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Ab initio calculation of force constants and equilibrium 
geometries in polyatomic molecules.  I. Theory 

Hungarian 

by V. P U L A Y  t 
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Budapest 

Chemistry, 

(Received 21 February 1969) 

The general expression for the exact forces on the nuclei (negative 
derivatives of the total energy with respect to the nuclear coordinates) is 
applied for Hartree-Fock wavefunctions. It is suggested that force constants 
should be calculated by differentiating the forces numerically. This method, 
called the force method, is numerically more accurate and requires less 
computation than the customary one of differentiating the energy numerically 
twice. It permits the quick determination of the equilibrium geometry by 
relaxing the nuclear coordinates until the forces vanish. The unreliability of 
the methods using the Hellmann-Feynman forces is re-emphasized. The 
question of which force constants can be best calculated ab initio is discussed. 

l. INTRODUCTION 

Recently there has been considerable interest in the ab initio calculation of both 
force constants and molecular geometries. A force constant F/j  is defined as the 
second derivative of the molecular energy E with respect to the nuclear coordinates 
qi and qj in the equilibrium configuration: 

~q~ ~qjJ0" (1) 

There  are three methods of calculation which differ in the manner in which the 
differentiations in (1) are carried out: 

(A) Numerically twice. 
(B) Analytically twice. 
(C) First analytically and then numerically. 

Method (A) is the simplest and has been used so far almost exclusively. It  consists 
of computing the energy at the points of a two-dimensional mesh for different values 
of qi and q~ and fitting a surface to the points. Differentiating the surface equation 
leads to the equilibrium configuration (assuming all other coordinates qk have their 
equilibrium values) and to the force constant Fij. I f  i=j ,  only a one-dimensional 
mesh is necessary. As Bishop and RandiE have shown [1], method (A) has several 
serious disadvantages: it is not economical because the wavefunction must be 
computed for a number  of nuclear configurations, and it is numerically inaccurate 
because of the two numerical differentiations. Bishop and RandiE therefore 
suggested method (B), i.e. that E should be differentiated analytically twice. Their  

t Present address: Institut f/fir Anorganische Chemic der Universit~it, 7 Stuttgart, 
Germany. 
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198 P. Pulay 

method requires the evaluation of derivatives of the form: 

~2E ~:2E 
~pm or and . . . . . . .  (2) 
~qi ~qi ~pm gore, gO,,, 

where the p's are variational parameters. These quantities are generally difficult 
to obtain. In the most important SCF-MO calculations, the p's are the SCF 
coefficients. The derivatives (2) cannot be determined analytically in this case, 
only numerically by carrying out a series of calculations with different nuclear 
coordinates. The economy of the method is thus lost. In addition, this method 
does not contribute to the determination of the equilibrium nuclear configuration. 
The latter problem is also a major problem in method (A) if there are several 
internal coordinates in the totally symmetric symmetry species. The number of 
necessary points on the energy surface varies somewhat with the strategy used to 
find the equilibrium configuration but becomes excessive if there are three or more 
coordinates. We suggest that method (C) should be used for ab initio calculation of 
force constants and equilibrium geometries. In this method the energy is first 
differentiated analytically, i.e. the force acting in the direction of qi is calculated: 

~E 

The equilibrium geometry is determined by allowing the nuclear coordinates to 
relax until the net forces on the atoms vanish. The force constant F~j, the negative 
derivative of the force fi as a function of qj (or the negative derivative of f j  with 
respect to qi), is then determined numerically, carrying out calculations for different 
q/s near the equilibrium configuration. We call method (C) the force method; it 
has the following advantages: 

(1) All the force constants F O (i= 1, 2 , . . . ,  n; j fixed) can be obtained by 
varying only the coordinate qj. In method (A), for each F,j a two-dimensional 
mesh of points must be calculated. This advantage is most pronounced in 
molecules with several degrees of freedom in a symmetry species. If there is only 
one vibration in a symmetry species, the gain is small: in method (A) a minimum of 
three points is necessary, but in the force method two points can suffice. 

(2) The method is numerically much more accurate than method (A) because 
only one numerical differentiation is involved. 

(3) Dependence of the variation parameters on the nuclear coordinates does not 
enter the formulas which are therefore quite simple. 

(4) The method makes possible a quick iteration procedure to determine the 
equilibrium nuclear configuration (see }5). This is one of the most interesting 
aspects of the method. 

If carried out correctly the three methods above will supply the same result 
except for numerical uncertainties. In contrast the methods using the Hellmann- 
Feynman forces or the virial theorem may yield different results with the same 
approximate wavefunction. Because the virial theorem method [2] is applicable 
only to the ' breathing ' vibration, it is of very little use for polyatomics and will not 
be dealt with here. On the other hand, the Hellmann-Feynman force method will 
be discussed briefly in }3 because 

(a) it has a formal similarity with the force method 
(b) this method has been suggested for calculating force constants in several 

papers, even very recently, although it has been known for some time that it 
is practically of no value, at least with present-day wavefunctions. 
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Force constants and equilibrium geometries in polyatomic molecules 199 

2. THE FORCE METHOD 

Let r be a normalized trial wavefunction, depending on the nuclear coordinates 
q--(ql, q2, �9 �9 qn) + and on the variational parameters p=  (pl, p2 . . . . .  pm) +. The 
parameters are determined so that they minimize the total energy E = (r I H I~) and 
are themselves functions of the q's. In the following, the symbol O/Oq denotes a 
differentiation in which the dependence of the parameters upon the nuclear 
coordinates has not been taken into account, i.e. the p's have been regarded as 

will denote the total derivative including the q dependence of the constant, d/dq 
parameters. 

As it is well known [3, 4], for the first derivative: 

dE OE 
d q -  ~q' 

because ~E/9pi = 0. This means that it is not necessary to know how the variational 
parameters change with the nuclear coordinates in computing the force, which 
greatly simplifies the formalism. 

Let us assume for the sake of simplicity that r is real, then 

f l= -dq -~=-  r r - 2  ]Hlq~ . (2) 

The first term in (2) is the Hellmann-Feynman force. It can be calculated very 
easily because ~H/~qi is a one-electron operator. Calculation of the second term in 
equation (2), which we call the wavefunction force, requires, of course, the definition 
of orbital following. It seems best to assign each basis function to an atom and to 
let it follow that atom rigidly. In this case there must be other variational 
parameters (e.g. SCF coefficients or orbital exponents) to account for changes in the 
electronic structure during the vibration. Orbitals situated between atoms can also 
be handled easily. Note that a definition of orbital following is also necessary in 
methods (A) and (B). 

Computation of all the forces acting on the atoms does not require much more 
numerical work than computation of the total energy. The gain of information, 
however, outweighs greatly the additional work. Below we deal with the very 
important special case of closed-shell MO-SCF calculations. A generalization to 
open-shells or configuration interaction is simple and will be dealt with in a 
subsequent paper. 

The force is the negative derivative of the Hartree-Fock energy expression, 
which we write in the following form: 

E = 2 Z (q~ [ H1 / ~oj) + Z [2(~J z I 1/rlz I ~ vxz) - (~jq~k I 1/r121 q~j~ok)] 
3 jk  

= 2  Z (mIHlln)Dmn+ Z (mn[rs)(2DmnDrs-DmrDns). (3) 
m n  m ~ r 8  

Here Hi  is the one-electron part of the hamiltonian, the ~v's are the SCF molecular 
orbitals, related to the basis functions X by transformation with the rectangular 
matrix C+: ~ = C +  X, and D is the density matrix, defined as D=GG +. The 
notations (m[Hl[n)=(xmlHlIXn) and (mn[rs)=(XmXnll/rl2[XrXs) have been 
introduced. The terms which come from differentiating the operator H1 in (3) 
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200 P. Pulay 

constitute the Helhnann-Feymnan force in this special case. Its calculation is very 
simple and requires the evaluation of just one new integral type. The wavefunction 
force consists of the terms which come from differentiating the basis functions in (3). 
It contains integrals with the derivatives of the basis functions. These can be 
obtained with the same techniques used for the basis integrals themselves (see Part 
II of this series [23]). The only point which requires attention is that equation (3) 
holds only if the molecular orbitals are orthonormal. This is equivalent to the 
requirement that D must be idempotent: 

DS D = D, ( 4 )  

where S is the overlap matrix, Stun= (mln). Equation (3) must be differentiated 
with the condition that D remains idempotent, which, in turn, means that 8D/aq 
enters the formulas. The derivative of equation (4) is: 

( aD/aq)SD + D(aS/aq)D + DS(eD/bq) = eD/aq. (S) 

This equation has an infinite number of solutions gD/{q. Any of them gives the 
same forces because the total energy must be stationary against infinitesimal 
changes in the density matrix if these changes do not violate the idempotency of D. 
The simplest solution to equation (5) seems to be: 

~ D / a q  = - O(~S/eq)D. (6) 

It can be shown easily that (6) satisfies equation (5), making use of the idempotency 
condition (4). With this in mind one obtains, for the wavefunction force: 

- - W F F =  2 (  ar  aql H Ir 

= 2 E {[(aml 8ql Hi In) + (m IH118nl 8q)]D.,,, + (m I H1 l n)(~D,~l ~q)} 

{[(am/kqn Its) + (m an~ ~qlrs) + (ran I ~r/ gqs) 

+ (ran [r &/aq)](2Dm~D,.s - Dm,.D,,a) + (ran I rs)(2 aDmn/~qDr8 

+ 2Dmn ~D,.s/aq - aD,,,./~qD,~.~ - D,~,. aD,,s/bq)}. (7) 

The net force in the direction of q is the sum of the Hellmann-Feynman and the 
wavefunction force. The forces are best calculated using the cartesian coordinates 
of the atoms as nuclear coordinates. In the subsequent calculation of equilibrium 
geometry and force constants, however, forces in internal coordinates are more 
advantageous. The transformation between the two sets of forces is described in 
w 

3. THE HELLMANN-FEYNMAN FORCE 

It has been suggested several times that the Hellmann-Feynman force should be 
used to calculate force constants [5-9]. It would be a very attractive method 
because it requires little numerical work. Moreover, for the exact wavefunction 
and for several types of fully minimized ~vavefunctions (e.g. for the Hartree-Fock 
limit) the Helhnann-Feynman theorem holds [3, 4], i.e. the wavefunction force 
vanishes and the total force is equal to the Helhnann-Fevnman force [10, 11]. 
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Force constants and  equilibrium geometries in polyatomic  molecules 201 

However, experience indicates that even with the best wavefunctions available today 
the Hellmann-Feynman force differs considerably from the energy-derivative force. 
As Salem and Wilson have shown [12], in the case of a discrepancy the energy 
derivative is much more reliable. It is like the energy itself, stationary with respect 
to changes in the wavefunction. Therefore, the error in the wavefunction enters 
the energy derivative only in second order, but it enters the Hellmann-Feynman force 
in first order. 

Several numerical tests have been made ([13-15], see also Part II of this series) 
which all show how extraordinarily sensitive the Hellmann-Feynman forces are. 
Kern and Karplus [14] calculated the Hellmann-Feynman forces for hydrogen 
fluoride with the quite good wavefunction of Clementi (16 Slater-type orbitals) and 
obtained 0.78 A.U. = 6"42 mdyn for the rest force on fluorine at the experimental 
H-F  distance. This force would shift the interatomic distance by about 0.7 3,. 
Thus the Hellmann-Feynman force is practically of no value in determining 
equilibrium configurations unless very good wavefunctions are used. The better 
the wavefunction is, however, the more accurate is the energy derivative compared 
with the Hellmann-Feynman force, because of its second-order dependence on the 
error in the wavefunction. Considering the quickly increasing computational 
labour as the wavefunction is made more and more accurate, it is much more 
advantageous to work with a medium-accuracy function and the energy derivative 
than with a very accurate function and the Helhnann-Feynman force. 

If the Hellmann-Feynman theorem does not hold, another difficulty arises if 
one tries to calculate force constants from the Hellmann-Feynman forces. Because 
the sum of the forces on the atoms does not necessarily vanish for the Hellmann- 
Feynman force as it does for the energy derivative force, the force constants will 
depend on how the internal coordinates are defined with respect to the external ones 
(translations and rotations of the molecule as a whole), e.g. force constants of a 
diatomic molecule will depend on whether the force on atom A or B was used to 
calculate it. 

We conclude that quantities derived from the Hellmann-Feynman force are 
generally unreliable and should not be used, unless it is assured that the Hellmann- 
Feynman theorem holds. Examples show that this is not true for present-day 
wavefunctions. An exception would be the use of floating basis functions [10]. 

4. TRANSFORMATION FROM CARTESIAN TO INTERNAL FORCES 

Let N be the number of atoms and n the number of internal coordinates in a 
symmetry species, x=(xl, x2 . . . .  ,X3N) + denotes the cartesian coordinates, 
f=  [-- (~E /~x l ) ,  . . . ,  - (~E/?XaN)] + the corresponding forces q = (ql, q2, �9 �9 qn) + 
the internal coordinates and q~ = [ -  (aE/aql) . . . .  , - (BE/?qn)] + the internal forces. 
The internal displacements dq are related to the cartesian ones by the well-known B 
matrix of Wilson and Eliashevich [16] : 

aq=Bdx. 
Thus for the forces: 

f = B+,~. (8) 

From (8), ~ cannot be expressed directly, B + being a rectangular matrix and having 
no inverse. We can, however, construct a set of matrices, all denoted symbolically 
by B +-1 for which 

B + - I B  + = I,  
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where I is the n by n unit matrix. 
the internal forces: 

P. Pulay 

Multiplying (8) by B+-t from the left, we obtain 

= B + i f .  

The matrices B +-1 can be obtained by: 

B + - I  = ( B m B + ) - I B m ,  

where m is any 3N by 3N matrix which has the full symmetry of the molecule so 
that (BmB+) is non-singular t .  The fact that an infinite set of matrices B +-z exists 
is a consequence of the non-uniqueness of the transformation from internal 
coordinates to cartesians. 

5. DETERMINATION OF THE EQUILIBRIUM GEOMETRY 

In determining the equilibrium nuclear configuration we can restrict ourselves 
to the totally symmetric (-//1) symmetry species if the symmetry of the equilibrium 
configuration is known. Let  qo be the starting vector of internal coordinates and 
Fo a guess for the force constant matrix. To obtain a better approximation ql we 
calculate the forces q)0 and form: 

ql = q0 + A q  = q0 + F0-1q)0-  

I t is evident that if F0 were equal to the calculated force constant matrix and if the 
forces ~ depended linearly on the coordinates q, then ql would give the final 
equilibrium geometry. If  this is not entirely true, ql will differ from its equilibrium 
value. Nevertheless, if the guesses I=o and q0 are not too far from the correct values, 
a considerable improvement can be expected in ql compared with q0. The 
iteration process : 

q l + l  = q i  q- F0-1tP~, 

will then converge towards equilibrium. Experience indicates that three or four 
steps are usually sufficient to achieve the final configuration. Suitable guesses q0 
and F0 are almost always available. Note that 

(a) this process does not depend on how many coordinates fall in the d l  species. 
(b) the final equilibrium configuration does not depend on F0. F0 determines 

only the rate of convergence. 
The  possibility of determining economically the equilibrium geometry is one of the 
most attractive features of the force method. 

6. WHICH FORCE CONSTANTS SHOULD BE CALCULATED ab initio ? 

Let us distinguish between the following types of force constants in internal 
valence coordinates : 

J" T h e r e  are two reasonable  choices for m .  First ,  we can choose m = M -1 where  M is a 
diagonal  mat r ix  consis t ing of t r iplets  of the  a tomic  masses.  As Crawford  and  F le tcher  have 
shown [17], the  centre  of gravi ty  of the  molecule  as well as its o r ien ta t ion  will be  left 
u n c h a n g e d  on a d i sp lacement  dq wi th  this  choice. However ,  for our  purposes  it seems to be  
more  appropr ia te  if some of the  cartesians are kept  unchanged .  T h e  n u m b e r  of car tesians 
wh ich  can be  kept  cons tan t  s imul taneous ly  is equal  to the  n u m b e r  of t rans la t ions  and  
rota t ions  in  the  s y m m e t r y  species;  for a whole  molecule  i t  is six (five for a l inear  molecule) .  
m is then  a diagonal  mat r ix  wi th  zeros in the  diagonal  for those cartesians which  have to be  
kept  cons tan t  and  wi th  a rb i t ra ry  non-ze ro  diagonal  elements ,  usually l ' s ,  elsewhere. 
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Force constants and equilibrium geometries in polyatomic molecules 203 

(1) diagonal stretching terms Fr, 
(2) interactions between stretchings Frr, 
(3) interactions between a stretching and bending Fr~, 
(4) diagonal bending terms F~, 
(5) interactions between two bendings F~.  

The term ' bending ' includes all angle-type coordinates. It is expected that these 
physically different types of force constants have different sensitivity to 
approximations in the wavefunction. This means that some types are more 
suitable for ab initio calculations than others. Thus, Hartree-Fock wavefunctions 
generally lead to incorrect (ionic) dissociation of bonds because of the neglect of 
electron correlation. This explains why most of the Fr-type constants are 
overestimated by Hartree-Fock calculations. 

Stretching force constants are the best-known ones to spectroscopists and only 
their accurate ab initio calculation contributes to the determination of molecular 
force fields. Clearly, results which fail to fall in the range welt known to 
spectroscopists do not provide any new information. Nevertheless, most of the ab 
initio calculation of force constants made so far deal with stretching constants. We 
suggest that effort should be concentrated on other types of force constants. Little 
progress has been made with the ab initio calculation of the Frr type. A recent 
result shows, however, that it may also be sensitive to correlation effects [18]. 

The best results can be expected for Fr~-type force constants. As early as 1949, 
Linnett determined the correct sign of Fr~ in H20 on the basis of hybridization 
arguments [19]. More recently, good estimates have been obtained for these 
constants by Mills, using a simple hybridization model, the hybrid orbital force 
field [20]. The semi-quantitative method of maximum overlap also led to the 
correct signs and orders of magnitude [21]. Thus it seems probable that the 
Hartree-Fock approximation can predict values of these force constants accurately 
enough to provide help to molecular spectroscopy. This will be tested in the 
subsequent papers of this series on small molecules for which Fr~ is known 
experimentally. It is also probable that force constants of the types F~ and F ~  can 
be calculated more accurately than stretching constants. Comparing diagonal and 
interaction constants generally, we feel that ab initio calculation of,the latter is more 
advantageous for the following reasons: 

(1) There is no apriori reason why the relative accuracy of interaction constants 
should be lower than that of the diagonal ones. Interaction constants are usually 
an order of magnitude smaller than the corresponding diagonal ones. This means 
that the absolute error in the interaction constants will be considerably lower. 
Moderately accurate interaction constants, together with experimental frequencies, 
could be of great help in determining force fields for polyatomics. Even the 
knowledge of the sign is important. 

(2) Vibrational frequencies depend only slightly on interaction force constants 
if the vibrations are characteristic, i.e. if there is neither strong kinematic coupling 
nor near-degeneracy, and in these cases, conversely, diagonal force constants 
calculated from vibrational frequencies and ab initio interactions will be much more 
accurate than the interaction constants used. 

(3) In the force method several interaction constants can be calculated from the 
same wavefunctions. 
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204 P. Pulay 

7. COMPARISON WITH THE METHOD OF GERRATT AND MILLS 

During the preparation of this report the paper of Gerratt and Mills appeared 
[22]. There is much similarity between the two papers; our equation (7) 
corresponds closely to equation (54) in Part I of their paper. The main difference 
in the two versions of this equation is that our method of maintaining the 
orthonormality of the molecular orbitals is much simpler. Their final method for 
calculating force constants differs, however, considerably from ours. They 
calculate force constants as the analytical derivative of the Hellmann-Feynman 
force. The problems associated with the double analytical differentiation of the 
energy are eliminated in this way. On the other hand, our critique in w applies to 
their method: the Hellmann-Feynman forces are much less reliable than the 
energy-derivative forces and their method does not help much in establishing the 
equilibrium geometry. This is well demonstrated by table 6, Part II of [22]. 

The author wishes to thank Dr. H. Preuss for his hospitality at the Max Planck 
Institute for Physics and Astrophysics in Munich, where most of this work was 
done, and Dr. W. Meyer at the same Institute for valuable discussions and for 
directing his attention to the determination of equilibrium geometry. Financial 
support of the Deutscher Akademischer Austauschdienst (Gad Godesberg, 
Germany) is gratefully acknowledged. 
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