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ABSTRACT: In recent years, several benchmark studies on the performance of large sets
of functionals in time-dependent density functional theory (TDDFT) calculations of
excitation energies have been performed. The tested functionals do not approximate exact
Kohn−Sham orbitals and orbital energies closely. We highlight the advantages of (close
to) exact Kohn−Sham orbitals and orbital energies for a simple description, very often as
just a single orbital-to-orbital transition, of molecular excitations. Benchmark calculations
are performed for the statistical average of orbital potentials (SAOP) functional for the
potential [J. Chem. Phys. 2000, 112, 1344; 2001, 114, 652], which approximates the true
Kohn−Sham potential much better than LDA, GGA, mGGA, and hybrid potentials do. An
accurate Kohn−Sham potential does not only perform satisfactorily for calculated vertical
excitation energies of both valence and Rydberg transitions but also exhibits appealing
properties of the KS orbitals including occupied orbital energies close to ionization
energies, virtual-occupied orbital energy gaps very close to excitation energies, realistic
shapes of virtual orbitals, leading to straightforward interpretation of most excitations as
single orbital transitions. We stress that such advantages are completely lost in time-
dependent Hartree−Fock and partly in hybrid approaches. Many excitations and excitation
energies calculated with local density, generalized gradient, and hybrid functionals are
spurious. There is, with an accurate KS, or even the LDA or GGA potentials, nothing
problematic about the “band gap” in molecules: the HOMO−LUMO gap is close to the
first excitation energy (the optical gap).

I. INTRODUCTION

Extensive sets of density functional theory (DFT) functionals
have recently been tested for excitation energy calculations with
adiabatic time-dependent DFT (TDDFT), for both valence and
Rydberg excitations.1−13 There is a tendency to favor hybrid
functionals such as PBE0 and M06-2X as the ones with the
smallest mean absolute error and the most even-handed
treatment of both valence and Rydberg excitations. It has
been concluded that most functionals with a large percentage
(>40%) of exact exchange can describe both types of excitations
correctly. In this letter, it is shown that even though these
functionals generate fairly accurate excitation energies, the
simple single orbital excitation structure (transition of one
occupied orbital to one virtual orbital), which is characteristic
for the exact Kohn−Sham orbitals14 and which is of great
importance for the correct interpretation of the nature of the
excited states, is not maintained. It is shown in section II that
the exact Kohn−Sham potential, as approximated with the
SAOP potential (statistical average of orbital potentials
functional for the potential),15−17 generates, with a simple
adiabatic local-density approximation (ALDA) exchange-
correlation kernel, excitation energies that are comparable to
the best functionals that were found in the benchmark studies.
More importantly, as we will demonstrate in section III, the
SAOP orbitals, being good approximations to the exact Kohn−

Sham orbitals, also in the unoccupied spectrum, have the
important advantage of describing many excitations as simple
single orbital transitions. This is very helpful in understanding
the nature of the excitations in a molecule. In contrast, the use
of exact exchange leads to much less suitable unoccupied
orbitals: they are too diffuse, and one typically needs a linear
combination of many of these virtual orbitals to describe the
receiving orbital in the excitation. This is, of course, the case for
the Hartree−Fock model, but this less fortunate feature of that
model persists to some extent in the hybrid functionals of DFT.

II. BENCHMARKING THE SAOP POTENTIAL FOR
VERTICAL EXCITATION ENERGIES

In adiabatic TDDFT, the excitation energies are obtained as
eigenvalues of the diagonalization of the TDDFT response
equations

ε ε ε ω+ =F F( 2 K )2 2
(1)

The ε matrix contains KS orbital energy differences on the
diagonal entries

ε δ δ= ϵ − ϵ( )ia jb a i ij ab, (2)
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and the coupling matrix K is given by18
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The orbitals {ϕi} are KS orbitals and f xc
ad is the adiabatic

exchange-correlation kernel, which is defined as the functional
derivative of the exchange-correlation potential (vxc) with
respect to the density (ρ), f xc

ad(r1, r2) = δvxc(r1)/δρ(r2). The KS
orbital energies are obtained from the usual Kohn−Sham
equations

φ φ̂ + + = ϵh v vr r r r r( ( ) ( ) ( )) ( ) ( )i i i1 H 1 xc 1 1 1 (4)

where h ̂(r1) is the one electron operator, vH(r1) is the Hartree
potential and vxc(r1) is the exchange-correlation potential which
is generated by taking the functional derivative of the exchange-
correlation energy functional with respect to the density, δExc/
δρ(r1). It should be noted that one only needs vxc and its
derivative f xc

ad to generate excitation energies (and other
response properties such as (hyper)polarizabilities), knowledge
of Exc[ρ] is not required to generate these quantities, nor is it
required for the self-consistent optimization of the KS orbitals.
However, the potential vxc are usually derived from existing
ground state functionals for Exc by functional differentiation.
Most, if not all, of the currently known approximate ground
state energy functionals yield an incorrect vxc potential. It is
well-known that the approximate LDA and GGA functionals
generate deficient vxc behavior in both the bulk (core and
valence) region and the asymptotic region. It is customary to
refer to the wrong asymptotic behavior of the GGA Kohn−
Sham potentials as the main cause of problems with molecular
properties.19−24 This may be true for some properties, such as
polarizabilities and hyperpolarizabilities,20,25 and van der Waals
interactions,26,27 but perhaps a more important deficiency of
the approximate KS potentials is the fact that in the bulk region
the vxc

GGA are shifted upward by an almost constant value of ca.
4.5 eV with respect to the exact KS potential.19,28,29 We will
return to these problems with the GGA potentials below, but
we first verify that the SAOP potential, which lacks these
deficiencies, gives an accurate representation of the excitation
energies. To that end, we have performed TDDFT calculations
on the same benchmark set that was used in the calculations by
Caricato et al.6 and by Isegawa et al.9

The approximate SAOP xc potential vxcσ
SAOP15−17 is designed

to model the KS potential both in the inner region (including
the characteristic step structure in the exact KS potential30) and
in the outer region with its Coulombic asymptotics. To this
end, vxcσ

SAOP is constructed with a seamless interpolation between
the model xc potential of van Leeuwen and Baerends (LB)19

vxcσ
LBα with the Coulombic asymptotics in the outer region and
the model xc potential of Gritsenko, van Leeuwen, van Lenthe,
and Baerends (GLLB)30
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in the bulk. The step structure is modeled in eq 5 with its
second term, while the first term is a model coupling-constant
integrated xc-hole potential. A seamless interpolation between
vxcσ
GLLB and vxcσ

LBα in vxcσ
SOAP is carried out in a 2-fold way. First, for

each occupied orbital ϕi the auxiliary model potential vxciσ
mod is

constructed with exponential interpolation between vxcσ
GLLB and

vxcσ
LBα

= + −σ σ
α

σ
− ϵ −ϵ − ϵ −ϵσ σ σ σv v vr r r( ) e ( ) {1 e } ( )ixc

mod 2( )
xc
LB 2( )

xc
GLLBN i N i

(6)

Finally, the SAOP xc potential is constructed as the statistical
average of the potentials (eq 6) for the occupied orbitals
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The SAOP functional, to the best of our knowledge, is only
available in the ADF package. The ADF package uses Slater
type orbitals, while the previously mentioned benchmark
calculations use Gaussian basis sets. We have therefore selected
a basis set (QZ3P-2D) that resembles the Gaussian basis sets in
terms of the number of diffuse s (H) and s, p (C,N,O) functions
and is larger in the s,p and polarization functions, and contains
extra d,f diffuse functions. For simplicity we always use the
adiabatic LDA kernel for the LDA and GGA calculations, which
are not sensitive to this choice of kernel.23 In view of the
analytical form of the SAOP potential, which is reminiscent of,
for example, the KLI approximation of the exchange-only OEP
potential, a derivation along the lines of the derivation in refs 31
and 32 for the OEP kernel might provide an approximation to
the kernel, but in view of the minor effect of the kernel (see
also below), the usefulness of such an approximation to f xc

SAOP

would seem doubtful. For the calculations with hybrid
functionals the kernels are given by

= − +f X f Xf(1 )xc
HYB

xc
ALDA

xc
HF

(8)

where X is the fraction of exact exchange used in the exchange-
correlation functional.
A summary of the benchmark results is given in Table 1,

while the actual excitation energies can be found in the

Supporting Information. The partitioning in valence (V) and
Rydberg (R) excitation is taken from the benchmark papers.6,9

The M06-2X and BP86 calculations that have been published
with 6-311(2+,2+)G** and 6-311(3+,3+)G** basis sets
respectively, which we will abbreviate as Gaussian-2D and
Gaussian-3D, have been repeated with the Slater QZ3P-2D
basis set. The Slater basis gives, with the BP86 and M06-2X
functionals, similar average absolute deviations (AADs) as the
Gaussian bases, demonstrating the rough equivalence of these
basis sets. This allows us to compare the SAOP results using
the Slater QZ3P-2D basis with the benchmark results of other

Table 1. Average Absolute Errors for the Benchmark
Calculationsa

func. basis total V R
alkenes +
carbonyls

aza-
benzenes

BP86 Gaussian-3D 1.08 0.38 1.62 1.44 0.41
BP86 QZ3P-2D 1.04 0.36 1.56 1.38 0.51
M06-2X Gaussian-2D 0.30 0.36 0.26 0.26 0.39
M06-2X QZ3P-2D 0.32 0.34 0.31 0.33 0.31
SAOP QZ3P-2D 0.34 0.25 0.41 0.38 0.27

aThe BP86 calculations with Gaussian-3D (6-311(3+,3+)G**) basis
sets refer to the benchmark studies by Caricato et al.6 and M06-2X
Gaussian-2D (6-311(2+,2+)G**) calculations are from Isegawa et al.9

The benchmark set of molecules is the same as in refs 6 and 9. All
errors are in electron volts.
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functionals in the previously mentioned studies. The total AAD
of the SAOP functional is 0.34 eV, which indicates that SAOP is
a reasonably successful functional, comparable to M06-2X with
AAD 0.32 in the same basis. SAOP is a functional with good
AAD for both the valence and the Rydberg excitations. This
also holds true for the M06-2X hybrid functional, but the BP86
functional has much larger AAD for the Rydberg excitations
than for valence excitations, which is often cited as a problem of
GGA functionals (see, however, the discussion below).
This special behavior of the GGAs for Rydberg excitations

can be understood from the errors that are made by the LDA
and GGA approximations in the orbital energy spectrum. It is
known that the effect of the coupling matrix on the excitation
energies is usually small23 when “pure” DFT functionals are
used (functionals that do not contain HF exchange), except in
the cases of bond breaking and charge transfer excitations
where the kernel term of the coupling matrix should be large
(divergent),33,34 but is not in the adiabatic approximation. So
the orbital energy difference is a very good zero order
approximation of the excitation energy for local molecular
excitations. We will elaborate on this point in the next section.
Here, we discuss the deficiency of the LDA/GGA approx-
imations from their effect on the orbital energy spectrum, which
is displayed in Figure 1.

The orbital energy spectrum of the exact Kohn−Sham
potential has the following characteristics: the HOMO is
exactly at minus the first ionization potential, ϵH = −I, the
HOMO−LUMO gap is approximately equal to the first
excitation energy or the optical gap (in molecules),14 there is
a series of Rydberg levels which converge to the energy zero
from below,35 and there is a continuous spectrum of free
electron states above zero. The energy zero is always defined as
the value of the KS potential at infinity, to give all potentials a
common gauge and to be able to compare the orbital energy to
the ionization energy, which is the energy required to bring an
electron with zero kinetic energy to the asymptotic limit value

of the potential. The nearly constant upshift of the GGA
potentials of ca. 4.5 eV with respect to the exact potential in the
molecular region leads to a similar, nearly uniform, upshift of
the energies of the orbitals that have large amplitude in the
molecular region, that is, the occupied orbitals and the
unoccupied orbitals of valence type. Although this deficiency
of the LDA/GGA potentials causes them to lose the property ϵi
≈ −Ii, which holds for the exact Kohn−Sham occupied orbital
energies,36−39 it does not affect the valence excitations very
much, since also the valence virtuals shift up by approximately
the same amount (note the near equality of the red valence
excitation for the exact KS potential and LDA/GGA
approximation in Figure 1). Therefore, GGAs work well for
valence excitations, with similar AADs as more sophisticated
potentials. The upshift of the somewhat more diffuse
unoccupied valence orbitals may be slightly less than that of
the occupied orbitals, giving the GGA calculations the tendency
to slightly underestimate the valence excitations. The Rydberg
orbitals, being mostly outside the molecular domain, shift up
much less. Their orbital energies remain in the same energy
region, since they will again by definition cluster toward the
energy zero (from below) (but these potentials may support
many fewer Rydberg-like orbitals). The Coulombic long-range
decay of the exact potential (−1/r) is not correctly reproduced
by the LDA (exponential decay) and GGA (−c/r2) func-
tionals.40 This will deteriorate the shape of the Rydberg
orbitals, which affects properties such as the oscillator
strength.29 However, more importantly, because of the smaller
upshift of the Rydberg levels than the occupied orbitals, the
orbital energy differences, which are the leading terms in the
excitation energy by TDDFT, will become much too low, cf.
the blue arrows for a Rydberg excitation in Figure 1. This
causes GGA Rydberg excitation energies to be severely
underestimated, see the large AADs for the BP86 Rydberg
excitation energies in Table 1. These large underestimations of
the Rydberg transitions have actually a second, even more
serious, cause, see below. The problems with the GGA
calculations have usually been ascribed to the wrong asymptotic
behavior of the GGA potential and it has been proposed22,23 to
remedy the calculated excitation energies by using the
asymptotically corrected potential LB94.19 This potential had
shown to considerably improve, for example, polarizabilities20

and van der Waals interactions.21 However, we wish to stress
that the problem with GGA potentials is not in the wrong
(non-Coulombic) decay of the potential in the asymptotic
limit, it is actually in the wrong shape (erroneous upshift) of the
GGA potential in the nearby (molecular) region. The
important feature of the LB94 and SAOP potentials in the
present context is their more strongly attractive nature in the
molecular region (downshift with respect to the GGA
potential) rather than their proper Coulombic asymptotic
decay. [The SAOP potential is an improvement on the LB94
potential, which shares with LB94 the property that it does not
have the erroneous upshift in the molecular region of the GGA
potentials.] Tozer and Handy24 have argued that the KS
potential should asymptotically go to a positive (molecule
dependent) constant and have applied a shape correction to the
potential by leaving the GGA potential untouched in the
molecular region, but connecting it to a long-range part that
goes asymptotically to this positive constant. Even if one does
not accept that there are physical arguments why the “right”
GGA potential (or “continuum potential”) should go to a
molecule dependent constant at infinity, it can be recognized

Figure 1. Schematic representation of the orbital energy spectrum of
the exact Kohn−Sham potential, a typical GGA potential, and the
approximate discrete LDA/GGA orbital energy spectra resulting from
small and large basis set calculations. Drawn lines for valence orbitals,
dashed lines for Rydberg levels. V denotes a valence excitation
(HOMO to LUMO transition) and R denotes a Rydberg transition.
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that the shape correction of ref 24 has the same effect: Since an
overall constant in the potential is physically irrelevant, such a
potential can be shifted uniformly down to put the asymptotic
limit at zero. Such a downshift means that also the orbital levels
shift down by this constant, which makes the orbital energies
comparable to the orbital energies of the other shape-corrected
potentials with asymptotic limit at zero.
The upshift of the GGA potential in the molecular region

(with respect to the zero asymptotic limit) also leads to a
strange basis set effect, that should not go unnoticed. In any
basis, and in particular in a small basis set (see third column of
Figure 1), the set of Rydberg levels is only very incompletely,
and certainly for the upper Rydberg levels very poorly,
represented. Moreover, the continuum above zero is only
represented by a few discrete levels, which are artifacts of the
basis set. When the basis set is increased, the Rydberg spectrum
approaching zero from below and the continuous spectrum
above zero are increasingly densely covered. In particular, the
addition of diffuse functions will not only create more Rydberg-
like solutions just below zero but also many one-electron states
at positive energy close to zero, mimicking with these
somewhat accidental discrete states the continuous spectrum
of free-electron solutions. The correct free-electron solutions
consist of plane waves orthogonalized to the bound orbitals.
This means that upon enlarging the basis set the excitation
spectrum becomes denser around the I = −ϵH value, with many
of those excitations having a spurious nature. The “collapse” of
the excitation spectrum above the −ϵH value was signaled by
Casida et al.22 Figure 2 provides an illustration where the eight
excitation energies used in the benchmark calculations of refs 6
and 9 and the present ones are given for acetone for three
functionals in a series of basis sets. Considering first BP86, it is
clear that the first excitation, which is purely valence type (n →
π*), is almost constant through the basis sets and is in good
agreement with experiment (4.27 eV compared to 4.43 eV
expt.). The second excitation energy stabilizes in the largest
basis sets, although it is much too low compared to experiment
(5.13 eV compared to 6.36 eV expt.). This is a Rydberg
excitation (n → 3s) to a diffuse orbital with energy (−0.61 eV)
close to zero, but still bound. Its energy is too low because the
HOMO is too high and therefore (ϵa − ϵH) too small. The
remaining BP86 excitation energies clearly start clustering
toward the −ϵH(BP86) ≈ 5.7 eV value from above, without
much apparent connection to the experimental spectrum. One
cannot obtain convergence of the GGA excitation spectrum
with basis set, because the large upshift of the HOMO level
brings the onset of the continuous part of the spectrum at a
much too low energy, and the extension of the basis will only
create more (spurious) orbitals and energies in the region
above the energy zero. One should not assign these excitations
as Rydberg excitations, since they are basically undefined
orbitals. These orbitals are as diffuse as the basis set allows, the
basis tries to mimic infinitely extended plane waves. Since the
exchange-correlation kernel contribution for such (almost)
infinitely extended orbitals is zero, the excitation energy tends
to just the orbital energy difference ϵa − ϵH ≈ 0. − ϵH. These
excitations have very small oscillator strengths; so in large basis
sets with many diffuse functions, one should be alerted by many
spurious excitations with very small oscillator strengths. In
small basis sets, there are fewer discrete levels above zero, but
the corresponding excitations are still spurious (artifacts of the
basis). It is to be noted that when doing benchmarking of
functionals it should be recognized which excitation energies

are “stable” and can be included in the benchmarking and
which ones are spurious. The result of benchmarking of LDA/
GGA/mGGA functionals is unrealistic if these problems with

Figure 2. Lowest 8 excitation energies of acetone used in the
benchmark calculations of refs 6 and 9 as a function of basis set size,
for BP86 functional (a), SAOP functional (b), and M06-2X functional
(c).
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excitations to the continuum part of the spectrum (above the
much too low −ϵHOMO value) are not recognized and the
spurious excitations are included in the benchmark set.
We note in the acetone results that the SAOP potential does

not suffer from this peculiar deficiency. Since the HOMO is at
−10.25 eV, the eight excitations we are considering are all to
negative energy (bound) orbitals (see the ϵa values in Table 2),
which should have stable shapes and energies in sufficiently
large basis sets. This is evident from Figure 2b. Although the
DZP basis is clearly too small, the calculated excitation energies
are reasonably stable from the TZ2P basis onward for all
excited states. This does not necessarily mean that the
calculated energies are excellent, but they are quite reasonable
and stable. It is interesting to compare to the results for hybrid
functionals, for which we take M06-2X as representative, see
Figure 2c. Clearly, the M06-2X levels are more stable than
BP86. The HOMO is at −8.85 eV, which represents an upshift
of only ca. 0.9 eV with respect to the (adiabatic) ionization
potential of 9.71 eV.41,42 We expect therefore somewhat too

low excitation energies for high lying Rydberg transitions,
which indeed seems to be a tendency with the M06-2X highest
excitation energies. Most of the excitations (except the lowest
two) are to orbitals with positive energy (Table 2), but the
calculated excitation energies are well below the 8.85 eV
threshold. Because of the exact exchange contribution in this
functional, the exchange-correlation kernel has much larger
contributions (cf. the large ω − Δϵia values in Table 2) than in
the case of purely local functionals such as BP86 and SAOP.
This apparently corrects for the spurious nature of the positive
energy orbitals and results in good excitation energies.
We emphasize that not only the numerical values for the

excitation energies are important. Also the nature of the
excitations, as given by the percentage contributions of the i →
a (occupied to virtual) excitations to the transition density, is
an important characteristic that should not be distorted by
approximations in the functional/potential. This is discussed in
the next section.

Table 2. Results for the Excitations Used in the Benchmark Articles for the Acetone Molecule (Basis: QZ3P-2D)a

state type W ϵi ϵa Δϵia Eexp ω ω − Δϵia ω − Eexp

SAOP
11A2 V 1.00 −10.25 −5.92 4.33 4.43 4.59 0.26 0.16
11B2 R 1.00 −10.25 −4.18 6.07 6.36 6.09 0.02 −0.27
21A2 R 0.84 −10.25 −2.72 7.53 7.36 7.52 0.00 0.16
21A1 R 0.97 −10.25 −3.09 7.16 7.41 7.21 0.05 −0.20
21B2 R 0.97 −10.25 −2.63 7.62 7.49 7.64 0.02 0.15
31A1 R 0.97 −10.25 −2.04 8.21 7.80 8.20 0.00 0.40
31B2 R 0.97 −10.25 −2.51 7.74 8.09 7.74 0.00 −0.35
21B1 R 0.97 −10.25 −1.83 8.42 8.17 8.43 0.01 0.26

BP86
11A2 V 1.00 −5.71 −1.70 4.01 4.43 4.27 0.26 −0.16
11B2 R 1.00 −5.71 −0.61 5.10 6.36 5.10 0.00 −1.26
21A2 R 1.00 −5.71 −0.11 5.60 7.36 5.59 0.00 −1.77
21A1 R 1.00 −5.71 −0.13 5.58 7.41 5.58 0.00 −1.83
21B2 R 1.00 −5.71 −0.07 5.64 7.49 5.64 −0.01 −1.85
31A1 R 0.98 −5.71 0.36 6.07 7.8 6.06 −0.01 −1.74
31B2 R 1.00 −5.71 0.05 5.76 8.09 5.75 0.00 −2.34
11B1 R 1.00 −5.71 0.31 6.02 8.17 6.01 −0.01 −2.16

TDHF
11A2 V 0.47 −11.23 3.96 15.18 4.43 5.03 −10.15 0.60
11B2 R 0.36 −11.23 0.62 11.85 6.36 8.24 −3.61 1.88
21A2 R 0.43 −11.23 1.02 12.25 7.36 9.02 −3.23 1.66
21A1 R 0.20 −11.23 0.96 12.19 7.41 9.07 −3.12 1.66
21B2 R 0.31 −11.23 1.20 12.43 7.49 9.13 −3.30 1.64
31A1 R 0.21 −13.20 3.96 17.15 7.8 9.41 −7.74 1.61
31B2 R 0.23 −11.23 1.74 12.96 8.09 9.59 −3.37 1.50
11B1 R 0.29 −15.23 3.96 19.18 8.17 9.66 −9.52 1.49

M06-2X
11A2 V 0.52 −8.85 0.78 9.63 4.43 4.03 −5.60 −0.40
11B2 R 0.73 −8.85 −0.34 8.51 6.36 6.54 −1.97 0.18
21A2 R 0.62 −8.85 0.04 8.88 7.36 7.33 −1.55 −0.03
21A1 R 0.62 −8.85 0.03 8.87 7.41 7.38 −1.49 −0.03
21B2 R 0.45 −8.85 0.15 9.00 7.49 7.40 −1.60 −0.09
31A1 R 0.79 −8.85 0.74 9.58 7.80 8.03 −1.55 0.23
31B2 R 0.42 −8.85 0.64 9.49 8.09 7.80 −1.69 −0.29
11B1 R 0.92 −8.85 0.73 9.58 8.17 8.12 −1.45 −0.05

aW(eight) = contribution of the largest single orbital to orbital transition to the total excitation vector, ϵi = donor orbital energy (usually the
HOMO), ϵa = acceptor orbital energy, Δϵia = orbital energy difference, ω = calculated excitation energy, Eexp = experimental excitation energy. V
stands for valence, R for Rydberg character. The 11A2 state is considered to have valence-like character, while other states are considered to be
Rydberg states. Experimental (adiabatic) ionization energy: 9.71 eV.41,42
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III. SINGLE EXCITATION NATURE
(ORBITAL-TO-ORBITAL TRANSITION) OF MANY
EXCITATIONS IN THE KOHN−SHAM BASIS

The problems highlighted in the previous section do not arise
with the exact Kohn−Sham potential. Since this is not available,
a model potential that approximates a crucial feature of the
exact KS potential such as the ϵH = −I relation should be used.
The statistical average of model potentials (SAOP)15−17,29 is
such a purely local potential, with a reasonable approximation
of ϵH = −I.36
In case of exact KS DFT, the orbital energy difference ϵa − ϵi

is expected to be a good approximation to the actual excitation
energy for local molecular excitations, because of the physical
meaning of the KS orbital energies.14 The occupied orbitals ϵi
are approximately equal to ionization potentials (IP) for the
valence orbitals,36,43−45 with deviations for the upper valence
orbitals of the order of magnitude of 0.1 eV (the HF model
gives deviations of the orbital energies from ionization energies
for those levels of ca. 1 eV). The approximation ϵi ≈ −Ii
becomes an exact equality for the HOMO orbital energy and
first IP.40,46 The virtual orbital energies ϵa belong to higher
states of an electron in exactly the same KS potential as the
occupied orbitals, so they represent excited KS electrons. This
is truly different from the meaning of unoccupied orbitals in the
Hartree−Fock model, which describe electrons that are added
to the system. The unoccupied HF orbital energies are
Koopmans (frozen orbital) approximations to the electron
affinity (actually poorer than the Koopmans approximation of
the occupied HF orbital energies to the IPs, because for the
virtuals the relaxation and correlation errors add up while for
the occupied orbitals they counteract, cf.14). The difference
between KS and HF virtual orbitals and orbital energies can be
understood as the effect of the exchange-correlation hole
potential, which is present in the vxc part of the KS potential
and causes the KS electrons to move in the field of N − 1
electrons, both in occupied and in virtual orbitals. In contrast,
the Fock operator for the virtual orbitals does not have an
exchange hole potential, the virtual HF orbitals describe an
electron moving in the field of N electrons, which makes the
orbitals much more diffuse. The difference of the virtual-
occupied KS orbital energies should give a good zero order
estimate of the energy required to excite an electron from an
occupied orbital to a virtual orbital, to the extent that the KS
system of electrons mimics the true system. [The orbital energy
difference estimate breaks down in the case of charge transfer
excitations14,33,47 and bond breaking excitations34,48 and, in
general, when the KS independent particle system deviates
strongly from the true system with strong nondynamic
correlation (multideterminantal character).] For local func-
tionals (GGA etc.), the orbital energy difference may still be a
good estimate for low lying excitations, but this estimate is
expected to break down for higher excitations that exceed or
approach the −ϵH threshold, see ref 22 and the discussion in
the previous section.
We give in Table 2 for various functionals the same eight

excitations of acetone as used in refs 6 and 9, which are to one
valence and seven Rydberg states. Assignment of valence states
is usually easy from the orbitals involved in the transition, but
Rydberg states are more difficult to assign. For them, we stick
to the convention of simply matching, per irreducible
representation, the calculated to the experimental excitations
in order of energy, see remarks in refs 6 and 9. Of course, the

characterization as valence (V) or Rydberg (R) is not absolute;
there are many mixed cases. In the case of acetone, only the
lowest of the present states, 11A2 (n → π*), is considered
valence.6,9 We use acetone here as just an example, and we will
refrain from a discussion of assignment issues in any depth,
except for a few remarks, see below.
In the first place, we note that the expectation that the KS

orbital energy differences Δϵia (for which we take the SAOP
model) are close to the calculated TDDFT excitation energies
is fully borne out: the discrepancies listed as ω − Δϵia are
extremely small. This is equivalent to saying that the
contributions of the exchange-correlation kernel are very
small (a few hundredths of an eV). Of course we cannot be
sure that these contributions, for which we take the adiabatic
LDA approximation, are quantitatively correct, but for Rydberg
excitations, there is only a small differential overlap of ϕi and
ϕa
Rydberg, so the factor ϕi(r)ϕa

Rydberg(r) in the integrand of the
exchange-correlation kernel is ≈0 everywhere and the kernel
contribution will be small anyway. For the lowest excitation,
11A2, which is HOMO → LUMO, there is some contribution
(0.26 eV) from the exchange-correlation kernel. This is in
keeping with the valence character of the excitation, so the
differential overlap ϕi(r)ϕa

val(r) will not be so small as for
Rydberg excitations. Nevertheless, the kernel term is still so
small as to make the orbital energy difference a quite good
approximation to the calculated excitation energy. It is, in fact,
an important advantage of the use of a good approximation to
the exact KS potential that orbital energy differences are
meaningful and in fact very good first approximations to the
excitation energies. Another important advantage of the KS
potential (or a good approximation to it) is also apparent from
the SAOP results of Table 2: the character of all of the
excitations is completely unequivocally just a single orbital
transition. The weights for the dominant single excitation are
95% or higher for all excitations except 21A2 (84%). All of the
excitations are out of the HOMO (the 2py lone pair on
oxygen). The physical nature of all of the excitations is
apparently very straightforward in the KS orbital basis. This
underlines our earlier remark that from the nature of the KS
potential the virtual KS orbitals can be expected to
approximately describe excited electrons in the system. This
simple and straightforward description of excitations is a great
advantage of the KS (SAOP) orbital basis. We finally note that
the agreement of the calculated excitation energies with
experiment is very satisfactory.
We note in passing that the assignment of the acetone

spectrum is not at all simple.41,42,49−52 The excitations we are
considering here are generally considered to be, except for the
lowest (the n → π* valence excitation), Rydberg excitations to
3s, 3px, 3py, 3pz and next to the 3d set. However, also, the
valence π → π* and σ → π* excitations should occur. They
have been experimentally rather elusive. From theoretical
work49 it became clear that, as expected, such states have
considerably lengthened equilibrium CO bonds and
potential energy curves that exhibit avoided crossings with
sometimes several Rydberg states. Experimentally, the existence
of the valence π → π* and σ → π* states has been deduced
from the vibronic coupling,49−51 but vertical excitation energies
have been difficult to ascertain. We have followed refs 6 and 9
in considering the one valence and seven Rydberg states
mentioned above.
Turning to the GGA functional BP86, we note that in spite

of the too high lying HOMO (at −5.71 eV compared to the IP
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of 9.71 eV41,42), the valence excitation 11A2 is not much
affected: the LUMO has been upshifted by about the same
amount as the HOMO, so Δϵia is still close to the excitation
energy (actually 0.16 eV smaller, while with SAOP it was 0.16
eV larger, cf. the tendency of smaller upshift of the valence
virtuals we mentioned earlier). All of the other excitations are
to orbitals that are either a little below or above zero (Table 2).
The ones above zero are spurious, since the positive orbital
energies are artifacts of the basis. The ones at negative orbital
energy are close to zero (from −0.61 to −0.07 eV). It is not
clear whether these are good approximations to Rydberg
orbitals, given the limited extent of the basis functions and the
wrong asymptotic decay of the potential. They are very diffuse,
which yields a zero contribution from the kernel term and
therefore also 100% single orbital excitation character. The
calculated excitation energies are all much too low (see the
column ω − Eexp), since they cluster around the −ϵH value as
discussed in the previous section. It is doubtful if these
excitations are at all realistic, and whether they can be used for
judging (benchmarking) this GGA functional.
We next consider the TDHF (RPA) excitations. Here, we

find all virtual levels at positive orbital energies. Those orbitals
are again arbitrary products of the basis set, devoid of physical
meaning. Indeed, the excitation vectors are extensive mixtures
of the ϕi → ϕa orbital transitions, with the largest contribution
sometimes as low as 20%. Meaningful interpretation of the
nature of these excitations appears well-nigh impossible, while

judging from the Kohn−Sham (SAOP) calculations their
character is actually very simple. The 11A2 excitation, which is
denoted “valence”, actually has in TDHF less than 50%
contribution from the HOMO to LUMO + 27 (n → π*)
character. The lowest B1 state has 29% HOMO − 4 (σ) to
LUMO + 27 character, so has some σ → π* character and is
not totally Rydberg. Although interpretation is obviously
difficult for the TDHF calculations because of the unphysical
nature of the orbitals with positive energy, numerically, the
excitation energies can be meaningful. After all, the excited
states are bound states and can be described with molecule
centered basis sets. Of course, large corrections then have to
come from the exchange kernel contributions. These
contributions are indeed large, cf. the large differences ω −
ϵia in Table 2. Nevertheless, the errors of the calculated
excitation energies are all large; in this case, the deviations are
positive (to too high energies) by about as much as the BP86
deviations were negative.
Given the trouble with the GGAs and the pure-exchange

TDHF method in these response calculations, it is interesting
to see what a hybrid method does. An averaging of the GGA
and TDHF results, as may be expected from a hybrid method,
would already lead to improvement. We present in the tables
the results for the M06-2X method, which was the best
functional in ref 9. Indeed, we observe that the calculated
excitation energies are excellent, the best of the functionals that
are compared here. On the other hand, this functional, just as

Table 3. Results for the Six Excitations Used in the Benchmark Articles for the Pyrimidine Molecule (Basis: QZ3P-2D), Which
Are All Excitations to the π* Manifolda

state type W ϵi ϵa Δϵia ω ω − Δϵia ω − Eexp

SAOP
11B1 V 1.00 −10.30 −6.52 3.78 3.97 0.19 0.12
11A2 V 0.98 −10.30 −6.12 4.19 4.27 0.09 −0.35
11B2 V 0.74 −11.45 −6.52 4.93 5.57 0.64 0.45
21A2 V 0.98 −11.54 −6.52 5.02 5.27 0.24 −0.25
21B1 V 0.99 −11.54 −6.12 5.43 5.57 0.15 −0.33
11A1 V 0.76 −11.45 −6.12 5.33 6.44 1.12 −0.26

BP86
11B1 V 0.99 −6.03 −2.42 3.61 3.80 0.19 −0.05
11A2 V 0.99 −6.03 −2.07 3.96 4.04 0.08 −0.58
11B2 V 0.72 −7.41 −2.42 4.98 5.58 0.60 0.46
21A2 V 0.98 −7.28 −2.42 4.86 5.11 0.26 −0.41
21B1 V 0.99 −7.28 −2.07 5.21 5.35 0.15 −0.55
11A1 V 0.71 −7.41 −2.07 5.33 6.44 1.11 −0.26

M06-2X
11B1 V 0.95 −8.92 −0.49 8.42 4.26 −4.17 0.41
11A2 V 0.93 −8.92 −0.15 8.77 4.75 −4.01 0.13
11B2 V 0.77 −9.43 −0.49 8.94 5.72 −3.22 0.60
21A2 V 0.91 −10.31 −0.49 9.82 5.73 −4.09 0.21
21B1 V 0.94 −10.31 −0.15 10.16 6.21 −3.96 0.31
11A1 V 0.69 −9.43 −0.15 9.28 6.37 −2.91 −0.33

TDHF
11B1 V 0.73 −11.31 2.20 13.51 5.70 −7.81 1.85
11A2 V 0.29 −11.31 2.61 13.92 6.38 −7.54 1.76
11B2 V 0.69 −10.21 2.20 12.41 6.12 −6.29 1.00
21A2 V 0.63 −12.87 2.20 15.07 7.30 −7.77 1.78
21B1 V 0.49 −10.21 0.68 10.89 7.32 −3.57 1.42
11A1 V 0.52 −10.21 0.63 10.84 8.19 −2.65 1.49

aW(eight) = contribution to the total excitation vector of the largest orbital to orbital transition, ϵi = donor orbital energy, ϵa = acceptor orbital
energy, Δϵia = orbital energy difference, ω = calculated excitation energy, Eexp = experimental excitation energy. All excitations have valence (V)
character. Experimental ionization energy: 9.23 eV58.
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the GGA and HF models, suffers from many orbital energies
being positive. In fact, only the LUMO is at negative orbital
energy (9a1 at −0.34 eV). The character of the virtual orbitals
may therefore be dubious. The excitations are no longer of
almost pure single-excitation character, as they were with SAOP
and BP86. The composition of the excitations is, as expected, in
between the GGA and TDHF cases: many of the transitions are
strongly mixed, but the mixing is less extensive than in the
TDHF case. The exchange correlation kernel contribution is
smaller than in the case of TDHF but still large. The orbital
energy differences are therefore not good indicators of the
excitation energies, cf. the first excited state (the valence 11A2)
with Δϵia = 9.63 and a correction of −5.60 to obtain the
calculated excitation energy of 4.03 eV.
We note that the problems we have been discussing with

GGA calculations are not severe for the low lying excitations if
they are well below the −ϵHOMO threshold. As an example we
give in Table 3 results for the pyrimidine molecule, for the
lowest six excitations (following refs 6, 9, and 53), which are all
of valence type. We use the benchmark values used in refs 6
and 9. [It should be noted that there are differences of 0.3−0.7
eV with Thiel et al.’s best estimates,53 which may serve as a
caveat against overinterpretation of the comparison of the
TDDFT results with these benchmark values.] We again
observe good results for the SAOP calculations. The errors with
experiment are slightly larger on average than for acetone. The
differences of the calculated excitation energies with the orbital
energy gaps Δϵia are now a bit larger. This is because acetone
has mostly Rydberg states, for which the kernel contribution is
very small so the orbital energy differences are extremely good
zero-order estimates of the calculated excitation energies. The
present excitations of pyrimidine are all valence type, so the
very small (ω − Δϵia) values that are typical for Rydberg
transitions are now absent, but still, the (ω − Δϵia) differences
are small and the orbital energy differences are reasonably close
to the excitation energies. The excitations are also predom-
inantly single orbital transition type. This is pleasing from the
point of view of interpretation, but we stress that it is definitely
possible that valence excited states consist of more than one
single excitation: it sometimes happens that an excited state is
physically a strong mixture of a few orbital excitations. This is,
for instance, the case for the lowest excitations of porphyrines
and phthalocyanines (Q-band and B band), which are basically
transitions within the set of four Gouterman orbitals.54 These
have been early examples where it was demonstrated that
TDDFT can perfectly handle such situations.55,56 We note that
for BP86 the current six pyrimidine excitations are all below the
−ϵHOMO

BP86 threshold and do not have any problem: they are all to
virtual orbitals with negative orbital energy, the excitation
energies are fairly close to orbital energy differences, and they
are all predominantly composed of a single orbital excitation.
The TDHF transitions on the other hand are all to virtual
orbitals with positive orbital energy and show considerable
mixing of single excitations. The orbital energy differences are
far off the excitation energies. The M06-2X calculations are to
orbitals with negative (although rather small) orbital energies;
they still have, as do SAOP and BP86, predominantly single
orbital excitation character, but the orbital energy differences
are again far from the excitation energies and the (ω − Δϵia)
correction terms from the kernel are large. TDHF excitation
energies are numerically not accurate. The M06-2X ones are
much better, of similar accuracy as SAOP and BP86. This
example underlines that for excitations well below the −ϵHOMO

threshold all TDDFT methods perform similarly as far as
excitation energies are concerned. If (benchmark-) studies are
restricted to only low-lying excitations,1,3,4,7,11−13 which are
often the relevant excitations in important chromophores, the
application of the standard approximate Kohn−Sham potentials
will not do much harm as far as the calculated excitation
energies and the composition of the excited states are
concerned.

IV. CONCLUDING REMARKS
We have advocated in this paper the use of an accurate
approximation to the exact Kohn−Sham potential for use in
TDDFT calculations for excitations, such as the SAOP
potential,15,16,29 for the following reasons. (1) The KS orbital
energies approximate the excitation energies often quite closely
as virtual minus occupied orbital energy differences. (2) The
character of the excitations is very often just a single orbital
transition (or very few orbital transitions) in the KS orbital
basis, in accordance with the physical meaning of the exact
virtual KS orbitals. (3) The bound excited states below the
ionization threshold are amenable to TDDFT treatment
because the relevant virtual orbitals are bound one-electron
states in the KS potential. We have contrasted these properties
with those of approximate functionals, both hybrid and GGA.
In particular, the latter suffer from a wrong much too low
−ϵHOMO and accordingly many spurious excitations at higher
energies than −ϵHOMO (cf. ref 22). The hybrid functionals suffer
from the interpretation problem (which is very extreme with
the 100% exchange TDHF method) arising from the mixing of
orbital excitations caused by the unphysical nature of the
positive energy virtual orbitals.
It is often stated that “TDDFT has a problem with Rydberg

transitions”. This statement should be qualified: there is
nothing problematic with the calculation of Rydberg excitation
energies, provided a good enough approximation to the Kohn−
Sham potential is used to calculate the bound Rydberg orbitals
and their orbital energies. Rydberg excited states are even
especially simple, the exchange-correlation kernel term making
only a very small contribution, because the differential overlap
of the tight valence and diffuse Rydberg orbitals is small:
ϕi(r)ϕa(r) ≈ 0. “A good enough approximation” means that in
particular the property of the KS potential that it incorporates
the potential of the (coupling constant integrated) exchange-
correlation hole comprising −1 electron, which gives it a −1/r
tail, is properly included. Evidently, that property is crucial for
the very diffuse Rydberg orbitals. With the exact Kohn−Sham
potential, which is, for example, available for He and Be, the
orbital energies give such a good approximation for Rydberg
transition energies that even the quantum defect can be
determined!35

A clear distinction should be made between the problems of
charge-transfer and those of Rydberg excitations. Rydberg
excitations are purely a problem of a poor approximation to the
KS potential. With the exact or with an accurate KS potential,
the one-electron energies should be accurate, and since the
kernel contribution becomes very small, the adiabatic TDDFT
method is very accurate. This is exemplified by the present
SAOP results, earlier very accurate KS potential results for a few
molecules23 and earlier exact KS potential results for He and
Be.35 Charge transfer excitations are on the other hand
fundamentally a problem of the exchange-correlation kernel;
these excitations are not well approximated by even the exact
KS orbital energy difference and TDDFT in this case needs
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large corrections to the adiabatic LDA/GGA exchange-
correlation kernel in order to calculate correctly the large
difference between the orbital energy difference and the
accurate transition energies.14,33 The charge transfer problem
is not a problem of the GGA approximation of the KS potential
(e.g., its lack of derivative discontinuity jump), but it is a
deficiency of the GGA approximation to the exchange-
correlation kernel.
The problem that GGAs have with Rydberg transitions has

nothing to do with the nature of the orbitals involved, it is
simply caused by the wrong (too high) orbital energy of the
HOMO. The bound Rydberg states in the GGA potential, close
to zero, will have too low excitation energies because of the too
small Δϵia gap. All transitions above the −ϵHOMO threshold, also
those of valence type, are compromised.
The fact that the KS HOMO−LUMO gap in molecules,

which is reproduced rather well with LDA and GGA potentials,
differs very much from the one in Hartree−Fock, that is, is not
an approximation to ionization energy (I) minus electron
affinity (A), is often referred to as “the band gap problem” of
DFT. However, the HOMO−LUMO gap of the KS model is
physically an approximation to the lowest excitation energy,
which is a beautiful property. There is nothing problematic
about it. The situation in solids is more subtle.14,57
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