,K,, (transverse permittivity constant) are

shown for composites with different configuration of rhombic
cells (6=45°,0=60°,0=75° and 6=90°) under imperfect
bonded contact. The following values of the composites were
used: V, =05, C?/C) =120, &2 /e =20, @ /xP =10.
As a particular case, we will examine elastic two-phase
composites. The effect of elastic interface imperfection on

shear dimensionless effective coefficients C}, /C!,, C, /C..

for an anisotropic composite made of T300 fibers embedded
in an Epoxy matrix is shown in Figs. 5-6. The material
parameters are taken from Hashin [18]. The -effective
properties are calculated by the two AHM imperfect contact
approaches: spring model (red discontinuos line) and three-
phase models (yellow circles), considering a rhombic
periodic cell with 8 =30° and three different volume fiber
fraction V, =0.4 (square), V, =0.3 (triangle) and V, =0.2
(star).

The comparisons illustrate that the two models are
coincident, where the relationship between the non-

dimensional debonding parameter K. and the interphase property
K, can be introduced as K_ =Rk, /t (see [15]) and it is used in

the computation. The anisotropic character of this composite can
be observed in Figs 5-6 where the values of the coefficient for

C,, /C\) reaches higher values than the one obtained for

C, /CY, mainly for perfect contact K, —>o. The more

pronounced effective properties are obtained for the higher
volume fraction for K, > 1, the opposite situation is obtained for

K, <1 because of the total disjoint between the matrix and

fibers. The properties are almost independent of the volume
fraction as K_ =1. Another remark is related to the rapid

increasing of the properties when the imperfect parameter K, is

in the neighborhood of 1. For other cases, the overall properties
are constant. This situation is the same as shown Hashin [18] (in
Figure 3) for isotropic composite and hexagonal symmetry

(6= 60° ).
Table 3 b=1 b=1.5
v, 0.1 03 0.5 07 101 03 05

c, AHM | 216 314 469 7.63 [2.15 2.94 3.96
(GPa) EEVM| 216 3.14 4.69 7.63 |2.15 2.94 3.96
C,, AHM | 2797 324 520 10.55(2.19 3.59 9.88
(GPa) EEVM| 217 324 520 10.55]2.19 3.59 9.88
e, AHM | 000 001 003 0.16 [0.00 0.01 0.26
(C/m’) EEVM| 000 0.01 0.03 0.16 |0.00 0.01 0.26
e;, AHM 000 001 002 006 |0.00 0.00 0.01
(C/m’) EEVM| 000 0.01 0.2 0.06 |0.00 0.00 0.01
Kk, AHM 1005 007 012 028 |0.05 0.08 0.30
(C/Vm) EEVM| 905 0.07 0.2 028 |0.05 0.08 0.30
K AHM | 0,05 0.07 0.10 0.18 [0.04 0.06 0.09

22

(C/Vm) EEVM| 0.05 0.07 0.10 0.18 | 0.04 0.06 0.09
Table 3. Effective properties of composites with parallelogram cells
(w, =1,w, =1/2+Dbi see Fig. 2c).

ooty ' ) o)

Fig. 4. Elastic, piezoelectric and dielectric effective properties for composites with
different rhombic cells and imperfect bonded. The coefficients

. Do) o . .
C /CY e /e, k), /) are denoted by (+-continue line) and

oM &t e D (i i ine) i
C, /CY, ey /e, x,, /x\) (+-discontinue line) in each figure.
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Fig. 5. Effect of elastic interface imperfection on shear dimensionless
effective coefficient C,, / C}) for an anisotropic composite T300 fibers
and Epoxy matrix for different fiber volume fraction.

As it is well known, mechanical and thermal
conductivity nature can be derived from the antiplane
problem. Figs. 7-8 show the effective thermal conductivities
of unidirectional fiber composites with square periodic cell
with different thermal barrier giving by the parameter o.
Only one effective properties is studied because the
composite is isotropic and C,, /C{) =C,, /C.), C,;/C.).
The effective thermal conductivities for different values of
imperfect parameter are analogously presented to those
reported in Fig. 4 by Andrianov et al. [19]. A comparison
between the three-phase and the spring models for imperfect
contact is shown for periodic cell with 6 = 90° and the two
ratios C\)/C\) =666 and C{)/C{)=44. The non-
dimensional debonding parameter o, 0<a <1 can be
introduced as follows K, =(1—-a)/a, where a.=0 denotes

the perfect contact between the phases and o =1 represents
the complete separation in the composite.

————— AHM (img)
== AHM (3ph)
181
15} TH00Epoxy
el 2 472
14} oy T Rl

o=

Fig. 6. Effect of elastic interface imperfection on shear dimensionless
effective coefficient C; / C(Sls) , for an anisotropic composite T300 fibers

and Epoxy matrix for different fiber volume fraction.

Figs. 7-8 compare the present analytical predictions for both
models (spring and three phase) with the existing experimental
data (the cross symbols), taking from Zou et al. [20] for perfect
interface (o =0). Very good coincidence between these models
for different values of a in the whole range of fiber volume
fraction can be observed.

" - -
———— AHM (irmp)
=t AHM {3-ph)

+  Expenmental « =1e-008

10} Bl = 66

=80

]
a4

P
Ccllecy

a o1 02 03 04 0s 08 07 08
Fiber volumne fraction

Fig. 7. Comparison between the three-phase and the spring model for different
imperfect parameters o , square periodic cell and ratio
CQ /CY) =666 with the existing experimental data (the cross symbols), taking

from Zou et al. [20], for perfect interface.

0 01 02 03

04 05 08 07 08
Fiber volume fraction

Fig. 8. Comparison between the three-phase and the spring model for different
imperfect parameters o , square periodic cell and ratio C{?) / C) =4.4 with the

existing experimental data (the cross symbols), taking from Zou et al. [20], for
perfect interface.

The effective property C, /C\, become weaker in comparison

with perfect contact oo =0, as a consequence of the imperfectly
bonded matrix with fibers. It is seen from Fig. 7 that a good
agreement between the present analytical models and
experimental data is found, for a composite without tiny thermal
barrier (o =10"*). This situation can be considered as a perfect
case. It is worthy pointing out that in Fig. 8, when a proper
thermal resistance or barrier is considered (a # 0 ), an excellent
agreement between the present analytical expressions and the
existing experimental data can be obtained for o =0.1. This
means that a proper thermal barrier should be included in a
theoretical model for a more accurate prediction of real thermal
conductivities. Similar analysis is presented in figure (4) of Zou
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et al. [20]. Notice that, Fig 8 shows more deviation than
Figure 7 for the last experimental result because the
experiment didn't achieve a perfect thermal barrier.

AN APPLICATION TO BIOLOGICAL STRUCTURES

Sometimes, composite materials may be regarded as an
idealized model of certain biological tissue comprising
tubular cells, such as skeletal muscle [21], bones, etc and the
applications of the present models of composites to
biological tissue is of great interest. In particular tissues that
are made of growing and non-growing components.
Therefore, an application of the composites to mechanical of
tissue is studied in the following example.

Equations (18) have been derived under the hypothesis

that material ratio x=C{'/C{} and the imperfection

parameter K are real quantities. However, the constituents
and the effective properties are, in general, complex numbers
[21]. Assuming this hypothesis, the analytical expressions
(18) are transformed in order to obtain the effective complex
conductivity p and q of an biological specimen with

interfacial impedance K where constituents and interphasial
parameters are taken as complex numbers as in [21]. It is
well known, that p=q for transversely isotropic

composites. Due to the often anisotropic character of the
periodic composite with parallelogram cell we have that
p#q. The effective properties can be computed by the

following analytical formulae

p=C., —iC, =p [I—ZV B (7o +izy) +By (212 +ile)J
55 45 1 2 >
1] (26)
q=C., +iCl,+=—p i{i+2V Bu (22 +i2y) =By (212 +i2)))
“ 54 ! 2 ’
12

for a two-phase fibrous composite material composed of a
periodic parallelogram arrangement of identical circular
cylinders embedded in a matrix with radius R and electric
conductivity in each phase p, and p, respectively . The

composite material represents an idealized model of a
biological tissue comprising tubular cells, such as skeletal
muscle. Cells are coated by plasma membranes, which are
dielectric lipid bilayers. Their thickness is of the order of ten
nanometers, much smaller than the spatial period 1 of the
microstructure, which is of the order of ten micrometers. The
plasma membranes can be modeled as two-dimensional
interfaces between the intra- and extra-cellular phases, with
conductance B and capacitance C per unit area respectively
given by the electric conductivity and permittivity of the
bilayer, divided by its thickness, see, [21]. Hence, the
interface admittance per wunit area is denoted by
K = B+inC, where o is the circular frequency. This finite
interface admittance causes the electric potential to jump
across the interfaces, and then they are usually referred to as
imperfect.

Fig. 9 shows a comparison with the results obtained by [21]
(red circles, BC) for different periodic parallelogram cell,

where w, =1, w,=1/2+bi, with V, =0.62 and different

values of b (Fig.1b). The composite with hexagonal (black cross,
b =0.886) and squared (blue square, b =0.5) cells are isotropic,
the effective properties satisfies p=q. Moreover, Fig. 9
illustrates the effective properties of an orthotropic composite
with rhombic periodic cell b=1.25 (green triangle). Fig. 9(a)
shows the real parts (R(p) ;R(q)) of effective coefficients p

and q versus the dimensionless circular frequency Q. For the

composite with b =1.25, the angle of periodic cell is 6 =68.2°
and ‘R(p) = R(q) . Fig. 9(b)-(c) displays the imaginary parts

%.
=

-1

R(p)py: R(a)ipy

10 = .
AN = PP 02
V062
10° 10" 10’ 10’ 10" 0’
0 0
<
= q p

=3

(P)p1Q

0.1 0.2 0.3 04 ‘5
0 ol M,

Fig. 9. Comparison with the results obtained by (22) (red circles, BC) for different
periodic parallelogram cell, w, =1, w, =1/2+bi, with V, =0.62 and

different values of b (Fig.1b). The composite with hexagonal (black cross,

b =0.886 ) and squared (blue square, b =10.5) cells are isotropic, the effective
properties satisfies p = q . Fig. 9(a) the real parts (R(p) ;R(q) ) of effective
coefficients p and q versus the dimensionless circular frequency Q . Fig. 9(b)-
(c) the imaginary parts ( I(p) ;3(q) ) of effective coefficients p and q versus

the dimensionless circular frequency 2 . Fig. 9(d) the imaginary parts
(3(p) ;3(q)) versus the real parts (R(p) ;R(q) ).

(3(p) ;3(q)) of effective coefficients p and q versus the

dimensionless circular frequency Q. From Eq.(26), it is obtained
that 3(p)=3(q) for any composite. Fig. 9(d) shows the

imaginary parts (3(p) ;3(q)) versus the real parts
(R(p) ;R(q)). The results obtained in Eq. (26) are qualitatively

consistent for isotropic composite with the results reported by
[22]. The novelty of this contribution in comparison with [22],
reveals that an small change in the angle or periodicity of
composite (0 =68.2°), in comparison with the hexagonal case,

9 Copyright © 2011 by ASME

Downloaded 31 Aug 2012 to 128.194.84.238. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



introduce a different global behavior in the effective complex
conductance.

CONCLUSIONS

The local problems associated to an anisotropic
piezoelectric composite with mechanical imperfect interface
condition and rhombus cell is formulated. The mechanical
imperfections such as in-plane and out-of-plane sliding and
normal debonding are modeled by their corresponding
mechanical springs at the interface and three phase model.
The effect of the inclination of the cell leads to monoclinic
anisotropic behavior in the composite.
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