Basic concepts of TDDFT
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Overview

- The Runge-6Gross theorem

- The extended Runge-Gross theorem

- Invertibility of the density response function
- The action principle

- Conserving approximations

- Conclusions and outlook



The Runge-6ross Theorem E.Runge and E.K.U.Gross

(Phys.Rev.Lett.52,997 (1984))

(10, — (T + VA (2) )¥1(t) = 0
(10, — (T + Va(2) )¥a(t) = 0

Wy (tg) = Wa(ty) = P
Vi(t) £ Va(t) + C(t) = ni(t) # na(t)
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Any expectation value is a
functional of the
density and the initial state

*]

n(t)

V2 Oln, Yol (t) = (¥ [n](1)|O]¥[n](t))




Different interactions and initial states
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True system

Kohn-Sham system

The Kohn-Sham system has the same
density as the frue system for a
different fwo-particle interaction
and a different initial state

Suppose we have found the density n(rt) in an interacting system with potential v(rt)

Can exactly the same density n(rt) be reproduced by an external potential v'(rt) in
a system with different initial state and a different two-particle interaction?

If so, would this potential be unique (modulo a purely time-dependent function)?



R.van Leeuwen

Extended Runge-Gross theorem (Phys Rev.Lett 82,3863 (1999),
Int.J.Mod.Phys.B15, 1969 (2001))

o ) ) G.Vignale has recently extended this proof to
Continuity equation for the density cur‘r‘gen‘r-densi‘ry func‘)rlional theory i

n(rt) = (V1)) W ()
O(et) = —i(W(0)|[a(r), HW)|¥(D)) = =V - (et
() = o S )9 (x) — (V43 () ()]
j(xt) = (O30 (0)

Continuity equation for the current density
Orj(xt) = =i (1)|[j(r), H(®)]| (1))
Ot (rt) = —n(rt)dpv(rt) Z 0; i, (rt) — Wi(rt)

To(e) = & S0 ()00 () + O} ()01 (1) — £ 0,01 (01 () (1))

Wi(r) =3 / dr' L)L () Okw(|r — v ) o (') o ()



Combining the continuity equations for the density and the current density gives

O*n(rt) = V - (n(rt)Vou(rt)) + q(rt)

q(rt) = (W(t)|q(r)|P())

G(r) =) 0:0pTin(r) + ) 0 Wi(x)
ik k

Now we consider two systems with different external potentials and fwo-particle interactions, but

with identical electron densities:

Hty=T+ V() +W  (i0 — H(t))¥(t
Bt)y=T+V@e)+W (10— H1)e(t

We further demand that at the initial time the density <\Ifo|7?(r)\\lfo> - <<I>0|n(r)A|<I>0>
and its first time-derivative are the same: (Wo|V - j(r)[To) = (Po|V - j(r)|Dp)

We now want to determine v'(rt) such that also the higher derivatives of the density are the same

U(tg) = Yy
®(to) = Do

For the second system we have the equation

O*n(rt) = V - (n(rt) V' (rt)) + ¢ (rt)



Explicit construction of the potential

0 = V- (n(rt)VAuvu(rt)) + Aq(rt)
Av(rt) = wo(rt) —v'(rt)
Aq(rt) = q(rt) —¢'(rt)

k-fold differentiation at ¢ = to gives

k
0= Agy(r +Z< ) (nk—1(r)VAy/(r))
=0

where  fi () = 0} f (xt) |1,
This can be rewritten as

oy
—_

V- (no(r)VAuvg(r)) = —Agy(r) — (];)V - (nk—i(r)VAy(r))
l

|
o

This equation provides an iterative scheme to construct the potential v'(rt)



k=0 V- (no(r)VAuy(r)) = —Ago(r) = (Po|d (r)|Po) — (Vo|q(r)|Po)

This equation must be solved with the boundary condition  Ayy(r) - 0 (r — 00)

k:]. V- (no(r)VAvl (I‘)) = —Aql (I‘) —V- (n1 (I')VA’UO(I')

A

)
= i{Wo|[q(r), H(to)]|¥o) — i(®o|[q'(x). H'(t0)]|Po) — V - (n1(r)VAuvy(r))

Andsoon......

In this way we can construct vi(r) = wi(r) — Avi(r)

and we obtain

Special cases A .
A) (o=, W=W)= Au(r)=0  Runge-Gross theorem

B) W'=0 Construction procedure for the time-dependent
Kohn-Sham potential



S oo . . R.van Leeuwen
Invertibility of the density response function (Int.J Mod Phys.B15, 1969 (2001)

t1
We look at a density response  §n(rit) = —i dtod>ro (Wo|[Afg (r1t1), Afvg (rats)]|Wo)é(rats)
0

Using the Lehmann representation this can be rewritten as

t1
on(rity) = ’LZ fo(ry) dtaan(te) expi€d, (t1 — t2) + c.c.
- 0

— [ rfae)otet
fn(r) = (To|An(r)|¥,) Q, = E,—Ey >0 (excitation energies)
We now use the convolution property of Laplace transforms Lf(s) = /O et f (t)
(7590 = [ drrrige —7) L(f #9)(s) = LI (5) g5

To obtain

/d3r1L¢(r18)L(5n)(r13) = ZZ p ! O |La,(s)|* + c.c.

Q,
=-2) mwan(!ﬁ)l2




Let us now assume that 1, = ()

T {h,
hen O:ZWU;OJN(S)F :Lan:O:}an<t):0

n

From this we obtain

/d?)mﬁ( B(rt)|[ W) = Z\xp /d3 AR T) o Zan

And therefore
N

Z Ap(ryt)|¥o) =0

k=

Agb(rt) o(rt) — —/d3rno (rt)

We find that  A¢ = 0 and consequently

¢(rt) = C(t)

We have proven the Runge-6ross theorem for Laplace-transformable switch-on potentials.
This is an extension of the set of potentials allowed in the Runge-Gross proof.

However, we needed the extra assumption that the system is initially in the ground state.

) =10



The action principle

A = [ dtwlio, — F(1)|0)

Requiring the action to be stationary leads under certain conditions to the time-dependent
Schrodinger equation (TDSE)

A) 0¥ (to) =¥ (t1) =0
sA= [ aHs0)io, — D) + c. + [i(T]50)]h

to
i1 .
—9Re [ dt(6W|id, — H(1)|D)
to
t R t R
—9Re [ dt(50,|id—H(£)|U)—20m [ dt(6Usis— E(1)|T)
to to

where OW = 0¥ +120Wy

If the real and imaginary part of OW  can be varied independently then

SA=0= (i0, — H(t))T(t) =0



B) More elegantly. Assume that 00 = 0® and U = P are allowed variations for arbitrary P
Then

0= 64— ttl dt(5®i0, — FH (1)) + ttl dt (Wi, — H(1)[5®)
: :
0= 64— —i ttl dt(5®[i0, — ()| V) + i ttl dt([id, — FI()|5)
: :
Therefore
0= t: dt(6®|i0; — H (t)| W) — (10; — ﬁ(t))\p(t) —0
TDDFT action First guess
An] = [ ar(wulios — (o) o)

(n, Vo) — ¥[n,Wp|(t)  up toaphase factor

We can fix the gauge, for instance by requiring that Uin, Wol(t) evolvesina potential
that vanishes at infinity.



The TDDFT action A[n] is defined on a restricted set of wavefunctions, namely all
v-representable wavefunctions that evolve from a given initial state.

Can on this restricted set of wavefunctions the variations required to derive the TDSE still
be carried out?

A) The TDSE is first order in time. The variation of the wavefunction can only be
fixed at one endpoint, for instance §¥(ty) =0

The real and imaginary parts of the variation of the wavefunction are not
independent

B) If 0V isavariation generated by some OV then
(i0; — H,(1))|00) = 60| W)

Variation 20W is then generated by 10V

The variations required to derive the TDSE can not be carried out!!



Can we find a proper action functional for TDDFT?

We want the Kohn-Sham potential to be the functional derivative of some action with respect to the
density. Let us therefore assume that there are functionals such that:

55(15) = vlrt) 521(1;) = wy(rt)
We can then define

Aln] = Ag[n] — %/d%d%’dtn(rt)n(r’t)w(\r —r'|) — Aze[n]
Such that

vs(rt) = v(rt) + /d?’r’n(r’t)w(\r —1'|) + vge(rt)

0 A
on(rt)

Vge(rt) =

and derive time-dependent Kohn-Sham equations

dA
on(rt)

Can we construct a functional A[n] with the property: = wv(rt) ?



If there were such a functional then the Legendre transformed functional
AP = —Afn] + / Brdtn(rt)o(rt)
would have the property

A oAb i
soct) ) onow ) su T

Then for the second derivative we would have

62 A  on(rt)
Sv(rt)dv(r't’)  Sv(r't))

Symmetric Causdl

/
Zerofor T > 1
The symmetry and causality conditions contradict each other:

There is no functional such that: 0A
on(rt)

The Kohn-Sham potential is not the functional derivative of some action functional defined in
real fimell

= v(rt)



The construction of an action functional

Consider the evolution operator corresponding to the TDSE (W(t)) = Ut )| TE))

The evolution operator satisfies the equations of motion

0, U(tt") = HOU() | N A
0,08 1)) = —U(t, ¢ H(t) with boundary condition Ut,t) = 1

i
By integration of these equations one obtains the formal expression U(t,t') = T exp(— / dsH (s))
t/

Let us now make a change in the potential. The equations for the evolution operator then become:

00U (1) = SV()U(t,t SU(t .
_Z ! A( ’ ,> A( ) ,( A) H(t >A (¢, A> .. with boundary condition U (t,t) = 0
i0poU (t,t") = UtV () —sU(t, t")H(t)

The solution to these equations is

t
ST (1) = —i / ds U (t, )5V ()0 (s, t')
t/




We know take the perturbation of the form

A

oV (t) = /d?’frﬁ(r)(%(rt)
Then X t1 A A
(WoldU (t1,t0)|Wo) = —i/t dt/dST (Wo|U (t1, t)n(x)U(t, to)|Wo)dv(rt)

In other words, if we define ~ A
Alv] = i(Wo|U(t1,%0)[Po)
Then _
0A
dv(rt)

This is not quite what we wanted, since the density is given by

= (Uo|U(t1, )in(r)U (2, t0)| Vo)

n(rt) = (P@)|a(r)[¥(t)) = <‘Ifo\l7(to, tA(r)U (¢, to) W)

=t

We define a time contour parametrized by an underlying pseudotime t(T)

to = t(;) = t(7y)

-
. =
i TU .I.

L.V.Keldysh, Sov.Phys. JETP, 20, 1018 (1965), P.Danielewicz, Ann.Phys.(NY) 152, 239 (1984)



to = t(m) = t(7y)

)
y =
i TD -|-

A

We further define the contour-ordered evolution operator as U (7¢,7;) = T exp(— / dt H(t))
C

We further define the action as

Alv] = i In(Uo|U (14, 7:)| o)

then its derivative evaluated at a physical potential (equal on forward and backward part of the contour) is

SAl) _ (ol (rg, Ye) () o)
dv(rr) (\I!O\U(Tf,nﬂ 0)

= (Uo|U (to, t)A(r)U (, to)|¥o)

This functional can be used to derive the time-dependent Kohn-Sham equations.

For its second derivative we obtain:

52 A

= (U |TeAT A To) — (et
5v(r1t1)6v(r2t2) Z< O‘ c nH(rltl) nH(rztz)l 0> X(rl 17r2t2)




What about the causality-symmetry problem?

The contour-ordered response function has the form

X(1,2) = Oc(t1,t2)x” (1,2) + Oo(te, t)x~(1,2)

We calculate the density change due to a physical perturbation
on(l) = / d2 x(1,2)0v(2)
c
t1 to
= / d2x”(1,2)6v(2) + / d2x<(1,2)6v(2)
to t1
t1
= [Teec) - 12)ne)
to
_ / 2 xn(1,2)00(2)

where the retarded response function is given by

Xr(1,2) = 0(t1 — t2)(x~(1,2) — x~(1,2)) = —i0(t1 — t2){Wol[m (1), 7 (2)]|¥o)

The response functions are symmetric in the contour time variables but become retarded
functions when acting in physical time



Conser'ving appr'oxima‘rions R.van Leeuwen and N.E.Dahlen
(vol.157, "Enrico Fermi" School of Physics, 2004)

The nonequilibrium Green function is defined as . ts

G(1,2) = =i{Ted(1)41(2)) )

and satisfies the equations of motion
(to, —ip)

(10 — ho(1) —vp(1)G(1,2) = 6(1,2) + / d3%(1,3)G(3,2)
C
(—idhy — ho(1) — o (1))G(1,2) = 6(1,2) + / d3G(1,3)5(3,2)
C
with the Kubo-Martin-Schwinger boundary conditions

G(xito —i3,2) = —G(x1to,2)
G(1l,xotg — i) = —G(1,xatp)
G.Baym, Phys.Rev.127, 1391 (1962)

The Green function satsifies the macroscopic conservation laws of energy, number and
(angular) momentum whenever the self-energy is Phi-derivable:

0P well known Phi-derivable schemes:

2(1, 2) = m Hartree-Fock, GW, T-matrix




The Sham-Schliter equation R.van Leeuwen
(Phys.Rev.Lett.76, 3610 (1996))

The Kohn-Sham Green function satisfies the equations of motion

(10, — hs(1))Gs(1,2) = 6(1,2) Gy(xito —i6,2) = —Gs(xito,2)
(—idy, — hs(1))Gs(1,2) = 6(1,2) Gs(1, 30t — i) = —Gys(1,%ot0)

We can then derive

G(1,2) = Gs(1,2) + /C d3d4 G(1,3)(2(3,4) — v2e(3)5(3,4))G(4,2)

Since the true and Kohn-Sham Green function give the same density we have

n(l) = —iG(1,17) = —iG4(1,17)

and therefore

/d2G3(1,2)G(2,1)vm(2):/d2d3Gs(1,2)2(2,3)G(3,1)
C C

If the selfenergy in this expression is Phi-derivable then the xc-potential satisfies the
zero-force theorem.

/d3r n(rt)Vug(rt) =0




Conclusions and outlook

- The Runge-Gross theorem can be extended and an explicit construction
procedure for the time-dependent xc-potential can be given.

- Invertibility of the density response for all Laplace-transformable
switch-on potentials can be proven.

-Subtle difficulties with the TDDFT action can be avoided by the
introduction of a Keldysh or contour action.

-Using nonequilibrium Green functions conserving approximations for the
xc-potential can be constructed.

New developments:

- Combination of nonequilibrium Green function and time-dependent density
functional theory for transport
(see also 6.Stefanucci, C.-O.Almbladh, Phys.Rev.B69,195318,(2004))

-Development of a multicomponent density-functional theory for
coupled dynamics of electrons and nuclei (Berlin collaboration)



