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EXACT SOLUTION (WtTHIN A DOUBLE-ZETA BASIS SET) 

OF THE SCHRODINGER ELECTRONIC EQUATION FOR WATER 

and 

RLcencd 15 Novcmbcr 1980, tn fin.11 torn1 19 J.muar\ 1951 

Usnrg rccrntt) aevcloped thcoretlcal tcchmquc> it ha been possible to uchtrve cln exact varlnttonal solutton of the 
Schrodlnger cquntlon \\lthm 3 modat baslb set oi one-ehxtron iunctIons The full configurorlon mtcractlon tor this system 
mctudcd a total 0: 256473 ’ 41 s~iptn- and bpacc-adapted confIguratIons Conrparlson \ilth man)-body perturbation theory 
prokes to be quite mtcrattng 

Over the past decade, a relattvely “standard” treat- 
ment of electron correlatron m small molecules has 
evolved [ 1,2] Thus standard treatment IS applicable to 
systems for whrch the restricted Hartree-Fock method 
provides a quabtatrvely reasonable descnptron of the 
electronic structure In such cases, one IS Justified m 
employmg configuratton mteractton (CI) mcludtng all 
configurattons drffermg by one or two electrons from 
the Hartree-Fock reference contiguratton For predtc- 
ttons of most properttes of chemrcsl Interest, this CISD 
(CI mcludmg smgle and double eucttatrons) procedure 
IS a well-defined and sensrbte startmg pomt for the 
descnptron of electron correlatron effects [3]. However, 

rt seems equally clear that a key theoretical questron to 
be addressed durmg the next decade IS that of lust how 
unportant are those htgher-order correlatron effects [2] 
(or many-body effects, with the understandmg that 
“many” means three or hrgher) Ignored m CISD. 

The rmportance of many-body correlntron effects 
may be mvestrgated by perturbatton [4] or varratronaf 
[l-3] methods, wtth the former often thought to be 
the more efficacrous m thus parttcular regard [S] . How- 
ever, there are srtuattons m which variatronal approaches 

can be uniquely helpful. The present research IS a modest 
example of such a situation, m that an exact varratronal 
solutton of the Schrodmger equatron has been achreved, 
wtthm a lnruted basrs set, for the water molecule Thts 
exact solutron provtdes a benchmark by which the 
vahdrty of less complete theoretrcal treatments may be 
Judged. 

Smce the energy differences of mterest here are m 
some cases quite small, tt IS exceedmgiy important (for 
future compartsons to be meanmgful) that the exact 
techmcal details of the present work be iatd out exphc- 
rtly. The water basrs set used here was of the standard 
contracted gaussran, double-zeta varrety. Specifically, 

Dunnmg’s contractron [6] of Huzmaga’s primitive 
0(9&p), H(4s) basts [7] was chosen. For hydrogen, a 
scale factor of !: = 1.2 was applied to the basrs functrons * . 
The geometry used for the water molecule was precrsely 
that of Lrudrg et al. [S] and may be specrfred by the 
cartesran coordmates (in atomtc umts) of the three 

’ The precise hydrogen orbrtzdevponents were 19 2406.2 8992, 
0 6534,and 0 1776, followmg footnote a to Dunnmg’s table 
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atoms O(0 0,O 0, - 0 009), Ha(I.5 15263,0.0, 
-1 058898), H,(-1 .515263,0 0, -1 058898). With 

la$~lb~3a~lb~. (1) 

this partrcular basis set and geometry, the smgle-con- Wtth the standard double-zeta basis there are 19 single 
figuration self-consistent-field (SCF) energy for water exc!tatlons, 341 double ewxtatxons, 3842 triple excl- 
1s -76.00983760 hartree. For future compartsons w&h tattons, and 14475 quadruple euatatlons. CI studies 
the present results to be srgmficant, a rmmmum require- up to the S f D f T + Q level have been prevlousiy 
ment IS that the SCF energy be reproduced to all ten carned out [S] via the umtary group approach [9,10], 

stgntftcant figures This should guarantee that no con- and are reproduced m table I As noted earlier, the 
fusion eusts concernmg the speclficatlon of the basis purpose of the present paper is to report a full CI for 
set and geometry. Alt~ou~ the present research was double-zeta water To our knowledge the only previous 
carned out on the CDC 7600 (60 bit word length), It vanarional studies of higher than quadruple excItatlons 
was posstble to reproduce the SCF energy to better than are those of Shavltt and co-workers [l 1 ] For the pres- 
nme slgmficant figures on the 48 btt Hams senes 800 ent water example, there are 41952 qumtuple exc;ta.. 
mui~computer. tlons, 72365 sextuple excltattons, 71434 seven-fold ex- 

The Hartree-Fock reference configuration for H,O cttatlons, 40046 e&t-fold e\cltatxons, 11492 mne- 
1s of the general form fold excltatlons. and 1506 ten-fold escltatlons Thus 

Table 1 
Conlpnrlson bctueen exact results for double-zeta Hz0 and approwmate results obtamed via varlatlonal and perturbation technrques 

-~- 

\‘fsvefunctron Number of 
con~~uratlons 

Total energy Correhtlon energy Energj reIatwe Coefficlen t 
toCfS+D Co of 

reference 
configuratIon 

\ Jrntionul results 

calf-conastent field (SCT) I -76 009838 

CI OU double elrcltntions (D1 342 -76 149178 

CI all smgle and double 
excttntrons (S f D) 361 -76 15001.5 

CIallS+ D+T 3203 -76 151156 
CI a11 D + Q 14817 -76 155697 
CIaUS+D+T+Q 17678 -76 157603 
fuli CI 256473 -76 157866 

hlnny-body perturbatron theors 14,131 

Correlatmn 
convolution 

second-order enerw -0 139478 
thud-order eaer_e -0 001391 
fourth-order 

lmked diagram double ewxtatxons -0 003083 
lmked dtagam smgie ewxtat!ons -0 000908 
hiked dwgram quadruple ewrtations -0.000815 
imked diagram triple evatatlons 6 14 1 -0 001364 

coupled c&ted doubfes (CCD) 

CCD + fourth-order smgles and trrples 

00 10 

-0 139340 +o 000837 0 97938 

-0 140177 00 0 97874 

-0 :4131s -0 001141 0 97819 

-0 1458.59 -0 005681 0 97668 

-0 147765 -0 007588 0 97513 

-0 148078 -0 007851 0 97528 

Commulatwe 
conelatzon ene 

-0 139478 1-O 000699 

-0 140869 -0 000692 

-0.143952 -0 003 775 
-0 144860 -0 004683 
-0 145675 -0 005498 
-0 147039 -0 006862 

-0 145435 -0.005258 

-0.147707 -0.007530 

‘rgy 
Energy ret? twe 
toCfSi-D 
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the full CI includes a torn! of 256473 1 Ai spm- and 
space-adapted configurations 

~hts very large CX was made posstble by the recently 

developed mteger-based algorithm due to Handy [I21 
All one- and two-electron mtegrals were kept to full 
14 s~gmficant figure floating pomt accuracy, while the 
Cf coeffictents were stored as 24 b[t integers, alIowmg 
more than SIY slgruficant figures of prec~slon. Thus and 
the five Iterations used during the dlagonahzatlon step 
should msure an absolute accurncy of 104 hnrtrre for 
the full CI energy The new program was tested for a 
ten molecular orbltal full CI by usmg various unitary 
trnnsformsltlons amongst the orbltals and noting that 
the rotai energy was unchanged 

Table 1 compares the results of the present full CI 
wth previous vanatlonal results for the same system 
and with the many-body perturbation study of Bartlett 
[I3] The exact correlation energy for rhrs model sys- 
rem IS -0 148028 hartree, the drfference between the 
full CI and SCF energies Gwen this result one can state 
preotsely that smgle and double ewtaclons account 
for 94 7% of the correlation energy and thar triple and 
quadruple e\cltatlo?s amount to 5 13%. AU h&her ex- 
cltatlons (that IS to say 238795 of the 256473 total 
configuratlons) lolver the CIS + D + T + Q total energy 
by only 0 000263 hartree, or 0.18% of +he total corre- 
latlon energy. Th1.s IS a very encouragmg resuIt III that 
It confirms one’s mtultlve feelmg [3,3] that these 
h&her-order correlation effects are relatively unun- 
portnnt for IO-electron molecules such as water 

Comparison wrth the MBPT results of Bartlett [I31 
and of Wilson and Guest [ 141 IS also of considerable 

mterest Their fourth-order treatment Includes 99 33% 
of the COrrekitlOR energy, ~plying an error Just about 
three tunes that found for the CIS + D f T + Q varja- 
tlonal result The difference between the second-order 
perturbation energy and the exact energy IS 0 008550 
hartree, or 5.8% of the correlation energy The remain- 
mg correlntlon energy picked up by MBPT IS 0.007561 
hnrtree. Thus means that the fourth-order procedure 

accounts for 756/855 or 88 4% of the correlatton en- 

ergy obtamable from thud- through mfirnte-order per- 
turbation theory. 

Two-thuds Of the remamlng 11 6% Of the cOrr&- 

tiOn energy due to third through mfiitte orders may be 
accounted for by the coupled cluster doubles (CCD) 

model, which mvoives an rnfirnte-order sum of double- 
and (“disconnected”) quadruple-excltatlon effects [ 15 J 
Bartlett’s unpubhshed results [13] allow us to eu;untne 
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the unportance of these higher-order correlation effects. 
Comparison between CCD (-0.145435 hartree) and the 
double- and quad~p~e~xcitatIon MBPT energy through 
fourth order (-0.144767) yields -0 000668 hartree 
for the difference. Thus difference amounts to 7.8% of 
the correlation energy beyond second order, leavmg 
only 3 8% unaccountable for m the ab mltfo sense. Smce 
this level of MBPT accounts for 99.78% of the total 
correlation energy, it can be concluded that the agree- 
ment between variation and perturb&Ion methods 1s 
quite satisfactory 
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