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Abstract. A fiber-reinforced periodic piezoelectric composite where the constituents exhibit transverse isotropic 
properties, is considered. The fiber cross-section is rhombic and the periodicity is the same in two oblique directions. 
Imperfect mechanic contact conditions at the interphase between the matrix and fibers are represented in parametric 
form. The effective piezoelectric properties are obtained by means of the Asymptotic Homogenization Method (AHM). 
Some comparisons with other theoretical models are shown. 
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1. INTRODUCTION  

 
The study of contact phenomena and the modelling of interfaces between two solids gain special importance in the 

effective property determination of composite media. In view of the growing interest on nano-scale phenomena, there 
has been a series of recent contributions in the literature on the effect of interfaces in solids (Miller and Shenoy, 2000, 
Sharma et al. 2003, Duan et al. 2005, Dingreville et al. 2005). 

This work is motivated by the interest to study the influence of imperfect contact over the effective piezoelectric 
response of oblique fibrous composites. It is an extension of previous results (Bravo Castillero et al. 2001, Guinovart-
Diaz et al. 2001, Sabina et al. 2001) where perfect contact for elastic or piezoelectric composites is considered. On the 
other hand, in this contribution the authors extend former researches (Molkov and Pobedria 1988, Rodriguez-Ramos et 
al. 2009) to oblique distribution of the periodic cells, where the behaviour of elastic and piezoelectric composite with 
hexagonal and square array under imperfect bonding contact is studied.  

The applications of the method range from process modeling of ductile fracture in metals to composite materials and 
systems for sensing, actuation and control of micro indentation.    
 
2. STATEMENT OF THE PROBLEM 
 

A two-phase periodic composite is considered here which consists of rhombic array of identical parallel circular 
cylinders embedded in a homogeneous medium. The cylinders are infinitely long. The material electro-elastic properties 
of each phase belong to the crystal class 6mm,  where the axes of material and geometric symmetry are both parallel to 
the x3 direction. The governing electro-elastic equations for this kind of materials are the Navier equations of linear 
elasticity and Maxwell´s quasistatic equations for the mechanical displacement u=(u,v,w) and electric field 
E=(E1,E2,E3). They become coupled equations for u and E through the constitutive relations of the medium. The state, 
which is of particular interest here, is characterized by an out-of-plane mechanical displacement w and an in-plane 
electric field of components E1 and E2. 

The main aim of this paper is the determination of the effective properties for the antiplane problems using AHM as 
in Sabina et al. (2001). In this case the relevant constitutive relations are 
 

,Edεe2D,EeεC2σ λλλ3λ3λλλλ3λ3λ3λ3λ3λ          (1) 

 

where 3λσ , 33c  , 3λε , 3e , d  are the stress components, the longitudinal shear modulus, strain, the transverse 

permittivity and shear stress piezoelectric coefficient respectively; λD  in-plane electric displacement components for 

2,1λ  . Note the differential relations ,wε2 λ,3λ   ,φE λ,λ   where φ  is the associated electric potential and the comma 

notation is understood to denote differentiation with respect to xi i.e., 11,1 xφφ  . 

The equilibrium equations in the composite are  
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f 2,231,13  , 0DD 2,21,1  ,              (2) 

 
where f  is the body force (Benveniste, 1995).   

The two phases are assumed to have only an imperfect elastic contact along the interface denoted by . Then, the 
boundary conditions of the imperfect elastic bonding will correspond to the continuity of traction across the interface 
but there exist jumps in the displacement, i.e., in this case jumps are in the tangential direction. Moreover, continuity 
conditions of potential and normal component of electric displacement remain unchanged by this effect. Thus, 

 
0nσnσ 223113     on ,              (3) 

          )ww)(R/KC(σσ 211
1313

2
3λ

1
3λ   on  , 2,1λ  ,           (4) 

0D   , 0nDnD 2211     on ,             (5) 

 
where n=(n1,n2) is the unit normal vector to , the double bar notation is used to denote the jump of the relevant 
function across   taken from the matrix to the fiber. The superscripts 1 and 2 denote the matrix and fiber respectively; 
R is radius of the fiber. The parameter K ( 0  K   ) in (4) summarizes mechanical properties of the interface. It is 
seen that an infinite value of this parameter implies vanishing of the displacement jump and, therefore, perfect contact 
are described. Zero value of the parameter implies vanishing of interface tractions and, therefore, disbonding of the two 
adjoining media is modelled. Eq. (4) is usually called a weak interface condition; it has been originally proposed in 
Goland and Reissner (1944) and later studied by Benveniste and Miloh (1986), Molkov and Pobedria (1988), Mahiou 
and Beakou (1998), Benveniste and Miloh (2001) and Hashin (2002), etc. 
 
3. METHOD OF SOLUTION 
 

Let l be the distance between the centres of two neighbouring cylinders and L the diameter of the composite. Then, 
when 1/ L   is a very small number, it is possible to distinguish two spatial scales, one is x, the slow variable or 
global variable, and the other is y x / , the fast variable or local variable. The boundary value problem (1)–(5) in the 

composite with imperfect bonding can be solved asymptotically using the method of two scales. The functions 0w , 

0φ  1w , 1φ  are found to satisfy certain differential equations related to the original system in a unit cell with periodic 

conditions. It is a well-known derivation whose details can be found elsewhere (Andrianov et al. 2007) and is omitted. 
Of a greater interest are the so-called local (or canonical) problems associated here with the correction terms 1w , 1φ  to 

the mean variations 0w , 0φ  since they appear in the formulae of the effective properties. There are four of such 

problems, which are referred as L3λ  and Iλ  for each value of   (. A pre-index is used to distinguish similar 

constants and functions such as displacements and potentials, which appear below. Due to the linearity of the equations 
(1)–(5), the corrections terms 1w , 1φ  can be obtained as a linear combination of some of such displacements and 

potentials. This, however, will not be done here, since the main objective of this paper is the characterization of the 
effective properties 3λ3λC  3λλe  and λλd  . It requires the solution of a local problem, say, L3λ  and Iλ  . This means that 

is necessary to consider, viz., 
 

1,λλ1,3λλ
)1(

λλλλ1,λλ1,3λλ
)1(
3λλ3λλ1,3λλ1,3λ3λ

)1(
3λ3λ3λ3λ NdMedd,NdMeee,NeMCCC  ,          (6) 

 
where 3M M  , 3 N M   in this section. The angular brackets in (7) define the volume average per unit length over the 

area, that is dy)y(F)H/1(F
H  where the area of H is H. The displacement M and potential N, which appear in 

(6), are the unique solution of the above mentioned local problem, viz.,  
 

  0MΔ γ  ,   0NΔ γ  ,   in S,   0N   on , 

   3 ,1 ,1 1 3 ,2 ,2 2 3e M d N n e M d N n e n           on ,            (7) 

0M   , 0N  ,               (8) 

                           1 1
3 3 ,1 3 ,1 1 3 3 ,2 3 ,2 2 3 3 3 3C M e N n C M e N n C n K C M R , 1,2.           

                           (9) 

 
Note that a combination of (9) is equivalent on  to the condition  



Proceedings of PACAM XI       11th Pan-American Congress of Applied Mechanics 
Copyright © 2009 by ABCM January 04-08, 2010, Foz do Iguaçu, PR, Brazil 

 

 

   3 3 ,1 3 ,1 1 3 3 ,2 3 ,2 2 3 3C M e N n C M e N n C n             ,       (10) 

 

where  is the two-dimensional Laplacian. Thus  γM  and  γN  are sought such that they are doubly periodic harmonic 
functions of the complex variable 21 iyyz   in the square unit cell 21 SSS   and  21 SS  of periods 1w1   

and μi
2 ew  . When the piezoelectric coefficients 113e , 223e  vanish, there is no electro-elastic coupling. Hence the 

equations (7)-(10) uncouple in two independent sets. Those for  γM  and  γN  correspond to the antiplane elastic 
problem L3λ  (Lopez-Lopez et al. 2005).  

The displacement  γM  and potential  γN  are the unique solution of the problem I1  given by 

 
  0MΔ γ  ,   0NΔ γ  ,   in S,   0N   on ,   

   3 ,1 ,1 1 3 ,2 ,2 2e M d N n e M d N n d n           on ,         (11) 

0M  , 0N  ,             (12) 

                           1 1
3 3 ,1 3 ,1 1 3 3 ,2 3 ,2 2 3 3 3 3C M e N n C M e N n C n K C M R , 1,2.           

                         (13) 

 
a combination of (13) is equivalent on   to the condition  
 

   3 3 ,1 3 ,1 1 3 3 ,2 3 ,2 2 3C M e N n C M e N n e n .                     (14) 

 
4. SOLUTION OF THE LOCAL PROBLEMS 
 

In this contribution, we have used the same approach that is reported in Rodríguez-Ramos et al. (2009) and Sabina 
et al. (2001), methods of complex potential theory are used to solve (7)-(14). 

Using expansions of harmonic functions the expression (10) and (14) we obtain, 
 

 

 

( 1 ) ( 1 )
( 1 ) ( 1 ) 3

3 3 33 3 1 1 3 1 1( 1 ) ( 1 )
3 3 3

( 1 ) ( 1 )
( 1 ) ( 1 )3

3 3 1 1 1 1( 1 ) ( 1 )
3 3 3

e d
C C 2 R a b , e e 2 R a b ,

C e

e d
e e 2 R a b , d d 2 R a b ,

C e

 
    

  

  
    

   

 

 

 
      

 
 

      
 

     (15)  

 

in which only the residue of  1M  and  1N  contributes towards 3 3C  , 3e  and d  . The expressions for effective 
coefficients are the same as was reported by Sabina et al. (2001), Lopez-Lopez et al. (2005) for piezoelectric cases with 
perfect contact conditions. The coefficients 1a  and 1b , however, are different in both cases. Thus, expressions for 1a , 

1b  are now sought from the system of infinite equations  

 

   mI nQ sW A pI qQ rW B U ,                (16) 

 
where the following notation is used: identity matrix I , symmetric matrix )w(W kj  with components kjkj ηw  , the 

columns matrixes T
1 3 5 7A ( a a a a ),  T

1 3 5 7B ( b b b b ),  TU ( 2R 0 0 0 ),  the superscript T denotes transpose; the 

material parameters 1
3

1
3 βαm   , 1

31
1

31 ββααn   , 1
32

1
32 ββααs   , 1

31
1

31 βγαδp   , 1
32

1
32 βγαδq   , 

1
33

1
33 βγαδr    and the matrix )q(Q kj  with components j11k3λkj δδAq   whereas 












2λ      si))2/ω(ζIm(R2

,1λ         si))2/1(ζRe(R2
A

2
2

2

3λ   

where  














n,m
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mnmnmn
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z

β

1

βz

1

z

1
)z(ζ , θi

mn nemβ  , )z(ζ  is the Weierstrass`s function for ...,5,3,1p . For seek of 

brevity, the expression of the magnitudes 1α , 2α , 3  1β  2β  3  1δ  2δ  3  1γ  2γ . 3  that depend on 
* ( 2 ) ( 1)

3 3 3 3 3C C      , * ( 2 ) ( 1)
3 3 3s e e   ,  * ( 2 ) ( 1)

3t d d    and the imperfection parameter K  are not given. The values of the 

previous mentioned magnitudes are different for L3λ  and Iλ  antiplane problems with 1,2.   
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The limit case of perfect contact condition is derived as a particular case as K . In this case, the parameters 1a , 

1b  are the same that in Sabina et al. (2001) and Bravo-Castillero et al. (2001). The infinite system is used such that it is 

truncated for obtaining a NN   order system. Interesting fact is concerned that the effective properties are monotonic 
function of order N  of the solution of the system. The numerical results converge quit good to the exact solutions when 
an adequate order in the solution of the system is chosen as N increase.  
 
5. NUMERICAL RESULTS 
 

In order to illustrate the efficiency of the present model, some numerical examples are analyzed.  
a) The material parameters used in Tab.1 are: matrix PZT-5 ( 1313C 21.1Gpa , 2

113e 12.3C / m , 
2 2

11k 8.107nC / Nm ) and fiber empty (material parameters of order zero). This table indicates the comparison 

between present model ( K 0 ), the model derived in Bravo-Castillero et al. (2009) using Asymptotic 
Homogenization Method (AHM) under perfect contact condition (continuity of displacements and stress) and Tab.2 
given by Jiang and Cheung (2001) for ceramic porous case. Notice a good agreement between these numerical results.  
 

Table 1. Comparison between present model, AHM reported in Bravo-Castillero et al. (2009)  
and Table 2 given by Jiang and Cheung (2001). 

 

Vf 
 1313C Gpa   2

113e C / m   2 2
11d nC / Nm  

Jiang- 
Cheung 

Present 
model 

AHM 
Jiang- 

Cheung 
Present 
model 

AHM 
Jiang- 

Cheung 
Present 
model 

AHM 

0 21,1000 21,1000 21,1000 12,3000 12,3000 12.3000 8,1070 8.1070 8.1070 
0.1 17,2640 17,2640 17,2640 10,0640 10,0640 10.0638 6,6359 6.6330 6.6340 
0.2 14,0670 14,0670 14,0670 8,2000 8,2000 8.2002 5,4096 5.4047 5.4066 
0.3 11,3620 11,3620 11,3620 6,6231 6,6231 6.6333 4,3716 4.3653 4.3681 
0.5 7,0333 7,0333 7,0333 4,1000 4,1000 4.1000 2,7102 2.7023 2.7067 
0.6 5,2750 5,2750 5,2750 3,0750 3,0750 3.0750 2,0350 2.0268 2.0321 
0.8 2,3445 2,3444 2,3445 1,3667 1,3667 1.3667 0,9095 0.9008 0.9079 
0.9 1,1105 1,1105 1,1105 0,6474 0,6474 0.6474 0,4355 0.4267 0.4347 
 

b) In Tab.2 a comparison between the present model for perfect contact ( 510K  ) with different angle of fiber 
distribution and the results of Tab.3 for square array reported in Jiang and Cheung (2001) is given. The material 
parameters used are: matrix PZT-5 and polymer fiber 1313C 0.64Gpa , 113e 0 , 2 2

11k 0.0797nC / Nm . This table 

shows that this approach is suitable.  
 

Table 2.  Comparison between the present model and the results of Table 3 reported in  
Jiang and Cheung (2001) for PZT-5/polymer composite. 

 

Vf 

 1313C Gpa   2
113e C / m   2 2

11d nC / Nm  

Jiang- 
Cheung 

090  

Present model Jiang- 
Cheung 

090  

Present model Jiang- 
Cheung 

090  

Present model 

090  050  090  050  090  050  

0 21,100 21.1000 21.1000 12,300 12.3000 12.3000 8,1070 8.1070 8.1070 
0.1 17,473 17.4720 17.4380 10,064 10.0640 10.0420 6,6592 6.6592 6.6449 
0.2 14,419 14.4180 14.3010 8,2007 8.2007 8.1246 5,4488 5.4488 5.4002 
0.3 11,812 11.8120 11.5830 6,6238 6.6238 6.4768 4,4217 4.4217 4.3277 
0.5 7,5992 7.5992 7.1095 4,1006 4.1006 3.7901 2,7731 2.7731 2.5738 
0.6 5,8726 5.8726 5.2467 3,0755 3.0755 2.6806 2,1014 2.1014 1.8475 
0.8 2,9754   1,3669   0,9794   
0.9 1,7482   0,6475   0,5061   

 
c) Numerical results using the present model for imperfect contact with different values of the imperfection 

parameter is listed. The composite is made of PZT-5/polymer with square cell. The used material constants are given in 
the previous example. Table 3 allows us to observe the effect of the imperfect contact in the composite.  
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Table 3. Numerical data using the present model for different values of imperfect parameter K . 
 

Vf 
 1313C Gpa   2

113e C / m   2 2
11d nC / Nm  

510K   1K   2K 10  510K   1K   2K 10  510K   1K   2K 10  

0 21.1000 21.1000 21.1000 12.3000 
12.300

0 
12.3000 8.1070 8.1070 8.1070 

0.1 17.2640 17.4660 17.4720 10.0640 
10.064

0 
10.0640 6.6592 6.6592 6.6592 

0.2 14.0670 14.4080 14.4180 8.2000 8.2007 8.2007 5.4488 5.4488 5.4488 
0.3 11.3620 11.7990 11.8120 6.6231 6.6238 6.6238 4.4217 4.4217 4.4217 
0.5 7.0335 7.5826 7.5990 4.1000 4.1006 4.1006 2.7731 2.7731 2.7731 
0.6 5.2752 5.8551 5.8724 3.0750 3.0754 3.0755 2.1014   2.1014 2.1014 
0.8 2.3447 2.9569 2.9752       1.3667 1.3669 1.3669 0.9795 0.9795 0.9795     
0.9 1.1107 1.7295 1.7480 0.6475 0.6475 0.6475 0.5061 0.5061 0.50614 

 
d) In order to verify the computational implementation and illustrate the utility of formulae (15)-(16) for checking 

numerical codes, a comparison between the present analytical model for perfect contact ( 510K  ) and a finite element 
model reported in Kar-Gupta and Venkatesh (2006) is given. The composite considered is a barium titanate 3–1 
longitudinally porous piezoelectric material with square periodic distributions of empty fibers. The material properties 
used to calculate the results shown in Tab.4 were taken from Tab.1 of Kar-Gupta and Venkatesh (2006) (matrix BaTiO3 

Gpa86.43C1313  , 2
113 m/C4.11e  , 22

11 Nm/nC8.12k   and fiber empty). A good agreement between the results 

for the elastic, piezoelectric and dielectric effective coefficients from the analytical and numerical models can be 
observed for the whole range of empty-fiber volume fractions.  
 

Table 4. Present analytical model ( 510K  ) and a finite element model reported in Kar-Gupta and Venkatesh (2006). 
 

Vf 

 1313C Gpa   2
113e C / m   2 2

11d nC / Nm  

Kar-Gupta 
and 

Venkatesh 

Present 
model 

Kar-Gupta 
and 

Venkatesh 

Present 
model 

Kar-Gupta 
and 

Venkatesh 

Present 
model 

0 43.86 43.86 11.40 11.40 12.80 12.80 
0.1 35.94 35.89 9.35 9.33 10.49 10.47 
0.3 23.65 23.62 6.15 6.14 6.091 6.89 
0.5 14.36 14.62 3.73 3.80 4.192 4.27 

 
6. CONCLUSIONS 
 

In this work, an asymptotic approach for simulation of the elastic imperfect bonding is proposed. We introduce 
between the matrix and inclusions a set of elastic springs that transmits a load from the matrix to the inclusion 
proportional to the displacement jump across the “matrix-inclusion” interface. Besides, the former perfect contact 
models reported by the authors verify the reported experimental results.  

The local problems are solved and developed solutions are valid for all values of the components volume fractions 
and properties. The analytic expressions of the effective properties reported in Sabina et al. (2001) and Lopez-Lopez et 
al. (2005) for perfect contact and the present model with square cell for imperfect contact coincide when the stiffness 
value of K  is very high.  

The debonding parameter K  can be considered as a kind of phenomenological value. Unfortunately, up to now, the 
authors have not found experimental data related to characterization of the effective coefficients in piezoelectric 
composites under imperfect contact conditions. 
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