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A new method for obtaining the coafficients in a large CF expansion is proposed. Instead of consiructing an inter- -
action matrix, the expansion coefficients are obtained directly from the list of twoelectron integrals by means of an
iterative procedure. At present, the method can be applied to systems with a closed-shell ground state including all
singly and doubly excited configurations. The number of terms used in the expansion of the wavefunction may beas
large as 10%~10°. Wavefunctions for NHjy with 4336 and H,O with 2458 configurations are presented as test cases.

i. Method

The basis for all CI calculations is 2 set of one.
electron_functions

{‘Fp} = {?’”1; e Py "-"F’gf} . ‘ )

These have usually been obtained from a previous
SCF calculation or are the result of a unitary trans-
formation of the canonical molecular orbitals. Other
choices are permissible, for instance pseudonatural or-
bitals obiained, either by the MC SCF |5], IEPA

{6, 8] APSG [7] or the-iterative natural orbital CI
{1, 2] method. We will assums that the basis set is
orthonormalized and that it forms a basis for the ir-
reducible representations of the molecular point
group and thus consists of complete shells of one-
electron functions. The set {v,} is divided into two
subsets

{o:}= {0g: v} (2a)
and »
{wa} = {@m{,ls s ‘.55‘{} .’ (Eb}

where n = 2m is the number of electrons in the system.
The first set consists of molecular orbitals with oc-
cupation numbers close to two. These are the occupied
orbitals, if the basis set has been obtained from an
SCF calculation. Otherwise they are the strongly oc

cupied natural orbitals. Such a division of the basis set -

is usually quite normal. Orbitals belonging to {v;}
will, in what follows be called-occupied orbitals and
those in {¢,} “virtual” orbitals, Indices i, j, kand [
will be used to label orbitals in {p;} and indicesa, b,
candd for {g,}. -

The one-electron functions {y; } are used to con-
struct a closed-shell determinant ¢y, called thereafter
the “zeroth-order wavefunction™. The determinant ¢g
need not be the dominant term in the CI expansion.
it is, however, a basic determinant {rom which the
other configurations are formed by replacement of
one or two spin orbitals with orbitals from the set
{¢,}. In this way we obtain the following different
types of spin symmetrized (S = 0) basis funcuens for
the CI expansion:

¢, =2"20[6,2,1 , | | (33}
Yiivaa = 92,1 - | {Sb)'
Bipvea = 22 010;, 0,81 » LG9
Sirrap =22010,3,) B
Spoas =—32010,0,8, 71, 3o
& =0 {l0,2,0,7,] + 10, B0, @1} . (3D

The square brackets are used to denote 2 normalized. .

‘detexmi‘nantv, where doubly occupied orbitals in @9,
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* which are not replaced have been excluded. O is a
spin projection operator for singlet spin states

o=TI {z_ s } (4)

5+#0 S(S+1)

The wavefunction for the n-electron system is ex-
panded in ¢ and the functions (32)—(3f) according
1o,

N T ()
I

where ¢, is an excited configuration.

Only single- and double-excited configurations are
included in this expansion. The method used to ob-
tain the expansion coefficients makes it difficult to
include higher excitations in (5) although possible in
principle. For molecular systems in a closed-shell
ground state an expansion of the type given above is
known to yield most of the correlation energy (prob-
ably more than 90%). Shavitt et al. have recently
published results from a minimal basis MO SCF Ci
study of the water molecule, which included all single-
to tetra-excited configurations {3]. The contributions
to the correlation energy from tri- and tetra-excited
configurations was found toe be 0.8 and 4.4%. Meyer
found, in a very accurate study of the water molecule,
that the unlinked cluster correction to the correlation
energy i3 4.5% [41.

The electrostatic hamiltonian for the n-electron
system may be divided into a one- and two-electron
part,

3

f= E?z(mEUr . (6)

<f

In order to obtain matrix elements which are easy to

handle in the CI calculation, the hamiltonian (6) is

partitioned according to the following procedure.
First, define a Hartree—~Fock type operator

1]

AD=h+ D (27,0 -R, zj}, (7
1 1 »

whereJ and X; ; are the ordinary Coulomb and ex-
change operators, defined in the set of strongly occu-
: pxed basis orbitals {@,} The operator F will be the or-
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dinary HF operator if :he set {¢;} are the HF molec-

ular orbitals.
The total hamiltonian & may now be rewritten as

H=F+7, ®)

where

)
1}
M;x

2 ) )

~
it

1

-~

and ¥V is the “fluctuation operator™,

n i1

=T\ I )~E [27,() - R0 (10)

=}

Application of the linear variational method to the
trial function (5) leads to the usual matrix equation
for the expansion coefficients C,

H-EDC=0. an

The main problem in all CI calculations is how to ob-
tain the lowest eigenvalues and the corresponding eigen-
vectors from this equation. The upper limit to the
number of configurations in (5) is set by the possibili-
ty to construct and save the hamiltonian matrix in
computer auxiliary memory and its subsequent dia-
gonalization, The time and space necessary for this
will increase as zonf, where NV is the dimension
of the CI vector. The possible number of configura-
tions, which can actually be used in a CI calculation
is therefore heavily restricted both by the computer
time and available space in auxiliary mernory devices.
According to published results the limit thus placed
on the number of configurations is about 2000 at
least for cases where most of the matrix elements are
different from zero. Also calculations with more than
1000 configurations tend to be very time consuming.
In the present paper we shall avoid all these problems
by presenting a method for extracting the eigenvalues
and eigenvectors directly from (11). The basic feature
of this method is that the results are obtained directly
from a list of molecular two-electron integrals, with-
out any need to construct the H matrix explicitly.
Several methods for diagonalizing (11) are available.
The most commonly used method is probably the
iterative scheme suggested by Nesbet [9]. The benefiis
and drawbacks of the different diagonalization
methods, especially with respect to the convergence
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problem, will be discussed in a later paper [11]. ix:
the present paper we use the Rayleigh—Schridinger
perturbation treatment: the choice is, however, ar-
bitrary since our method can be applied to any itera-
tive diagonalization scherme.

In the perturbation treatment ¢ is the zeroth-
order function, while the higher-order contributions
¥, are expanded in the excited configurations

¥, = 20 g a2
[EES

The zeroth-order hamiltonian will contain the
diagonal part of the operator F. Using Dirac’s nota-
tion we can write it as

Hy= {3 ERICHIZERTCRD (13)

The configurations ¢, will be eigenfunctions of this
operator with the corresponding eigenvalues

E,o=(®,1F18,). (14)
The perturbation H { s according to (4) given by
f?l“:{l?‘u %35“‘0:%)(%;} +P. (13)

Using the usual perturbation expansions

V=g, + 2N, (162)
n=}
E=E,+ 2IN'E,, (16b)

n=l

we obtain the following equation for the nth order
contribution to the wavefunction,

-2

(ﬁg"‘gg} ‘\Zfﬁ = E

Ep gV —EH =EDY, ;- U7

Inserting expansion (12) and the-perturbation operator
(15) we get an equation for the expansion coefficients
" of the nth order,
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. H--2 . :
> - (3 L -1}
&, 0~ 0) C = ? E, 4 CO -2 F,
k=1 pER

where F, and V, , are matrix elements of the
operators F and 15, regpectively. The contribution to
the correlation energy pertaining to the (#+1)th order
is then

By = ?(ﬁ‘ggi— Vo ). (19)

The energy up to the order 2» can easily be cai-
culated from the nth-order wavefunction, Explicit
formulae for this can be found in ref. [10].

The two first terms in (18) are trivial and can easily
be evaluated since the matrix elements of F are pro-
portional lo the matrix elements of the one-electron
operator f. These can be kept in the computer random
secess memory. What remains is then the 138t tenm,

A term of this type appears in all types of iterativa
diagonalization procedures and our way of handling it
is therefore independent of the particular diagonsliza-.
tion method used here. It was noted that the matsix
elements (V,,—£ 6,,,) consist of simple linear com-
binations of two-electron integrals

@airs) = [ @3 (D, (11r ) e e, ()dV, av, .
(20)

It iz therefore possible to rewrite the Iast sum n {18)
as a sum over such two-electron integrals. Intrvcace
the notation

o) - -1 ;
ag}—VE(Vuv-Ersw)q" ). (21)

The contribution to 00! from the interaction beiween
doubly excited configurations (=i ~ab and v = k!
-» ed) is given by
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Ao |

n—1)
jab 2 {Am)(u)“k”’) + A N} CES R,

4 E {4 aney@lbdD) + 40, (adl be)} i}t}}
- 2 {%{ J(ailck) + Bl (acl D} CEm D),
) s o . ~1)
. g% | {Bm)(v)(bf [6K) + B,y (b D} CSL

+E (€ BIICR) + Ty (el i)} CESL)

kj-rac

‘+Z'3{ Conar @18 + @l N} CHZD, - (22)

From the interaction between single- and double-
excited configurations (=4 —~ab and v =k - ¢} the
following contribution to {2, is obtained

Ao

~ij~ral

= LDy (actv) + Dy (anbe)} {10

+ 2 {D,(ailbe) + D, (aclbi)} CI71
<

j—c
= 20 4Dy ailkf) + Dy (@il D} )

=2 D,k + D, @DICLY . (23)

A similar expression holds for AcfY,.

‘The interaction between singly excited states yields
" the followmg contnbutxons

Aafl)a = Z) {Z(az!bj) (bl HICTLY . (24)
" In the above expressions indices 7, j, X and / have been
- used to label occupied orbitalsin ¢, while a, &, ¢ and
d label the virtual orbitals. The numerical constants.
Ay to D@ will depend upon the types of con-
figurations ¢ and v [according to the definitions (3a)—

-(30)] and upon the permutation necessary in order to .

‘1‘56]; i
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put equal orbitals in ¢, and ¢, into equivalent posi-
tions. A list of these couphno constants can be found
in table 1.

The sum over configurations in the general ex-
pression {21) has been replaced by simple sums over
two-electron integrals by means of expressions (22)—
(24). The computation of the CI wavefunction has
thus been made much more efficient; namely, the
tedious construction of the interaction matrix has
been avoided and further the number of multiplica-
tions necessary to obiain one set of ¢ ’s is reduced to
a minimum. The number of terms in (Z1) is of the
order of N oqs = m2(M—m)?, while the largest sum
in (22) contains at most ~(M—n2)2/2 terms. The com-
putation of the ¢,’s is in practice done during one
reading of the two-electron integral list. Each integral
is identified with respect to its type as defined in
(22)—(24). It is then multiplied with the proper
coupling constant and a CI coefficient. Finally the
product is added to the appropriate 0,,. The procedure
is quite fast, the time required is comparable to time
needed for an SCF iteration. An analysis of the number
of terms in the different parts of o, shows that the
computer time needed for one iteration should be
proportional to

M2 M—m2M? = N (N, )2, (25)

where V,, is the number of non-zere two-electron in-
tegrals, that is, larger than a2 given threshold. The latter
expression should be approximately valid even when

Nonr and Ny, are reduced by symmetry. The com-

puter fime necessary for a direct computation of au
from (21) is, on the other hand, proportional to N2
The above considerations hold for the case when
all singly and doubly excited configurations are in-
cluded in the CI expansion. Since the total computer
time depends only weakly on the number of configura-
tions, there is little need to reduce these, except
perhaps, when limitations in random access memory
have to be taken into consideration. The two vectors
C® and ¢®-1) and an index vector have to be kept

‘simuitaneously in core.

If the available core storage is around 100 k words,
the maximum number of configurations will be around
40000. _ ‘

A computer program — CICLOS — based on the
procedure presented above has been written by the

present author. CICLOS will be included as the CI
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Table 1§
Coupling constants for excited configurations. The indices « and a (= 1, ..., 5) refer to the different types of double-excited con-
figuraticns as defined by the formulae (3b)—(3f)

A Aa
1 2 3 4 5 1 2 3 4 5
1 1 0
20 1 0 0
3 212 9 1 0 0 1
4 0 G/2Y2 o i 0 0 0 1/2
50 27142 0 0 i 0 0 0 3172/ —-1/2
BA KA
1 2 3 4 5 1 2 3 4 5
1 1/2 —-i
2 2712 p =212~
3 2712 12 172 —a42 -1 -1
40 0 0 0 32 @/ @2 kp-3)
5 2 2172 2172 0 1a-3p —1 —2-12 —2"12 —3Y24)p+1) t@p-1)
th ka
1 2 3 4 5 1 2 3 4 5
1 1/2 -1
2 272 )2 —212 —1
3 2712 12 1/2 27 -1
4 312 @39V 3/ Fa+p) =312 @)V @22 _j(3+p)
5 -1 272 otz 3V24y(1-3p) i@Bp-1) -1 —3712 —271z GY¥a)p-1) i@p+D
Dy D,
1 21/2/4 21/2/4
2 1/2 1/2
3 12 1/2
4 0 —(3/2)12
5 21/2 _2-1/2

a) p = (—1)4, where q is the parity of the permutation which brings equal indices into equivalent positions (example: if ¢ = ¢ in
the last term of (22) a transposition-is necessary in order to obtain the excitation v = ik — @b, in which {, 2 and & take the same
positions as in u = {f — ab. In this case g is odd and p = —1).

part in the program system MOLECULE for culations, one for ammonia and one for the water
MO LCAO SCF CI calculations, presently being molecule. These calculations should, however, be
geveloped at this institute [17]. looked upon as test samples rather than as an attempt

at obtaining accurate wavefunctions.
Two calculations for NH3 have been made. Both

2. Application to NH; and H,0 : used a basis set of S8 primitive gaussian functions
(10s, 6p and 1d for nitrogen; 5s and 1p for hydrogen),
In this section we present the results of two cal- contracted to (N:4s, 2p, 1d/H:2s, 1p) in calculation [
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. ' Table 2
" Timing data for CI calculations with the computer program
CICLOS (central processing time on an 1BM 360/75)

T

NH3 12) NH; I H,O
number of conf. 2473 4335 2459
number of two-cl. int. 42436 113247 65797
eransf, . 16 min 50 min 43 min
7 (per iteration) ©7 (0.9 min 2.0 min 1.2 min
Tiotal 25 min 71 min 57 min
number of iterations 10 10 12

a) Irefers to a calculation with 31 atomic basis functions and
28 MO’, while II has 38 basis functions and 36 MO’s.

b) CPU time for the transformation of the two-electron in-
tegrals.

¢} CPU time for one iteration in the actual CI calculation.

and to (N:5s, 3p, 1d/H:3s, Ip) in IL.

The basis set used for water consists of 60 primitive
gaussians (11s, 7p and 1d for oxygen; 5s and Zp for
hydrogen). This set was contracted to (0:5s, 3p,
1d/H:3s, 2p). All calculations were carried out at ex-
perimental geometries.

All single- and double-excited configurations have
been included (excluding, however, in all cases exci-
tations from the Is-orbitals), which for NH; (1),

NHj; (11} and H,0O means 2473, 4335 and 2459 con-
figurations. Canonical molecular orbitals were used as
the basic one-electron functions. Computation times
for the CI part of the calculations are presented in
table 2. As evident only a minor part of the total time
is used for obtaining the CI vectors from the list cf
two-electron integrals. The major part of the central
processing time is used for the transformation of the
‘two-electron integrals from an atomic to a molecular
orbital basis. Since the time when this computation
was done, much faster routines have been developed
and will be implemented in the next version of the
program {12, 13]. Nevertheless, the upper limit to
the atomic basis set size is determined in this part of
the calculation and can at present be estimated to be
around 100. The correlation energy had in all three
cases converged to 10~ after 10 iterations.

Energy results for NHy (II) and H,O are presented
in table 3. Kari and Csizmadia have published results
from a Cl study of this molecule which included
918 configurations {14]. They obtained a total energy
of —56.3747 au and a correlation energy of
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Table 3
Total and pair energies for H, O and NH3 (in atomic units)
NH (1) H,02)

Egcr -56.2122 —76.0518 (76.0628)
Ecom —0.2033 —0.2099 - (0.2497)
Eror -56.4155 ~76.2617 {76.3683)
pair energies:

2ay—22a, —-0.0101 2ay—2a; -0.0104 (0.0114)
3ay—2a; -0.0164 3a,-2a; -0.0173 (0.0219)
3a,—3a, —0.0194 3a;~3a; —0.0191 (0.0223)
lex—2a, —0.0199 1b;—2a; -0.0161 (0.0235)
lex—3a, —0.0258 1b;~3a; -0.0280 (0.0353)
lex—ley —0.0203 1by~1b; —0.0173 (0.0223)
ley—2ay —0.0199 1bp—2a; —0.0210 (0.0249)
ley—3a; —0.6258 1b,—3a; —0.0318 (0.0340)
ley—ley —~0.6251 1by—1b; -0.0269 (0.0317)
tey—ley, —0.0203 1by—1ba -0.0218 (0.0224)

a) Values given within parentheses refer to the very accurate
calculation of Meyer {4].

~0.1631 au [15]; this should be compared to the
present values —56.4155 and —0.2033 au. (The com-
puter time was reported to be 6 hours on an 7094-11.)
The non-relativistic limit of the total energy of am-
monia has been estimated to —56.554 au and the cor-
responding correlation energy to be —0.329 au [15].
Of this approximately 0.05 au can be taken as inner
shell correlation. Thus the valence shell should con-
tribute around 0.28 au of the correlation energy. The
present calculation gives 73% of this value.

Pair energies are also given in table 3. They have
been obtained from the following division of the total
correlation energy,

Beorr = z { Z Ho,5j-+ap qf»ab} -2 Ey-  (36)

i<j la<b i<j

Even if this formula does not have a direct physical
significance it is nevertheless useful for the inter-
pretation of the results. A study of the pair energies
for NH; indicates that the electron pair in the most
stable orbital 2a, is less well correlated compared to
the other interpair correlagions. This orbital has a
large N2s character. Probably the basis set is not suffi-
ciently flexible to give enough angular correlation in
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~ Table 4
Occupation numbers for natural orbitals in NHy and H,O.
Only orbitals with occupation numbers larger than 0.01 are

given
NH; (iD) H;0
23y  1.9815 2a, 1.9852
3a; 1.9685 3a; 19684
4a;  0.0190 4a; 00231
5a;  0.0144 Sa;  0.0112
iey 1.9678 iby  1.9735
Jer  0.0210 2by  0.0173
le, 19678 1by  1.9671
2ey  0.0210 2by  0.0245

this region. More basis functions of p and d type with
relatively high exponents should have been needed

for this purpose. This deficiency of the basis set is also
manifested in the natural orbital occupation numbers
presented in table 4. The orbital 2a; has the largest
occupation number of all the strongly occupied or-
bitals,

A number of (] calculations have been reported
for the water molecule [3, 4, 16}, The most accurate
wavefunction is presented by Meyer [4], usingasa
basis of one-electron functions a set of non-ortho-
gonal pseudonatural orbitals which was obtained by
an independent pair approach, He reports a total
energy of —76.3683 au as compared to our computed
value of —76.2617. The non-relativistic equilibrium
energy has be estimated by Meyer to be —-76.4314 au
and the correlation energy to —0.369 au. He obtains
a correlation energy of —0.2497 au for the valence
shell electron pairs while the present study gives
—0.2099 au. The difference is probably due mainly
to the different choice of atomic basis functions. The
basis set used in ref. {4] is very extensive, consisting
of 11s, 7p, 4d and 1f functions for oxygen, Ss and Ip
functions for hydrogen. The improvement is reflected
rather evenly in all pair energies (cf., table 3), and is
probably due to a better description of the angular
correlation effects, which was achieved through the
use of many basis functions of d- and f-types. Itis,
however, gratifying to see that such a large fraction of
the valence shell correlation energy (=75%) can be
obtained even with a basis set of a rather moderate
size, a set which can also be used for studies of larger
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systems and for the calculation of potential energy
surfaces. The situation can be expected to improve
further when optimal orbital exponents for basis
functions describing angular correlation effects become
avaifable. ‘

Work along these lines is presently being done at
this Institute.
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