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Abstract
In LAPACK many matrix operations are cast as block algorithms
which iteratively process a panel using an unblocked algorithm and
then update a remainder matrix using the high performance Level 3
BLAS. The Level 3 BLAS have excellent weak scaling, but panel
processing tends to be bus bound, and thus scales with bus speed
rather than the number of processors (p). Amdahl’s law therefore
ensures that as p grows, the panel computation will become the
dominant cost of these LAPACK routines. Our contribution is a
novel parallel cache assignment approach which we show scales
well with p. We apply this general approach to the QR and LU
panel factorizations on two commodity 8-core platforms with very
different cache structures, and demonstrate superlinear panel fac-
torization speedups on both machines. Other approaches to this
problem demand complicated reformulations of the computational
approach, new kernels to be tuned, new mathematics, an inflation
of the high-order flop count, and do not perform as well. By demon-
strating a straight-forward alternative that avoids all of these con-
tortions and scales with p, we address a critical stumbling block for
dense linear algebra in the age of massive parallelism.

Categories and Subject Descriptors G.4 [Mathematical Soft-
ware]: Parallel and vector implementations

General Terms Performance, Experimentation, Design, Algo-
rithms.

Keywords ATLAS, LAPACK, QR, LU, factorization, parallel,
multicore, multi-core, GPU

1. Overview
The parallelization technique we describe in this paper is quite gen-
eral, even though our chosen demonstration cases involve a partic-
ular set of routines in dense linear algebra (where it solves a long-
standing problem). The central lesson for parallel practitioners in
general is that, given a bus-bound operation with the potential for
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memory reuse, and a system with hardware-enforced cache coher-
ence, it can be highly profitable to block for cache reuse even if
this introduces parallel overheads into the innermost loop. In this
paper, we demonstrate superlinear speedup for an operation that
has resisted significant parallel speedup for years; we accomplish
this feat by enabling cache reuse at the cost of increasing the num-
ber of parallel synchonization points by more than two orders of
magnitude. This approach leads to superlinear speedups because
it changes the computational speed from the speed of memory to
the speed of the cache, and the additional parallel overhead only
slightly mediates this performance bonanza, because the additional
parallel synchronizations can be based on cache coherence, and
thus run at the speed of hardware.

1.1 Basic Terminology
LAPACK [2, 15] (Linear Algebra PACKage) is one of the most
widely-used computational APIs in the world. Since linear algebra
is computationally intensive, it is important that these operations,
which are inherently very optimizable, run as near to machine peak
as possible. In order to allow for very high performance with a
minimum of LAPACK-level tuning, LAPACK does the majority
of its computation by calling a lower-level API, the BLAS (Basic
Linear Algebra Subprograms). The BLAS are in turn split into
three “levels” based on how much cache reuse they enjoy, and thus
how computationally efficient they can be made to be. In order
of efficiency, the BLAS levels are: Level 3 BLAS [11], which
involve matrix-matrix operations that can run near machine peak,
Level 2 BLAS [9, 10] which involve matrix-vector operations and
Level 1 BLAS [18, 19], which involve vector-vector operations.
The Level 1 and 2 BLAS have the same order of memory references
as floating point operations (FLOPS), and so will run at roughly the
speed of memory for out-of-cache operation.

2. Introduction
In LAPACK, many matrix operations are cast as block algorithms
which iteratively process a panel using an unblocked Level 2
BLAS-based algorithm and then update a trailing matrix using
the Level 3 BLAS. Level 2 BLAS perform O(N2) flops on O(N2)
data, making them largely bus-bound. On the other hand, Level 3
BLAS routines perform O(N3) flops on O(N2) data, allowing for
extensive cache and register reuse. This strongly reduces their de-
pendence on bus speed, so that the Level 3 BLAS can often be tuned
to run near the peak flop rate of the machine (i.e. the Level 3 BLAS
tend to be compute bound rather than bus bound). LAPACK QR
and LU factorizations exemplify this general BLAS/blocking strat-
egy, and for large problems running in serial on our test systems,
this tuned LAPACK approach results in QR and LU spending over



95% of their runtime in the Level 3 BLAS, resulting in extremely
high performance.

However, as commodity platforms trend increasingly to multi-
core systems that offer high degrees of parallelization, this ap-
proach is faltering. Level 3 BLAS routines typically scale well with
p (the number of cores) but the bus bound Level 2 BLAS routines
do not; once the bus is saturated they cannot get any faster, and bus
speeds are not growing as fast as p. Therefore Amdahl’s law tells
us that as p grows, the Level 2 BLAS-based panel factorizations
will increasingly dominate the runtime. We can see this happening
already on current architectures: On our 8-core test systems, QR
panel factorization is only 4% of the runtime on a large problem
when a single core is used, but over 20% of the runtime when the
Level 3 BLAS routines are parallelized. This is going to be the case
any time massive parallelization is employed; for example when the
factorization is done on a GPU, the GPU typically relies upon the
CPU to perform the panel factorizations[26, 27], which are typi-
cally done at bus speed, thus creating a serious bottleneck.

Clearly there is a need to further parallelize the panel factoriza-
tion. Prior work[12, 17, 25] has shown that recursion can help do
that by employing the Level 3 BLAS within the panel factorization.
However as the recursion deepens and the panel thins, the Level 3
BLAS get less and less benefit from parallelism, cache and register
blocking, and are ultimately bus bound again. This is the problem
we address with our new approach, which we call Parallel Cache
Assignment (PCA).

2.1 Our Approach: Parallel Cache Assignment (PCA)
The key to PCA is a data-ownership model of parallelism where
data is assigned to the cores in order to enable cache reuse. One
side effect of this assignment is that we introduce parallel synchro-
nization into the innermost loop in order to maximize cache reuse:
since without this transformation the performance is limited to the
speed of memory, this counter-intuitive optimization turns out to
more than pay for itself.

The central insight here is that a QR or LU panel factorization
takes O(N · N2

b ) flops for N · Nb data, and thus, with O(Nb)
flops per data element, there is the potential of cache reuse. In other
words we should be able to find some way to escape the bus bound
limitation of the Level 2 BLAS routines being used. However, the
reuse is tied to the outer loop that indexes the columns; by this we
mean that if we split that loop into p equal parts we reduce the
cache reuse by a factor of p. Instead, we break the inner loop that
indexes the rows (in addition to enabling greater cache reuse, this
allows for parallelism when operating on the very long columns
seen in these panel operations). In short, we partition the panel
horizontally, assigning an equal number of rows to each core, and
have them all loop over the Nb columns of the panel. Then, each
core can keep its share of the panel in its own cache (we target the
L2 cache here), and loop over allNb columns. However, this creates
a new constraint: If we want to preserve the current factorization
arithmetic, both QR and LU must proceed one full column at a time,
from left to right. Thus all the cores cooperate and synchronize on
every column, and on the subsequent trailing matrix updates within
the panel.

In practice every core processes their share of the column, and
at the necessary sync points we perform a log2(p) combine of their
results. Once that is complete the cores use the global result to
proceed independently to the next sync point. LU requires only one
synchronization point; QR requires several.

Note that we must introduce parallel synchronizations into the
innermost loop. Driving the parallel synchronization into the inner-
most loop is counter-intuitive as it will obviously increase paral-
lel overhead, and if it required expensive communications it would
represent an intolerable drag on performance. However, on multi-

core systems with shared memory, we can produce a lightweight
and efficient memory-based sync scheme (see 4.1), and in this
multi-core environment we found the cost of frequent synchroniza-
tion is far outweighed by the savings we gain from cache reuse
and finer-grained parallelism. The cores continue to use the serial
Level 2 BLAS routines, but instead of being bus bound from mem-
ory, they can run at L2 cache speeds.

The panel can be too large to fit into even the aggregate caches
of all cores, in which case we employ column-based recursion[12,
17, 25] until the problem fits in cache. For extremely large prob-
lems, even one column could overflow the cache; in such cases we
end the recursion when the number of columns grows too small for
the recursion’s Level 3 BLAS usage to extract meaningful paral-
lelism. Normally, each core performs a data copy of its share of
the panel into local storage at the beginning of the panel factoriza-
tion, and copies the computed result back out at the end. This al-
lows us to optimize memory alignment, minimize TLB usage, false
sharing, and cache line conflict misses. Due to its more effective
use of the memory heirarchy, this copy operation usually improves
performance significantly. However, if the number of rows causes
recursion to severely restrict the panel width, and/or the panel over-
flows the aggregate cache, we get better performance by omitting
the copy steps. The crossover point between copy and no copy can
be empirically tuned for improved performance.

We will show superlinear speedup in both QR and LU panel
factorizations on 8-core systems (e.g. 16–fold speedups over the
corresponding single-core performance). We also show speedups
of 2–3 times the fastest known parallel panel factorizations, and
we show our approach scales well with p. As p continues to grow,
aggregate cache size is likely to increase as well, so ever larger
problems can be made to run at cache speed rather than memory
speed.

Other work done in this area includes[5, 7, 16]. However, some
of this work significantly increase the number of flops beyond the
LAPACK blocked algorithm, while our approach requires no extra
flops at all. Our approach also has the advantage of making no
changes to the arithmetic of the LAPACK blocked algorithms, and
is thus guaranteed to preserve both its stability and the error bound1.

We believe PCA is a general approach for all or most LAPACK
panel operations, and we have implemented it as described for both
QR and LU factorizations. For reasons of space we will concentrate
primarily on the QR factorization, which is the more difficult case,
but we will show results for LU as well.

2.2 Surveyed Libraries and Important Routines
Both the LAPACK and BLAS APIs have a reference implementa-
tion available on netlib, but many vendors and academic groups
provide optimized alternatives. In general, the reference BLAS
(particularly the Level 3 BLAS) are orders of magnitude slower
than optimized BLAS. Optimized LAPACK implementations can
show notable improvements, but this is not nearly as marked as for
the Level 3 BLAS.

In this paper we discuss two optimized LAPACK and BLAS
frameworks. ATLAS [30, 31, 33] (Automatically Tuned Linear Al-
gebra Software) is our package which uses empirical tuning to auto-
adapt the entire BLAS and a subset of LAPACK to arbitrary cache-
based systems. ATLAS uses the netlib reference LAPACK to pro-
vide those LAPACK routines that are not currently supported. The
GotoBLAS [13, 14] provides meticulously hand-tuned implemen-
tations (written mostly in carefully crafted assembly) for many cur-
rent machines, with performance that is almost always near or at
the best known for the machine. The GotoBLAS provide a com-
plete BLAS, and a subset of LAPACK.

1 Due to parallel blocking, the error bound constant is reduced.



We also compare against a new linear algebra framework,
which is planned as a complete rewrite of LAPACK in order to
exploit massive parallelism. This new research project is called
PLASMA[1] (Parallel Linear Algebra for Scalable Multi-core
Architectures), and currently implements new, explicitly parallel,
approaches to a subset of LAPACK.

In this paper we will often refer to an algorithm by its LA-
PACK or BLAS name. For both APIs, the first character provides
the type or precision the routine operatates on; for this paper all
routines will start with D, indicating they operate on double preci-
sion real data. New names will be introduced as needed, but there
are a few of enough importance to introduce here. DGEQRF is the
LAPACK routine which performs the QR factorization (see §3) on
an entire matrix. In LAPACK this algorithm is parallelized implic-
itly by the Level 3 BLAS, which also provide the foundation for
its serial performance. The performance of DGEQRF rests primarily
on three routines. In order of typical importance these are DGEMM,
DTRMM and DGEQR2. DGEMM and DTRMM are Level 3 BLAS routines
handling general rectangular and triangular matrix multiplication,
respectively. The third such routine, DGEQR2, is an LAPACK sub-
program called at each step of DGEQRF’s iteration to factor a column
panel (i.e. a block of columns). DGEQR2 in turn primarily relies on
the performance of two Level-2 BLAS routines for its performance;
DGER performs a rank-1 update (update a matrix using the outer
product of two vectors), and DGEMV performs a matrix-vector prod-
uct. In DGEQR2, DGEMV is always called with a transposed matrix,
which we will denote as DGEMVT .

2.3 Outline
In Section 3 we review the routines involved in the QR panel fac-
torization, and §4 provides a detailed description of our technique
and its application to QR. §5 discusses our timing methodology. In
§6 we provide a quantitative comparison of this technique on two
representative commodity architectures; show they have excellent
scaling with p and produce significant measured speedup versus
ATLAS, the GotoBLAS [13, 14], and the PLASMA library (which
implements QR as described in [5]). Finally, in §8 we discuss future
work, and offer our summary and conclusions in §9.

3. QR Matrix Factorization
A QR factorization of A ∈ <M×N with M ≥ N yields

A = Q ·R =
ˆ
Q1 Q2

˜
·

»
R1

0

–
= Q1 ·R1 (1)

Where Q ∈ <M×M and R1 ∈ <N×N is upper triangular.
There are multiple ways to accomplish this, for examples see [23].
In LAPACK, Q is found as a product of Householder transforms,
one per column. For our example we need N . Each transform is
of the form Hi = I − τi · vi · vT

i , where vi has a unit-2 norm.
Note that Householder transforms are involutary, i.e. Hi = HT

i

and Hi ·Hi = I ( Hi is its own inverse). Each Hi is computed in
order to zero the elements beneath the diagonal of A on column i,
thus

(Hn · · · · ·H1) ·A = R,⇒

A = (H−1
1 ·H−1

2 · · · ·H−1
N ) ·R,⇒

Q = H1 ·H2 · · · · ·HN .

Q is orthogonal, so Q−1 = QT, i.e. inversion has no loss of
precision. This is useful in solving systems of linear equations
A · X = B, QR produces the result R · X = QT · B, which is
then solved to high precision using back substitution.

3.1 The LAPACK Implementation
We address the LAPACK formulation of a blocked QR factoriza-
tion, as coded in DGEQRF, which relies heavily on[23] in forming
the compact WY representation which saves storage space (versus
the WY representation of[3]). The compact WY representation of
Q is Q = (I − Y · T · Y T), where the columns of Y represent
the vectors v computed for each Householder transform, and T is
upper triangular.

Consider factoring a double precision matrix A ∈ <M×N

using a blocking factor of Nb. This is done iteratively; we first
factor the column panel A[1..M, 1..Nb] using the routine DGEQR2.
Thus at the end of the panel factorization, Y is M × Nb, and
because the vector length decreases by one for each column, it is
lower trapezoidal and stored beneath the diagonal of the original A
matrix2.

Figure 1 illustrates the basic operation. The panel is factored
by the routine DGEQR2 into the upper triangular Rp and lower
trapezoidal Yp. Then the routine DLARFT uses Yp to compute T
in a work area that is Nb × Nb elements, and finally, DLARFB is
used to compute Q times the trailing matrix portion of A, using the
identity Q = (I−Yp ·T ·Y T

p ), producing Rt (the upper portion of
the final R) and AT (gray area, and the new matrix to factor).The
dotted lines indicate the next iteration of the algorithm (building T
is not necessary on the final iteration).

YP

RP RT
T

0

Nb

AT

N-N b

Figure 1. LAPACK Blocked QR Factorization

4. Applying PCA to QR Panel Factorization
To describe our work we need to further detail the implementation.
In the default ATLAS multi-core implementation of this algorithm,
the DGEQR2 and DLARFT operations are performed by a single
core (these routines use the Level 1 and 2 BLAS, which are not
parallelized in ATLAS). DGEQR2 consists of Level 1 and Level 2
BLAS routines, and as discussed these are bus-bound and thus
often scale poorly with p even when they are threaded (threading
these routines on some platforms can actually cause slowdowns due
to bus contention). The DLARFB operation uses two Level 3 BLAS
routines, DTRMM and DGEMM, which have parallel implementations,
which we did not change. Figure 2 provides an outline of the
DGEQR2 process, which is described more fully in the following
paragraphs.

PCA uses a data ownership model of parallelism along the rows;
so in Figure 1 we divide the column panel (the first Nb columns of

2 Unlike the textbook QR factorization, LAPACK forces v to have 1.0 as its
first element; thus this element is not stored. R is stored on and above the
diagonal of A, thus the factored A replaces the original A.



DGEQR2
Loop over Nb columns of A
{

DLARFG/P (See Figure Note below)
DNRM2* (compute norm of column)
DSCAL (scale column)

DLARF (update trailing matrix)
DGEMVT* (build update vector W, uses Y)
DGER (Rank-1 update remaining cols)

}

DLARFT
Loop i over Nb columns of Y
{

DGEMVT* (compute W=Y[1..i-1] x Y[i])
DTRMV (Core 0, T[i]=T[1..i-1] x W)

}

Note: We parallelized DLARFG as found in LAPACK 3.1.1; DLARFG was
replaced by DLARFP in LAPACK 3.2, but with no impact on either the
parallelization or performance. See [8].

Figure 2. DGEQR2, DLARFT Operational Outline

A, shown asRp and Yp) horizontally, into a stack of p equal-height
blocks, one block per core. p = 8 in our case, and we actually
assign cores multiples of 8 rows at a time (because 8 doubles
fills one cache line). Any “leftover” rows are assigned to the top
block, on the theory it has less work to do by virtue of owning
the triangular portion of Yp. There are three operations that require
the full panel height to produce a global result, and two additional
operations on the full panel height that are parallelized. We will
take each of these five operations in turn, referring to Figure 2.
All the cores loop over all Nb columns. The asterisks in Figure 2
indicate synchronization points within the loop.

1. DNRM2*: To compute the Householder vector we need the 2–
norm of the full column. The 2–norm requires the square root
of the sum of the squares. This is actually complicated in LA-
PACK, because it is coded to preserve precision and avoid un-
necessary overflow. The idea is simple: as it traverses the vec-
tor it separately keeps track of the largest magnitude number
found thus far and scales all numbers to it; i.e. before squaring,
it multiplies new numbers by the inverse of the scaling number,
and then adds the result to the sum of squares. However, occa-
sionally a new largest magnitude must become the new scale,
so it must rescale the sum-so-far to the new scale. When com-
plete, DNRM2 can return (scale ·

√
sum of squares) as the fi-

nal answer, thus avoiding the possible overflow of having ever
squared the largest magnitude number, and also the potential
loss of precision created by summing smaller squares to the
largest squared number.
To parallelize this and preserve the behavior, each core must
return for its portion of the column both the scale it found and
the sum of squares. We combine these two at a time in a log2(p)
operation, using the obvious arithmetic3. Core 0 then produces
the final answer and signals the other cores that it is available.

2. DSCAL: All cores do the math of producing the Householder
scalar values for TAU, Beta, etc. “Problem” vectors must be re-
scaled and the 2–norm recomputed; we do this as well, looping

3 Given scale1, sum1, scale2 and sum2, and presuming scale1 >
scale2, the proper combined sum of squares would be scale2

1 · sum1 +

scale2
2 · sum2, but we want scale2

1 factored out, and we want to avoid
computing the squares of either scale1 or scale2. Thus we compute the

pair
»
scale1,

„
sum1 +

“
scale2
scale1

”2
· sum2

«–
.

back to the DNRM2* step as necessary. Note the decision to
rescale and recompute is based on the final global value, so if
one core rescales, they will all make the same decision. Problem
vectors are extremely rare, normally each core proceeds to
scaling its portion of the column and then immediately to the
next step. This scaling is actually producing the Householder
vector vi (for column i); the Householder matrix is Hi =
I − τi · vi · vT

i .

3. DGEMVT *: Having computed the Householder vector vi, we
must now update the trailing matrix of the panel by multiplying
it by Hi. In Figure 1 imagine Yp is divided vertically on some
column i; and we will call YL the columns 1 . . . i and YR the
columns (i+ 1) . . . Nb. We need a new YR, which we will call
Y ′R. We compute that as Y ′R = Hi · YR.
Replacing Hi with (I − τi · vi · vT

i ), we must compute Y ′R =
(I − τi · vi · vT

i )(YR), and this expands to Y ′R = YR − τi ·
vi · (vT

i · YR). Working from the right we can first compute the
vector W = vT

i · YR. It is easier to compute WT, and since W
is a vector this requires no actual transpose operation. So this
step will compute WT = (YR)T · vi.
Because we divide YpR on rows, our cores each compute a
vector that is (Nb − i) elements long; and we add them in a
log2(p) combine. This is a sync point because in the next step,
all cores will need the combined global W vector to complete
this operation.

4. DGER: This is the second step of applying the Householder
matrix. In the previous step we computed W = vT

i · YR,
now we complete the application of Hi to YR. By substitution
we have Y ′R = YR − τi · vi · W , which we recognize as
a simple rank-1 update of YR. DGER accomplishes that. No
synchronization is necessary after DGER, so once each core
completes its DGER it proceeds to the next column and begins
work on its DNRM2*. After the last column, they can proceed to
the DLARFT computation (or the threads can exit if DLARFT is
not needed).

5. DLARFT, DGEMVT *: After completing DGEQR2, we must
build the T matrix with a call to DLARFT, where we primarily
parallelize the work in DGEMVT *. The DGEMVT * portion of this
is quite similar to the previous DGEMVT * of DLARF. We are using
the Schreiber/van Loan[23] method of computing T , so we only
update one column at a time. But unlike the previous DGEMVT *,
this time we are using the left portion of the Yp matrix at each
column, and computing the vector Y T

pL
· v.

All cores compute their share of this vector and we sum them
(log2(p)) to produce a final vector. Core 0 alone completes the
update of T with a DTRMV. We require synchronization because
the computation of the new T must be completed before the
core can begin the next DGEMVT * (so technically Core 0 does
not signal completion until it completes the DTRMV). Currently
this DTRMV is too small (Nb × Nb) to gain any performance
from parallelization, and is done by Core 0 alone, but if future
Nb grow large enough then parallelizing this step should be
straightforward.

To minimize synchronization overhead we use a memory-based
synchronization that relies on hardware-enforced cache coherence
instead of OS calls. We also tweaked the ATLAS tuning framework
to tune DGEMV and DGER for the L2-cache, and provided vectorized
kernels to the framework (when these kernels were better than the
existing kernels, both the parallel and serial timings reported in this
paper used the improved kernels). Cache-specific kernel tuning is
an area we hope to explore in future work. We will now outline
our approach for lightweight shared-memory synchronization, and



then present timings to demonstrate the benefits of PCA for both
LU and QR.

4.1 Implementation Note: Lightweight Memory
Synchronization

Our PCA algorithm depends on low-overhead synchronization,
which we can implement cheaply on cache-coherent systems
through memory (therefore running at the speed of hardware, rather
than the OS, as in the case of condition variables). Since all par-
ticipating cores are dedicated to the panel factorization, we can
use spinlocks without loss of performance. Because these mem-
ory synchronizations are prone to subtle programming bugs, we
outline the approach we use here (this approach is well known in
several areas and we are not claiming any originality; we discuss it
here for implementors who may be unaware of the details of this
long-standing technique).

In our code we assign one thread per core and the thread ranks
start at zero and ascend. Each thread knows its rank, and the rank is
used to index two critical arrays (declared as volatile to avoid
register assignment). Each array is Pm long, where Pm is the
maximum number of threads that can be used. The first such array
(active) is a simple boolean array; before the master program
launches any threads, it sets active[rank] to true if the thread of
rank rank will be participating in the panel factorization; otherwise
it is set to false. This allows active threads to check which partners
are participating in the operation; this information will be needed
when local information is combined to produce global results.

The sync[] array has one integer per thread, and the master
program initializes all of these to −1. In our panel operations two
types of synchronization are necessary; one for the log2 combine
and the other to signal that a global result is finished and the threads
can use it to proceed. All our synchronizations have the effect of a
barrier, so the first part of the idea here is that when a thread finishes
its work up to a sync point, it signals interested partner threads by
incrementing its sync array entry (sync[i am]++).

If a thread Ti is responsible for combining a result, say T4 must
wait on T5 to finish, then T4 must wait until ‘sync[5]>sync[4]’.
We do this by spinning on memory; e.g. if i am=4 and him=5:

if (active[him]) while (sync[i am] >= sync[him]);
When this loop exits, the fact that T5 incremented sync[5] im-
plies it is done with its work. After T4 has done its combine (more
generally, all of the combines for which it is responsible) then it
increments sync[4].

To wait on a global result, after each thread completes its
work and has incremented its own sync array entry, it can wait
for sync[0] to match its own entry; e.g. ‘while (sync[0] <
sync[i am]);’, assuming rank 0 is the destination of the com-
bine.

An easy example is the LU pivot operation. Each thread must
compute a local maximum, and these must be combined to produce
a global maximum, the row that holds that value is exchanged
with the active row. T0 does the final combine to discover the
global maximum, and then performs the exchange of the rows
(which isn’t worth parallelizing). Once that exchange is complete,
T0 increments sync[0], which allows all the other threads to
proceed.

This general technique is easily used in any log2 (or linear)
combine operation.

5. Experimental Methodology
When performing serial optimization on a kernel with no system
calls, researchers often report the best achieved performance over
several trials [29]. This will not work for parallel times: parallel
times are strongly affected by system states during the call and vary
widely based on unknown starting conditions. If we select the best

result out of a large pool of results, we cannot distinguish between
an algorithm that achieves the optimal startup time by chance once
in a thousand trials from one that achieves it every time by design.
An average of many samples will make that distinction.

In our timings, the sample count varies to keep experiment
runtimes reasonable: for all panel timings, we take the average
of 100 trials; for full square problems, we use 50 trials to factor
matrices under 4000 × 4000 elements, and at least 20 trials for
larger matrices. We flush all processors’ caches between timing
invocations, as described in [29].

The libraries used were ATLAS (v-3.9.11), GotoBLAS (v-
r1.26), PLASMA (v-1.0.0), and LAPACK (v-3.1.1). All timings
used the ATLAS timers and ATLAS’s LAPACK autotuner[28]
was used to empirically tune the LAPACK blocking parameter
to the GotoBLAS, and to autotune both blocking factors used
in PLASMA. Goto uses the LAPACK outer routines (DGEQRF,
DGEQR2, etc); PLASMA uses its own versions of the outer rou-
tines and the ATLAS serial BLAS. ATLAS uses C equivalents of
the LAPACK routines or a newly written DGEQRR and DGEQR2 that
are drop-in replacements for DGEQR2. Both ATLAS and Goto libs
are tuned separately for each test platform to provide high perfor-
mance.

Unlike ATLAS, the GotoBLAS parallelize DGEMV and DGER and
thus provide us with a ready-made implementation of the tradi-
tional route to panel factorization parallelization. Goto, ATLAS and
PLASMA, properly tuned, are the state-of-the-art for comparison
purposes.

The ATLAS BLAS create and destroy threads for each BLAS
call, using the master last algorithm [6]. Our PCA factorizations
creates and joins p threads for each call to the panel factorization
(in addition to the threads that the Level 3 BLAS call will create).
Both PLASMA and the GotoBLAS use pthreads and affinity, and
both employ “persistent” threads4.

We timed on two commodity platforms, both of which have 8
cores in two physical packages. We use Linux, but even different
minor releases of Linux can have scheduler differences that change
timing significantly, so we provide kernel version information here.
Our two platforms were:

(1) Opt8, O8: 2.1Ghz AMD Opteron 2352 running Fedora 8
Linux 2.6.25.14-69 and gcc 4.2.1, GotoBLAS r1.26, PLASMA 1.0.0,
LAPACK 3.1.1 and ATLAS 3.9.11 (on this platform, we did not
use ATLAS’s architectural defaults, since the full ATLAS search
yielded noticeably faster BLAS),

(2) Core2, C2: 2.5Ghz Intel E5420 Core2 Xeon running Fedora
9 Linux 2.6.25.11-97 and gcc 4.3.0, ATLAS 3.9.11, Goto r1.26,
PLASMA 1.0.0, LAPACK 3.1.1 and ATLAS 3.9.11.

Each physical package on the Opt8 consists of one chip, which
has a built-in memory controller. The physical packages of the
Core2 contain two chips, and all cores share an off-chip memory
controller.

ATLAS tunes GEMM (the Level 3 BLAS routine providing
GEneral Matrix Multiply) differently on these two platforms. On
the Core2 platform the ATLAS blocking factor is 56, and on the
Opt8 we use 72. Our best performing QR blocking factors will turn
out to be multiples of these when ATLAS is performing the GEMM.

To compare our panel factorization performance to the Goto
and PLASMA libraries, we choose a panel width of 128. This is
not ideal for ATLAS or PLASMA. The GotoBLAS does well with
multiples of 64. The reason for choosing 128 is to make a fair head-
to-head comparison of the methods with a realistic panel width that

4 Technically, the GotoBLAS delay thread exits for a fraction of a millisec-
ond, so it can reuse threads if the BLAS is called again quickly enough. In
the context of our factorizations this is always true so this is the equivalent
of creating persistent worker threads.



doesn’t explicitly favor our PCA or the ATLAS-tuned BLAS we are
using. PLASMA does not possess a routine specialized for panel
factorization, but since panel factorization is merely a factorization
of a heavily non-square matrix, we report its best performance on
that task.

6. Impact of these techniques on runtime
The measurements that interest us most are

• Panel Speedup: How much faster our panel factorization is
than the alternatives, such as serial panel factorization or par-
allelizing using the parallel Level 2 BLAS routines (we show
superlinear speedups versus serial asymptotically);

• Overall Speedup: The impact of faster panel factorization on
the overall QR performance (we show up to 35% speedup over
ATLAS/LAPACK’s previous method).

• Scaling: Whether this panel factorization speedup can be ex-
pected to scale with p (we show excellent weak scaling);

The blocked version of QR requires more flops than the un-
blocked version. On square problems, the extra flops required range
from about 9% for 1000, declining quickly to about 1.5% for 8000.
Note, however, that all MFLOP rates reported in this paper always
use the unblocked flop count, as discussed below.

In measuring panel performance, we note that in the LAPACK
blocked algorithm DGEQRF, DGEQR2 is followed by DLARFT, the two
routines we have parallelized. When we report Panel MFLOPS, we
are reporting the MFLOP rate achieved on both of these operations,
for just the first panel of the factorization. We report the rate based
on the effective flops, meaning we count the time of both DGEQR2
and DLARFT, but do not count any flops consumed by DLARFT.
The PLASMA approach does not provide separate routines for a
DGEQR2 and DLARFT; thus we time how long it takes to factor
a panel. Although technically this is only the DGEQR2 equivalent
time, we believe PLASMA will require extra flops roughly equal
to those consumed by the canonical DLARFT.

For panel timings all of the panels are 128 columns wide (i.e.
Nb = 128) and we use the average of 100 trials per problem size.
We use DGEQR2’s flop count for all panel operations, which is given
in equation 2 for an M × Nb factorization, where M ≥ Nb (this
equation comes from LAPACK’s dopla.f).

fc =
1

6
·(12·M ·Nb

2+12·M ·Nb+6·Nb
2+28·Nb−4·Nb

3) (2)

The most critical result is the speedup of our approach over the
best known algorithm (Figures 3(a) and (c)), and over the original
LAPACK serial algorithm (Figures 3(b) and (d)).

In Figure 3 the X-axis is always the panel height (the panel
width is 128 elements); and the Y-axis is the speedup we obtained.
Thus in Figure 3(d), our QR PCA factorization of a 13000×128 el-
ement panel is 15 times faster than the serial version on the Core-2
platform. Both platforms have 8 cores, so notice we achieve super-
linear speedup over serial for both QR and LU on both test plat-
forms. The superlinear speedups are due to cache reuse: when the
problem exceeds one core’s cache, the operations run at memory
speed, but when the panel is cache-contained, it can run roughly
at cache speed. Our approach uses all caches in parallel, and when
even this roughly p-fold increase in cache space is not enough to
contain the panel, we recur until the problem can be cache parti-
tioned. For best performance, it is necessary to discover empirically
how much cache space can be effectively used by a core (remem-
ber that caches are typically combined instruction/data, sometimes
shared amongst processors, and often use non-LRU replacement,
all of which tend to lower the effective cache size). For the Core2
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Figure 3. ATLAS QR and LU Panel Speedups

(Opt8) we found a cache threshold of 1.2MB (512KB). The asymp-
totic speedup over serial for QR panel factorization on the Core2
(Opt8) speedup was 19.4 (11.2). The asymptotic speedup over se-
rial for LU panel factorization on the Core2 (Opt8) was 17.9 (15.9).

Recursive formulations represent the current state-of-the-art
in panel factorization; these formulations improve performance
through increased Level 3 BLAS use, which provides decent par-
allel speedups for reasonable sized problems. The LU recursion
stops at two columns; the QR recursion stops at 16 columns (the
highest-performance stopping point on both machines). Both QR
and LU recurse only on the column dimension.

Comparing against the recursive formulations, our PCA ap-
proach asymptotically gets 2.5 (2.0) speedups on the Core2, for
QR (LU). We get similar improvement on the Opt8, where we see
a speedup of 2.25 (2.0) asymptotically for QR (LU). If we look
at the aggregate L2 cache sizes, we can fit panels of 4096 × 128
or 9800 × 128 in the Opt8 and Core2 respectively. As core count
increases, the size of the problem that fits in the aggregate caches
should grow as well, but even when it is exceeded recursion can
ameliorate the performance loss. Initial experiments on the Core2
show a roughly 20% decline in absolute performance for panels
with 48,000 rows, yet this remains almost 2.5 times faster than the
original recursive QR.

We next compare PCA for the QR panel factorization to the
most credible alternatives in HPC libraries that are freely avail-
able today. By combining LAPACK with the GotoBLAS (the Goto-
BLAS do not provide a native QR implementation) we can achieve
a state-of-the-art traditional panel factorization, where all of the
parallelism comes from the BLAS (we cannot do this with the
ATLAS BLAS, because ATLAS does not parallelize the Level 2
BLAS). This method of parallelism is labeled PGOTO in Figure 4.
We also time the PLASMA library [1] which aims to completely
redesign LAPACK for large-scale parallelization. It parallelizes the
panel using a tiling approach and dynamic assignment of opera-
tions to cores through the use of a DAG (Directed Acylic Graph)
of computational dependencies. PLASMA increases parallelism at
the cost of performing significant extra flops.
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In Figure 4 all libraries are factoring the same size panel (M ×
128). Each library has been tuned separately to find its best per-
formance on each problem size (i.e. we allowed different blocking
factors for every M ). We did an exhaustive search for each library,
and took the blocking factors that produced the best average speed.

PCA and PGOTO are both building the T ∈ <128×128 matrix
required for the trailing matrix update (by DLARFB). PCA is the first
bar (clear with diagonal lines) in each set; PGOTO is the second
bar (black) and PLASMA is the third bar (gray). Note the scales
are different; so PLASMA is getting roughly the same flop rate on
both platforms. PGOTO begins to decline in performance for large
problems, probably due to cache effects.

PCA achieves by far the fastest performance on the panel for
both platforms. The speedups for the Core2 (Figure 4(a)) are easy
to characterize, because the Parallel GotoBLAS and PLASMA
plateau at nearly identical speeds of 6000 MFLOPS. PCA ramps up
from a speedup (over both) of 1.5–1.6 at 1000 to a speedup of 2.3–
2.4 at 3000. The dip in PCA performance at M = 9000/10, 000 is
where the benefit of copying the data has faded; for M = 11, 000
and above, PCA is processing the data in-place. The asymptotic
speedup is about 2.0 against PLASMA, and 2.42 against PGOTO.

On the Opt8 (Figure 4(b)) PLASMA and PGOTO differ markedly.
PLASMA displays admirable consistency very quickly, settling in
at 5600 MFLOPS, while PGOTO is declining throughout, finally
reaching a speed of 775 MFLOPS. We suspect it is struggling with
cache overflow problems. PCA shows a clear dip at 4500, the last
panel size it can factor without recursion, and another dip at 9000,
the last panel for which copying provides a speedup. It recovers to
an asymptotic speed of 8000 MFLOPS. Our speedup over PGOTO
climbs fairly steadily from 1.3 to about 2.9 at 8000, and from there
to 10.2 at 16000. Against PLASMA, PCA starts out with a speedup
of 1.15 at 1000, but then varies between 1.3 and 1.5 for the rest of
the graph.

In summary, these experiments demonstrate that our new panel
factorization produces superlinear speedups over the original LA-
PACK serial algorithm. We also achieve double or triple the per-

formance of the recursive parallel approaches. We are 1.5 to 2.5
times faster asymptotically than the traditional parallel BLAS-
based panel factorization using the GotoBLAS, more than double
the performance of tuned PLASMA on the Core2 and 30–50%
faster on the Opt8.

6.1 Full Problem Performance
We have shown our approach to be the fastest panel factorization by
a wide margin. Obviously, this means huge performance improve-
ments if you are solving strongly overdetermined systems, but will
it have a noticable effect on the full algorithm running on large
square problems? Figure 5 answers that question with a decided
yes. This chart shows results for full QR on large square problems;
the Y-axis charts the speedup of the ATLAS-tuned full QR (DGE-
QRF) using our PCA panel factorization over the ATLAS-tuned
DGEQRF which uses the default LAPACK panel factorization. The
X-axis runs to 8000 by 8000 problems, in steps of 500.
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Figure 5 shows that our approach improves the asymptotic per-
fomance of the full problem by almost 30% (25%) on the Core2
(Opt8) on even the 8-node systems that are readily available to-
day. There are two reasons for this boost; the first is simply that
the panel factorizations have been reduced from 20% of the origi-
nal runtime to less than 4% of the improved runtime. The second
reason is more subtle: when the panel factorization is made to run
faster, we can use it to factor a wider panel without a large perfor-
mance penalty, which allows us to use a larger Nb when doing our
update of the trailing matrix. These new PCA-tuned Nb’s are 2–4
times the Nb’s selected when tuning for the serial panel factoriza-
tion. Using larger Nb allows the Level 3 BLAS to get greater cache
reuse, which improves both serial and parallel performance. Unlike
in LU, however, the optimal QR Nb is still strongly constrained,
since the number of extra flops rises with Nb.

7. Scaling
We now would like to address scaling, more specifically weak
scaling. Perfect weak scaling is experiencing the same perfor-
mance/core as p is increased when the work per core is kept con-
stant. Strong scaling is not what we aim for: we have shown
superlinear speedups for fixed problem sizes, so for large prob-
lem sizes we have better than perfect strong scaling. Weak scal-
ing, where each core has the same amount of work to do, and thus
roughly the same amount of potential cache reuse to employ, is a
much more honest measure of scalability for dense linear algebra.
Figure 6 plots the weak scaling of our PCA algorithm. We keep the
panel width constant (128), and the panel height for each core is
1000 (so when p = 8, we are factoring an 8000× 128 QR).

In Figure 6(a), the X–axis is the number of cores used, the
Y–axis is the MFLOP rate achieved. We can see that our scaling
is quite good, as the performance goes up pretty much linearly
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with the number of cores. However, we are not achieving perfect
weak scaling, as Figure 6(b) shows. In this figure, we have divided
achieved MFLOPS from (a) by the number of cores to compute the
MFLOPS per core. Here we can see the MFLOP rate per core is de-
creasing modestly. Almost all of this loss comes from the need to
bring the panel into the cache, and the fact that the caches do not use
true LRU line replacement. To understand how non-LRU replace-
ment can cause problems, consider random replacement, where a
read of enough data to fill a cache will, on some reads, randomly
replace some of the data we have already read and will soon be us-
ing. For 8- or 12-way caches (like those on our test systems) only
about 2/3 of the data read will actually be retained in the cache. We
performed an experiment (not shown) in which we traversed the
data several times; until statistically 99% of it could be expected
to reside in the L2 cache (again, ignoring interrupts and context
switches); and we compared the execution times (excluding copy
times). The algorithm then achieved an almost flat performance
per core curve; in fact this experiment eliminated roughly 90% of
the decline shown in Figure 6(b). The remaining 10% is probably
mainly threading overheads and cache misses due to interrupts and
context switches.

8. Future work
This initial investigation paves the way for a host of future research.
We should be able to use the same parallel cache assignment ap-
proach for Level 3 BLAS-based operations, including the original
recursive panel factorizations. This should provide us with the same
scalability, but with a higher peak performance (in our initial work,
we chose the Level 2 BLAS-based approach because we were pri-
marily interested in QR, where blocked algorithms require extra
flops). More obviously, we can apply PCA to a host of additional
LAPACK routines; the two-sided factorizations should be particu-
larly interesting.

When the higher-level algorithm is rewritten explicitly to facili-
tate cache reuse as we do here, it makes sense to have an autotuning
framework such as ATLAS tune the kernels being used for in-cache
usage, since prior work [29, 32] has indicated that tuning for cache
state can drastically change the best optimization set. The ATLAS
framework has the basic support for this differential tuning, but it
presently requires hand intervention during the install to get the
framework to tune for varying levels of cache (by default, ATLAS
only tunes for out-of-cache performance). This cache-sensitive tun-
ing needs to be fully automated, and its impact on performance
more fully explored.

If an operation cannot be transformed to enable much greater
cache reuse, then it must be optimized specifically for the parallel
context. For instance, essentially the only part of our PCA algo-
rithm which does not scale perfectly with p is the initial/final data

copy, which is completely bus bound. Research questions include:
is it possible to maximize the performance of even bus-bound op-
erations by restricting the number of active memory consumers?
What are the most efficient bus gating systems, does this vary by
architecture, and how many consumer threads can be active be-
fore bus throughput begins to decrease5? Can we automate mem-
ory/compute staging for kernels that are only intermittently bus
bound?

The approach presented here can be made even more powerful
by combining it with pipelining and/or dynamic scheduling. As p
continues to increase, many panel operations will be small enough
to fit into only a subset of available parallel caches. In such a case,
one could create two pipe stages with associated cores: the first
stage runs our PCA panel operation, and produces data that drives
the update stages. With large enough p, we can move cores amongst
stages so that the speed of the stages are roughly equal, enabling
all processors to be efficiently employed for all but the smallest of
problems. This approach should fit nicely with current DAG-based
approaches [4, 5, 20, 21, 24, 34], and is easily adapted for use in
GPU-based factorizations.

Current GPU (Graphics Processing Units) factorizations [22,
27] often utilize the CPU to provide the panel factorization, in
which case our algorithm can be used directly. More interesting
is the idea of extending this approach directly to the GPU, where
one would block for the registers rather than the cache, using the
synchronization and register blocking methods outlined in [26].

9. Summary and Conclusions
We have presented a new approach to parallelizing panel operations
in LAPACK. We believe this approach is truly general, and can be
applied to pretty much any LAPACK-like panel operation; we have
shown impressive results for both LU and QR factorizations, which
are some of the most widely-used operations in dense linear alge-
bra. For these operations, we achieved superlinear speedups over
the original LAPACK serial algorithm (almost 20–fold asymptotic
speedup for the best case), and impressive speedups over the prior
state-of-the-art (asymptotically 2–2.5 times faster). Our approach
can be used directly in present GPU-based factorizations, which
today mostly rely on the CPU to handle the bus-bound panel factor-
izations (our algorithm should also be implementable on the actual
GPU, where we can block for registers in the same way we cur-
rently do for the cache). We have shown that speeding up the panel
factorization provides impressive speedups (as high as 1.35) for the
full factorization on today’s machines; this improvement will grow
with core count.

We have demonstrated excellent scaling for this algorithm and
it is the most scalable panel factorization that we are aware of. This
addresses a serious concern in HPC today, and a critical one for
tomorrow. We conclude that with efficient parallel synchronization,
it is worth moving parallel overheads into the innermost loop in
order to increase both cache reuse and fine-grained parallelism, and
that this approach should be extended to the Level 3-BLAS based
algorithms as well.
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